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Preface to the Series

Contributions to Mathematical and Computational Sciences

Mathematical theories and methods and effective computational algorithms are
crucial in coping with the challenges arising in the sciences and in many areas of
their application. New concepts and approaches are necessary in order to overcome
the complexity barriers particularly created by nonlinearity, high-dimensionality,
multiple scales and uncertainty. Combining advanced mathematical and computa-
tional methods and computer technology is an essential key to achieving progress,
often even in purely theoretical research.

The term mathematical sciences refers to mathematics and its genuine sub-
fields, as well as to scientific disciplines that are based on mathematical concepts
and methods, including sub-fields of the natural and life sciences, the engineering
and social sciences and recently also of the humanities. It is a major aim of this
series to integrate the different sub-fields within mathematics and the computational
sciences, and to build bridges to all academic disciplines, to industry and other fields
of society, where mathematical and computational methods are necessary tools for
progress. Fundamental and application-oriented research will be covered in proper
balance.

The series will further offer contributions on areas at the frontier of research,
providing both detailed information on topical research, as well as surveys of the
state-of-the-art in a manner not usually possible in standard journal publications. Its
volumes are intended to cover themes involving more than just a single “spectral
line” of the rich spectrum of mathematical and computational research.

The Mathematics Center Heidelberg (MATCH) and the Interdisciplinary Center
for Scientific Computing (IWR) with its Heidelberg Graduate School of Mathemat-
ical and Computational Methods for the Sciences (HGS) are in charge of providing
and preparing the material for publication. A substantial part of the material will be
acquired in workshops and symposia organized by these institutions in topical areas
of research. The resulting volumes should be more than just proceedings collecting
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vi Preface to the Series

papers submitted in advance. The exchange of information and the discussions
during the meetings should also have a substantial influence on the contributions.

This series is a venture posing challenges to all partners involved. A unique
style attracting a larger audience beyond the group of experts in the subject areas
of specific volumes will have to be developed.

Springer Verlag deserves our special appreciation for its most efficient support in
structuring and initiating this series.

Heidelberg University Hans Georg Bock
Germany Willi Jäger

Otmar Venjakob



Preface

The articles presented in this book are focused on mathematical and numerical
methods for parameter estimation on differential equations-based models. Applica-
tions are taken from chemistry, electro-chemistry, environmental physics, biology,
medicine, image processing and computer vision. This collection results from a
workshop held in summer 2009 at Heidelberg University, supported jointly by the
MAThematics Center Heidelberg (MATCH) and the Heidelberg Graduate School
of Mathematical and Computational Methods for the Sciences (HGS MathComp).
This activity is part of a larger educational and research program promoted by the
German “Excellence Initiative.” These two institutions are central in providing an
interdisciplinary environment for students, researchers and external cooperators,
including industrial partners. Special emphasis is given to the creation of research
links between different areas of mathematics, computer science and several applied
disciplines. In particular, HGS MathComp is located at the Interdisciplinary Center
for Scientific Computing (IWR), where different scientific disciplines are intercon-
nected with a special focus on the application of mathematical methods. Within
this program the aim of the workshop “Model Based Parameter Estimation: Theory
and Applications” was to create a platform for doctoral students and researchers
from different disciplines to start interdisciplinary collaborations within institutes in
Heidelberg and with external collaboration partners. The main topic of the workshop
was the application of mathematical models and numerical methods for the solution
of parameter estimation problems in various scientific areas. Well-founded methods
of applied mathematics and computer-based modeling are essential to improving
the quality of interdisciplinary research. As a result, scientific computing for the
simulation of complex phenomena has become a standard in physics, chemistry, the
life sciences and engineering, in research and industrial applications. Nevertheless,
the use of optimization techniques in several research areas, though continuously
increasing over the last years, still needs to be improved with the most advanced
methods within interdisciplinary projects. To this end the workshop was mainly
conceived for the use of model-based optimization for parameter estimation. The
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viii Preface

invited articles in this volume give an overview of related advanced computational
methods and of problems occurring in prototypical applications. It is our hope that
this book can serve as starting point for even more challenging interdisciplinary
projects.

The contributions are ordered in two main groups according to the following
organization:

• The first part of the book introduces state-of-the-art mathematical and numerical
methods for solving parameter estimation problems. More concretely, mathemat-
ical and numerical methods for parameter estimation and optimum experimental
design in the framework of differential equations are presented. Adaptive
methods for the finite element solution of parameter estimation problems with
models based on partial differential equations are shown, and robust methods for
the parameter identification for data with outliers are introduced. Furthermore, a
fast numerical method for the optimal sensor activation is presented.

• The second part of the book is focused on applications of parameter esti-
mation in the following fields: the life sciences, which comprise systems
biology and applications to biomedical sciences, chemistry, physics, image pro-
cessing and computer vision. More specifically, the integration of experimental
data and mathematical models is presented on quantitative analysis of signaling
pathways, fluorescence recovery after photo-bleaching (FRAP), gene expression
profiling, treatment of infectious diseases and stem cell transplantation. In addi-
tion, applications in combustion chemistry, catalytic reactors, heat transport in
tubular reactors and solid oxide fuel cells (SOFC) are shown. Application of
robust parameter estimation techniques in environmental physics is presented.
Examples of parameter estimation in image processing and computer vision
complete the second part of the book.

The editors would like to thank all the participants of the workshop and the
contributors to this volume. Finally, the support by MATCH and the HGS Math-
Comp is gratefully acknowledged.
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Parameter Estimation and Optimum
Experimental Design for Differential
Equation Models

Hans Georg Bock, Stefan Körkel, and Johannes P. Schlöder

Abstract This article reviews state-of-the-art methods for parameter estimation and
optimum experimental design in optimization based modeling. For the calibration
of differential equation models for nonlinear processes, constrained parameter
estimation problems are considered. For their solution, numerical methods based
on the boundary value problem method optimization approach consisting of mul-
tiple shooting and a generalized Gauß–Newton method are discussed. To suggest
experiments that deliver data to minimize the statistical uncertainty of parameter
estimates, optimum experimental design problems are formulated, an intricate class
of non-standard optimal control problems, and derivative-based methods for their
solution are presented.

Keywords Gauß–Newton method • Multiple shooting • Nonlinear differential-
algebraic equations • Optimum experimental design • Parameter estimation •
Variance–covariance matrix

1 Introduction

Dynamic processes in science, engineering or medicine often can be described by
differential equation models. Solutions of the model equations, usually obtained
by numerical methods, give simulations of the process behavior under various
conditions.

To obtain realistic model output results, the model has to be validated. An
important task for this is the calibration of the model, i.e. to explain experimental
data by appropriate simulation results. In order to fit the model to the data, unknown
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2 H.G. Bock et al.

quantities in the model, called parameters, have to be estimated by minimizing a
norm of the residuals between data and model response.

A fit of given data yet does not mean a validated model. Due to the randomness
of experimental errors, the parameter estimate is also a random variable. Only if
the statistical uncertainty of the parameters is small, simulations can also predict
the outcome of future experiments and explain the behavior of the real process in a
qualitatively and quantitatively correct way.

The statistical uncertainty of a parameter estimate depends on layout, setup,
control and sampling of the experiments. Experimental design optimization prob-
lems minimize a function of the variance–covariance matrix of the parameter
estimation problem. Optimal experiments can reduce the experimental effort for
model validation drastically.

In this article we review the formulation of parameter estimation and optimum
experimental design problems and discuss methods for their numerical solution.

The article is structured as follows. After this introduction, Sect. 2 introduces the
class of differential equation models we consider in this article. In Sect. 3, parameter
estimation problems are formulated. Section 4 deals with parameterization of the
model equations by multiple shooting and Sect. 5 with the evaluation of derivatives.
In Sect. 6, the generalized Gauß–Newton method is reviewed, and in Sect. 7, the
local convergence behavior of this method is analyzed. Section 8 treats optimum
experimental design, the problem formulation, variants and a sketch of numerical
solution approaches.

2 Differential Equation Models

In this article we consider models of dynamic processes described by differential
algebraic equations (DAE):

Py.t/ D f .t; y.t/; z.t/; p/ (1)

0 D g.t; y.t/; z.t/; p/ (2)

with t 2 I WD Œt0I tf �. y W I ! �
ny are the differential states, z W I ! �

nz ,
the algebraic states. We subsume all states x WD .y; z/ W I ! �

nx D �
nyCnz .

Further the model depends on variables p 2 �np the values of which are known
only imprecisely. We call these variables parameters.

We assume that f W ���ny ��nz ��np ! �
ny and g W ���ny ��nz ��np !

�
nz are sufficiently piecewise smooth for the solution of DAE initial value problems

by numerical integration schemes.
In applications from, e.g., chemical reaction kinetics, chemical engineering,

systems biology or epidemiology, the DAE systems are usually highly nonlinear in
states and parameters and often stiff. For spatially distributed systems described by
partial differential equations we apply a semi-discretization by a method of lines end
obtain high-dimensional and sparse systems where the Courant–Friedrichs–Lewy
condition also causes stiffness.
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Further we assume that the DAE is of index 1, i.e.

rank
@g

@z
D nz: (3)

Then the existence and uniqueness of solutions can be established based on theory
of ordinary differential equations.

We consider initial value problems with initial conditions

y.t0/ D y0.p/: (4)

Initial values are required only for differential states, initial algebraic states are
determined by the consistency of the algebraic equations

g.t0; y.t0/; z.t0/; p/ D 0: (5)

For the solution by numerical methods it is required that the initial values for y and z
are consistent. Then the numerical solutions stay consistent on the whole integration
interval. To meet this requirement without always solving (5), we use modifications
of the DAE which are automatically consistent, so-called relaxed formulations:

Py.t/ D f .t; y.t/; z.t/; p/ (6)

0 D g.t; y.t/; z.t/; p/ � ˇ

�
t � t0

tf � t0

�
� g.t0; y.t0/; z.t0/; p/ (7)

y.t0/ D y0.p/ (8)

z.t0/ D sz
0 (9)

with non-increasing ˇ W Œ0I 1� ! Œ0I 1�, ˇ.0/ D 1. The modified DAE is consistent
for every choice of sz

0 and can be solved by numerical integration. In optimization
problems with DAE constraints, we then treat the consistency conditions (5) as
additional constraints of the optimization problem, and sz

0 as additional variables.
Further, multiple-point boundary conditions may be given

r.x.t0/; : : : ; x.tN /; p/ D 0 (10)

respectively in a separable formulation

NX
iD1

ri .x.ti /; p/ D 0

with the time points t0 � t1 � : : : � tN � tf and the functions r W �nx � : : : �
�

nx � �np ! �
nr respectively ri W �nx � �np ! �

nr sufficiently smooth. In
the following we assume that the initial conditions (4) are part of the boundary
conditions (10).
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3 Parameter Estimation Problems

Let experimental data be given with measurement values �i 2 �, i D 1; : : : ; M ,
measured at times t0 � t1 � : : : � tM � tf (not necessarily the same as the times
in the boundary conditions above but for the sake of simplicity not distinguished in
the notation here). We assume that the data values correspond to model responses
hi . Nx.ti /; Np/ for the true values Nx and Np with hi W �nx � �np ! � sufficiently
smooth, i D 1; : : : ; M . Experimental data is always afflicted with measurement
errors originating from various sources in the measurement process. Modeling these
errors may be an intricate issue. In this article, we make the assumption that the
measurement errors are additive, independent and normally distributed

�i WD �i � hi . Nx.ti /; Np/ � N .0; �2
i /

with known variances �2
i , i D 1; : : : ; M and cov.�i ; �j / D 0, i ¤ j .

For the estimation of the model parameters, we minimize the sum of squares of
the residuals �i � hi .x.ti /; p/ weighted by the inverse of the variances �2

i . This
least squares estimator can be interpreted as a maximum likelihood estimator for
the parameters, see e.g. [26].

Writing the model equations and boundary conditions as constraints, we obtain
a constrained parameter estimation problem.

min
p;x

1

2

MX
iD1

�
�i � hi .x.ti /; p/

�i

�2

(11)

s.t. Py.t/ D f .t; y.t/; z.t/; p/

0 D g.t; y.t/; z.t/; p/

0 D r.x.t0/; : : : ; x.tN /; p/ (12)

With the vectors h.x; p/ WD .h1.x.t1/; p/; : : : ; hM .x.tM /; p//T and � WD
.�1; : : : ; �M /T and the matrix ˙ D diag.�1; : : : ; �M /, the error model can be written
shortly as

� � h.x; p/ � N .0; ˙2/ (13)

and the objective (11) as

min
1

2
.� � h.x; p//T ˙�2.� � h.x; p//: (14)

In a more general setting, a non-diagonal positive-definite matrix ˙2 2 �M�M can
also be considered for correlated measurement errors. Different error distributions
require different estimators, see [26], e.g. the l1 estimation, see [7, 10]. For
an overview article on models, criteria and algorithms for nonlinear parameter
estimation problems see [25] a comparison of derivative-free methods for nonlinear
differential-algebraic models can be found in [21].
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4 Parameterization of the DAE by Multiple Shooting

To solve the parameter estimation problem (11)–(12), we transform it into a finite-
dimensional problem.

A simple and obvious approach is single shooting also known as the black box
approach. It consists in solving the full model equations, i.e. integrating the DAE
on the full interval Œt0; tf �. In order to apply a numerical integrator, the relaxed
formulation (6)–(9) has to be used and the consistency conditions (5) have to be
added as additional constraints to the problem with additional variables sz

0. With
the solution obtained from this single shooting integration, the least squares terms
and the boundary conditions can be evaluated. Then we obtain a finite dimensional
nonlinear least squares problem in the variables v WD �

p; sz
0

�
:

min
v

1

2
kF1.v/k2

2 (15)

s.t. F2.v/ D 0 (16)

where

F1.v/ D ˙�1.� � h.x.sz
0; p/; p//

F2.v/ D
�

r.x.t0I sz
0; p/; : : : ; x.tN I sz

0; p/; p/

g.t0; y0.p/; sz
0; p/

�
:

x.t I sz
0; p/ is the DAE solution x DW x.sz

0; p/ evaluated at t . Problem (15)–(16)
can be solved by a generalized Gauß–Newton method, see Section 6. To this end,
derivatives J1 WD d F1

d v and J2 WD d F2

d v are needed, methods for their evaluation are
discussed in Sect. 5.

The single shooting approach is easy to implement, but it is difficult to get good
initial guesses for the variables v and hence difficult to start close enough to the
solution in order to achieve convergence of the generalized Gauß–Newton method.
This holds because of the high nonlinearity which arises due to the propagation of
perturbations of the model as described by the following Lemma.

Lemma 1. Let f 2 C 0.D/ and Lipschitz continuous on ND D Œa; b�� fky � y0k �
Kg � D with Lipschitz constant L < 1. The solutions y; w of

Py.t/ D f .t; y.t//; y.t0/ D y0

Pw.t/ D f .t; w.t// C ıf .t; w.t//; w.t0/ D w0 D y0 C ıy0

both exist on Œt0; tf � � Œa; b� in ND. Under the two assumptions kıy0k � "1 and
kıf .t; w.t//k � "2 for all .t; w.t//, the deviation ıy.t/ WD w.t/ � y.t/ satisfies

kıy.t/k � "1 exp.L � .t � t0// C "2 exp.L � .t � t0//.t � t0/

The proof uses Gronwall’s Lemma.
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In other words, perturbations of initial values and the right-hand-side function,
in particular by uncertain parameter values, may propagate exponentially in time.

As remedy we suggest to use the boundary value problem method optimization
approach with a multiple shooting parameterization of the differential equation. We
define a time grid with multiple shooting nodes

t0 D �0 < �1 < : : : < �K < �KC1 D tf

and multiple shooting variables sk WD .s
y

k ; sz
k/, k D 0; : : : ; K where s

y
0 satisfies

s
y
0 D y0.p/. For k D 0; : : : ; K , we solve initial value problems on the multiple

shooting intervals, i.e. for t 2 Œ�k I �kC1Œ we solve

Py.t/ D f .t; y.t/; z.t/; p/

0 D g.t; y.t/; z.t/; p/ � ˇ

�
t � �k

�kC1 � �k

�
� g.�k; s

y

k ; sz
k; p/

y.�k/ D s
y

k

z.�k/ D sz
k:

Here we apply the relaxed formulation of the DAE to start consistent in �k and stay
consistent in Œ�k I �kC1Œ. The solutions x.t/ DW x.t I �k; sk; p/ for t 2 Œ�k I �kC1Œ form
a piecewise solution x.t I s; p/ for t 2 Œ�0I �f �.

We need to satisfy constraints, namely the boundary conditions

0 D r.x.t0I s; p/; : : : ; x.tN I s; p/; p/;

including the initial conditions for the differential states

s
y
0 D y0.p/;

and additionally, at the multiple shooting nodes, continuity conditions for the
differential states

0 D y.�kC1I �k; sk; p/ � s
y

kC1; k D 0; : : : ; K � 1;

and consistency conditions for the algebraic states

0 D g.�k; s
y

k ; sz
k; p/; k D 0; : : : ; K

to eventually ensure continuity and consistency of the solution.
Substituting x D x.s; p/ in the parameter estimation problem (11)–(12), we

obtain a finite-dimensional constrained nonlinear least squares problem in the
variables v D .s0; s1; s2; : : : ; sK; p/ D .s; p/:
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min
v

1

2
kF1.v/k2

2 (17)

s.t. F2.v/ D 0 (18)

where

F1.v/ D ˙�1.� � h.x.s; p/; p//

F2.v/ D

0
B@

r.x.t0I s; p/; : : : ; x.tN I s; p/; p/�
y.�kC1I �k; sk; p/ � s

y

kC1

�
kD0;:::;K�1�

g.�k; s
y

k ; sz
k; p/

�
kD0;:::;K

1
CA

To solve problem (17)–(18) by a generalized Gauß–Newton method, see Sect. 6, we
need the Jacobian which consists of the blocks

J D
�

J1

J2

�
D

0
B@

dF1

dv
dF2

dv

1
CA D

0
BBBBBBBBBBBBBBBBBBBBBBBB@

D1
0 D1

1 D1
2 : : : D1

K D1
p

D2
0 D2

1 D2
2 : : : D2

K D2
p

Gy0
.�I 0/ G

p
y 0

Gy1 .�I 0/ G
p
y 1

: : :
: : :

:::

GyK�1
.�I 0/ G

p
y K�1

H0 H
p
0

H1 H
p
1

H2 H
p
2

: : :
:::

HK H
p
K

1
CCCCCCCCCCCCCCCCCCCCCCCCA

;

where

D1
j D dF1

d sk

; k D 0; : : : ; K; D1
p D d F1

d p
;

D2
j D dr

d sk

; k D 0; : : : ; K; D2
p D d r

d p
;

Gy k
D @y

@sk

.�kC1I �k; sk; p/; k D 0; : : : ; K � 1;

Gp
y k

D @y

@p
.�kC1I �k; sk; p/; k D 0; : : : ; K � 1;
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Hk D @g

@sj

.�k; s
y

k ; sz
k; p/; k D 0; : : : ; K;

H
p

k D @g

@p
.�k; s

y

k ; sz
k; p/; k D 0; : : : ; K:

Most of the variables can easily be eliminated from the structured equality
constraints:

1. sz
k from the Hk-row, because of the index-1-assumption for the DAE (3), each

matrix Hk is regular for k D 0; : : : ; K .
2. s

y

k , from the Gk-row, j D 1; : : : ; K .

This elimination is called condensing, see [8, 9]. Thereafter a system with the
remaining variables s

y
0 and p has to be solved, the size of which is essentially the

same as the size of the linear system in the single shooting approach.
An advantage of multiple shooting over single shooting is that perturbations of

the problem caused by uncertain parameter values are propagated only over the
multiple shooting intervals instead of the whole integration interval. This reduces
the nonlinearity of the constrained least squares problem significantly and leads
to better local convergence of the Gauß–Newton method. Moreover, the additional
multiple shooting variables may be initialized by the experimental data, giving a
starting point for the v-variables close to the solution, whereas in single shooting an
uncertain starting p may be far away from the solution. The integration of the DAE
on the intervals is decoupled and may be computed in parallel. Further algorithmic
strategies to improve efficiency are described in [11].

5 Derivative Evaluation

For the computation of the Jacobians, derivatives of the states x w.r.t. initial values
sk

G D @x

@s
D @.y; z/

@s
D .Gy; Gz/

and w.r.t. parameters p

Gp D @x

@p
D @.y; z/

@p
D .Gp

y ; Gp
z /

have to be evaluated at the multiple shooting nodes �k . They are solutions of the
variational differential equations w.r.t. initial values
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PGy.t/ D @f

@x
.t; y.t/; z.t/; p/ G.t/

0 D @g

@x
.t; y.t/; z.t/; p/ G.t/

Gy.tk/ D I

and w.r.t. parameters

PG
p
y .t/ D @f

@x
.t; y.t/; z.t/; p/ Gp.t/ C @f

@p
.t; y.t/; z.t/; p/

0 D @g

@x
.t; y.t/; z.t/; p/ Gp.t/ C @g

@p
.t; y.t/; z.t/; p/

Gp
y .�k/ D 0

which have to be solved as a system together with the nominal DAE (1)–(2). For
inconsistent initial values of the algebraic variational states, a relaxed formulation
has to be applied here as well.

For numerical solution, we suggest the approach of Internal Numerical Differen-
tiation, i.e. of incorporating the derivative computation into the integrator scheme,
see e.g. [1, 5]. The required derivatives of the model functions are evaluated by
automated Algorithmic Differentiation [15].

6 Generalized Gauß–Newton Method

To solve nonlinear constrained least squares problems like (17)–(18), we apply the
generalized Gauß–Newton method. In this section we formulate the algorithm. In
the next section, we review its local convergence properties and discuss, why Gauß–
Newton methods should be used instead of Newton/SQP methods for the solution
of nonlinear least squares problems.

The general outline of the algorithm is as follows:

Algorithm 1 (Generalized Gauß–Newton Method)

0. Set j WD 0. Choose an initial guess v0.
1. Solve the linear constrained least squares problem

min
�vj

1

2
kF1.vj / C J1.vj /�vj k2

2

s.t. F2.vj / C J2.vj /�vj D 0:

2. Determine a step-length ˛j 2 .0I 1� by a globalization method.
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3. Compute the new iterate

vj C1 WD vj C ˛j �vj :

4. If k�vj k2 � TOL, TOL prescribed tolerance, terminate, otherwise
5. Set j WD j C 1. Go to 1.

We assume regularity of the problem: Let J1 2 �M�n, J2 2 �N2�n, J D
�

J1

J2

�

with M C N2 � n � N2. In all points v where J has to be evaluated, we assume

• Constraint Qualification (CQ)

rank J2.v/ D N2: (19)

• Positive Definiteness (PD)

rank J.v/ D n (20)

which is equivalent to

�vT J1.v/T J1.v/�v > 0 for all �v ¤ 0 with J2�v D 0:

Lemma 2. Let (CQ) and (PD) hold. The solution of the constrained linear least
squares problem

min
1

2
kF1 C J1�vk2

2 (21)

s.t. F2 C J2�v D 0 (22)

can be represented as

�v� D � �I 0
� �J T

1 J1 J T
2

J2 0

��1 �
J T

1 0

0 I

��
F1

F2

�

and the Lagrange multiplier is

�� D �
0 I

� �J T
1 J1 J T

2

J2 0

��1 �
J T

1 0

0 I

��
F1

F2

�
:

Proof. Because of (CQ) and (PD),

�
J T

1 J1 J T
2

J2 0

�
is regular. The Lagrangian of the

constrained linear least squares problem is

L .�v; �/ D 1

2
F T

1 F1 C F T
1 J1�v C 1

2
�vT J T

1 J1�v � �T .F2 C J2�v/:
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Setting the gradient of the Lagrangian to zero

0 D r L .�v�; ��/ D
�

J T
1 F1 C J T

1 J1�v� � J T
2 ��

F2 C J2�v�
�

;

which here is necessary and sufficient for optimality, results in

�
�v�
���

�
D �

�
J T

1 J1 J T
2

J2 0

��1 �
J T

1 0

0 I

��
F1

F2

�
:

We define the generalized inverse of J by

J C D �
I 0

� �J T
1 J1 J T

2

J2 0

��1 �
J T

1 0

0 I

�
(23)

and obtain the representation
�v D �J CF

for the solution of the linear constrained least squares problem (21)–(22).
J C satisfies the Moore–Penrose property J CJJ C D J C, but only in the

unconstrained case it is a Moore–Penrose pseudo inverse satisfying all four Moore–
Penrose properties.

A stable numerical realization of the solution of the linearized problems is
described in [11], based on the approach of Stoer [27].

7 Local Convergence of Newton Type Methods

In this section we write x instead of v for the variables of the finite dimensional
problem. We consider constrained nonlinear least squares problems

min
1

2
kF1.x/k2

2 (24)

s.t. F2.x/ D 0 (25)

as discussed above, unconstrained nonlinear least squares problems

min
1

2
kF.x/k2

2 (26)

and nonlinear equations systems

F.x/ D 0: (27)
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Newton type methods solve these problems iteratively, starting from x0 and
computing iterates xkC1 D xk C ˛k�xk where �xk is the solution of some in
xk linearized problem and can be written as �xk D �M.xk/F.xk/.

First we formulate the local contraction theorem proved in [8] to state the local
convergence behavior of Newton type methods.

Theorem 3 (Local Contraction Theorem). Let F W �m 	 D ! �
n, F 2

C 1.D;�n/, J WD d F
d x

. For all x; y 2 D, 	 2 Œ0; 1� with y � x D �M.x/F.x/:

1. There exists ! < 1, such that

kM.y/ .J.x C 	.y � x// � J.x// .y � x/k � ! � 	 � ky � xk2 :

2. There exists 
.x/ � 
 < 1, such that

kM.y/R.x/k � 
.x/ ky � xk

for the residual R.x/ WD F.x/ � J.x/M.x/F.x/.

Let x0 2 D be given with

�xk WD �M.xk/F.xk/

ı0 WD 
 C !

2
k�x0k < 1; ık WD 
 C !

2
k�xkk ;

D0 WD
�

x W kx � x0k � k�x0k
1 � ı0

�

 D:

Then:

1. The iteration xkC1 D xk C �xk is well defined and stays in D0.
2. There exists an x� 2 D0, such that xk ! x� converges for k ! 1.
3. The following a priori estimate holds:

��xkCj � x�
�� � ı

j

k

1 � ık

k�xkk :

4. The following a posteriori estimate holds:

k�xkC1k � ık k�xkk D 
 k�xkk C !

2
k�xkk2 :

From this Theorem one can directly conclude that Newton’s method for nonlinear
equation systems (27) with M.x/ D J.x/�1 converges locally quadratically
because R.x/ D 0 and therefore 
 D 0. Applied to Gauß–Newton methods
for constrained nonlinear least squares problems, we can draw the following
conclusions:
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Remark 4 (Local convergence of Gauß–Newton methods). Let F D
�

F1

F2

�
W �m 	

D ! �
n, F 2 C 1.D;�n/, J WD d F

d x
. Let (CQ) and (PD) hold and

M.x/ D �
I 0

� �J1.x/T J1.x/ J2.x/T

J2.x/ 0

��1 �
J1.x/T 0

0 I

�

be the solution operator of the linearized constrained least squares problem

min
�x

kF1.x/ C J1.x/�xk2
2

s.t. F2.x/ C J2.x/�x D 0:

Let in a neighborhood of the solution x� of the nonlinear problem, M.y/ be
bounded, kM.y/k � ˇ, and let J satisfy the following Lipschitz condition,
k.J.x C 	.y � x// � J.x// .y � x/k � � � 	 � ky � xk2. M is continuously differ-
entiable, thus kM.y/ � M.x/k � Lky � xk. Let kR.x/k � �. Then the following
holds:

1. ! D ˇ � � is large if

• kJ 0k respectively kF 00k is large, i.e. the problem is very nonlinear.

• kM.y/k is large, i.e.

�
J T

1 J1 J T
2

J2 0

�
is almost singular.

2. Due to the transformation M.x/R.x/ D M.x/.F.x/ � J.x/M.x/F.x// D
.M.x/ � M.x/J.x/M.x//F.x/ D 0 holds

kM.y/R.x/k D k.M.y/ � M.x//R.x/k � �Lky � xk:

Hence 
 D �L < 1 if

• the residual R is small,
• M satisfies a Lipschitz condition respectively the first derivative of M is

small.

3. If the starting value is close to the solution, where “close” is determined by


 C !

2
k�x0k < 1;

then the Gauß–Newton method converges, and the convergence is linear with
convergence rate 
 < 1.
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7.1 Small and Large Residual Problems

In this subsection we want to discuss what happens if we treat parameter estimation
problems by an SQP method which is essentially Newton’s method for the first order
optimality conditions. For simplicity of notation, in this subsection we consider the
unconstrained case: minimize a nonlinear least squares functional

min
1

2
kF.x/k2

2 D 1

2
F.x/T F.x/ DW 
.x/: (28)

Gradient and Hessian of the functional are

g WD r
.x/ D J.x/T F.x/;

H WD r2
.x/ D J.x/T J.x/ C
mX

iD1

Fi .x/
@Ji .x/

@x
DW B.x/ C E.x/:

The Hessian H has a random part E depending on F which depends on the random
measurement data, and a deterministic part B where the dependency on the random
data vanishes due to differentiation. We assume regularity (PD), i.e. rank J D n,
then B D J T J is a regular matrix.

7.1.1 Gauß–Newton and SQP Method

For the solution of (28), we apply a Newton-type method started from x0 and the
iterates are computed by xkC1 D xk C ˛k�xk . For simplicity of notation we now
omit xk : F WD F.xk/, J WD J.xk/, 
 WD 
.xk/.

In a Gauß–Newton method �xk solves

min
1

2
kF C J�xk2

2 D 1

2
F T F C F T J�x C 1

2
�xT J T J�x

respectively
J T J�xk C J T F�xk D 0

and hence
�xk D �.J T J /�1J T F:

In an SQP method which is equivalent to Newton’s method for r
.x/ D 0, �xk

solves

min r
T �x C 1

2
�xT r2
�x

respectively
r
 C r2
�xk D 0
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and hence
�xk D �.r2
/�1r
 D �.r2
/�1J T F:

Generically, the method can be described by �xk D �A�1g D �MF . Applying
the Gauß–Newton method results in A D J T J and M D J � D .J T J /�1J T and
the local convergence is linear with rate 
 if 
 < 1. For Newton’s method, A D r2
,
M D .r2
/�1J T and the local convergence is quadratic.

7.1.2 Small and Large Residuals

Remember that the condition 
 < 1 is equivalent to the fact that M satisfies a
Lipschitz condition and R is small. We address such problems as small residual
problems.

Theorem 5 (Small residual problems). Equivalent to 
 < 1 is the following
condition: the spectral radius

%.B.x�/�1E.x�// < 1

in any stationary point x� of the Gauß–Newton method.

Proof. M D J � D .J T J /�1J T , R D F � JJ �F .

J �.y/R.x/ D J �.x/R.x/„ ƒ‚ …
D0

C
 

@J �.y/

@y

ˇ̌
ˇ̌
yDx

.y � x/

!
R.x/ C O.ky � xk2/

D .J T .x/J.x//�1

 
@J T .y/

@y

ˇ̌
ˇ̌
yDx

.y � x/

!
R.x/

C
 

@J T .y/J.y/

@y

ˇ̌
ˇ̌
yDx

.y � x/

!
J T .x/R.x/„ ƒ‚ …

D0

CO.ky � xk2/

D B.x/�1

 
@J T .y/

@y

ˇ̌
ˇ̌
yDx

.y � x/

!
F.x/

� B.x/�1

 
@J T .y/

@y

ˇ̌̌
ˇ
yDx

.y � x/

!
J.x/ J �.x/F.x/„ ƒ‚ …

D�.y�x/

CO.ky � xk2/

D B.x/�1E.x/.y � x/ C O.ky � xk2/:

• Assume �.B.x�/�1E.x�// DW 
1 < 1. Choose a neighborhood of x� and a norm
such that kB.x/�1E.x/k � 
2 < 1 for all x in this neighborhood. Reduce the
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neighborhood, such that also O.ky � xk2/ � 1�
2

2
ky � xk for all x; y in this

neighborhood. Then

kJ.y/�R.x/k � kB.x/�1E.x/kky � xk C O.ky � xk2/

� 
2ky � xk C 1 � 
2

2
ky � xk

D 1 C 
2

2
ky � xk DW 
3ky � xk; 
3 < 1:

• Assume vice versa that the condition for the local contraction theorem is satisfied
for a norm k:k and all x in a neighborhood of x�:

kJ �.y/R.x/k D kB.x/�1E.x/.y � x/ C O.ky � xk2/k � 
ky � xk; 
 < 1:

Then
kB.x/�1E.x/.y � x/k � O.ky � xk2/ � 
ky � xk:

Make the neighborhood so small that O.ky � xk2/ � 1�

2

ky � xk. Then

kB.x/�1E.x/.y � x/k � 1 C 


2
ky � xk DW 
1ky � xk; 
1 < 1:

Hence kB.x/�1E.x/k � 
1 < 1 and �.B.x/�1E.x// < 1.

In other words: for small residual problems, the random part E of the Hessian is
relatively bounded by 1 w.r.t. the deterministic part B , i.e. B dominates E .

Theorem 6. If x� is a stationary point of the Gauß–Newton method and

%.B.x�/�1E.x�// < 1

then H.x�/ is positive definite.

Proof. J.x�/ has full rank, hence J.x�/T J.x�/ D B.x�/ � 0 is positive definite,
hence B.x�/

1
2 � 0 exists. Then

H.x�/ D B.x�/ C E.x�/ D B.x�/
1
2

	
I C B.x�/� 1

2 E.x�/B.x�/� 1
2



B.x�/

1
2

and
H.x�/ � 0 ” I C B.x�/� 1

2 E.x�/B.x�/� 1
2 � 0: (29)

B.x�/�1E.x�/ D B.x�/� 1
2

	
B.x�/� 1

2 E.x�/B.x�/� 1
2



B.x�/

1
2 is a similarity

transformation, hence B.x�/� 1
2 E.x�/B.x�/� 1

2 has the same eigenvalues as
B.x�/�1E.x�/. Thus �.B.x�/� 1

2 E.x�/B.x�/� 1
2 / < 1 and all the eigenvalues of
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I C B.x�/� 1
2 E.x�/B.x�/� 1

2

are within �0I 2Œ. Consequently, H.x�/ is positive definite.

Corollary 7. In Theorem 6, x� is not only a stationary point, but also a local
minimizer and stable against perturbations.

For large residual problems, i.e. if 
 > 1 respectively %.B.x�/�1/E.x�// > 1,
the Gauß–Newton method does not converge. Now we will discuss what happens if
we apply Newton’s method and compute a minimizer x� of a large residual problem.

7.1.3 Statistical Perturbation of the Problem

Let us consider a parameter estimation problem with random data � 2 �m, model
h.x/ 2 �m, true parameter values Nx 2 �n and � � h. Nx/ � N .0; I /. Let F.x/ WD
� � h.x/ 2 �m. Let x� be the minimizer of a large residual problem. Then

F.x�/ D � � h.x�/; � D h.x�/ C F.x�/:

Create perturbed data O� by reflecting the errors at the estimated model trajectory,
see Fig. 1:

O� WD h.x�/ � F.x�/; F .x�/ D h.x�/ � O�:

Then k O� � h.x�/k D kF.x�/k D k� � h.x�/k. We now construct a homotopy of
perturbed problems

QF .x; �/ WD F.x/ C .� � 1/F.x�/:

For � D 1, QF .x; �/ D F.x/ D � � h.x/, we have the original problem with data �.
For � D �1, QF .x; �/ D O� � h.x/, we have the problem with the reflected data O�.

Theorem 8. Let x� be a minimizer with Q
 WD %.B.x�/�1/E.x�// > 1. Then

1. for all � , x� is a stationary point of min 1
2
k QF .x; �/k2

2,
2. the Hessian in x� is QH.x�; �/ D B.x�/ C �E.x�/,
3. QH .x�; �/ is not positive definite for all � < � 1

Q
 � �1.

Proof. x� is a minimizer, hence J.x�/T F.x�/ D 0. Because of QJ .x; �/ D J.x/,

QJ .x�; �/T QF .x�; �/ D J.x�/T .F.x�/ C .� � 1/F.x�// D 0;

QH .x; �/ D QJ .x; �/T QJ .x; �/ C QF .x; �/
@ QJ
@x

.x; �/

D B.x/ C .F.x/ C .� � 1/F.x�//
@J

@x
.x/;

QH .x�; �/ D B.x�/ C �F.x�/
@J

@x
.x�/ D B.x�/ C �E.x�/:
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estimated model trajectory

original data points

reflected data points

Fig. 1 Create perturbed data by reflecting the errors at the estimated model trajectory

Hence QH.x�; �/ � 0 if and only if

I C B.x�/� 1
2 �E.x�/B.x�/� 1

2 DW I C � OE.x�/ � 0;

cf. (29).

�.B.x�/�1E.x�// D �.B.x�/� 1
2 E.x�/B.x�/� 1

2 / D �. OE.x�// D Q
 > 1;

hence OE.x�/ has an eigenvalue Q
 > 1. By assumption, QH.x�; 0/ D B.x�/ C
E.x�/ � 0. I C � OE.x�/ has an eigenvalue 1 C � Q
 which becomes negative for
� < � 1

Q
 � �1. Then QH.x�; �/ is not positive definite for all � < � 1
Q
 � �1.

Corollary 9.

1. For large residual problem, the minimizer of min 1
2
k QF .x; �/k2

2 is not stable
against perturbations. It jumps away from x� which may become a saddle point
or maximizer.

2. Large residual minimizers are not statistically stable.
3. They are minimizers but not estimators.
4. The Gauß–Newton method does not converge to them.

8 Optimum Experimental Design

So far we have discussed how to fit a model to experimental data and to estimate the
parameters. Now we want to analyze the reliability of the parameter estimate w.r.t.
the randomness of the data due to measurement errors.
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We now assume that we know the true model and the true parameters and want
to design optimal experiments to verify the parameters with minimal statistical
uncertainty. For the discrimination between rivaling model variants, methods
for experimental design for model discrimination have been developed, see e.g.
[3, 12, 13].

An introduction to nonlinear experimental design can be found in the textbooks
by Atkinson and Donev [2] and Pukelsheim [22]. Methods for experimental design
for differential equation models are developed and applied by several groups, for
recent publications see, e.g., Uciński [29, 30], Banga and Balsa-Canto [4] or Telen
et al. [28]. A survey article with many applications in chemical engineering has been
published by Franceschini and Macchietto [14].

In this article, we describe the statistical uncertainty by the variance–covariance
matrix of the parameter estimation. The task of optimum experimental design
consists in finding experiments the data of which yields maximal reliability of the
parameter estimate.

To achieve this, we can optimize the layout, setup and processing of experiments.
As an experiment we define a run of the process under certain conditions described
by control variables and time-dependent control functions entering the model
equations and additionally by the choice of sampling points and corresponding
measurement methods. Usually data is not only acquired from one experiment, but
from series of multiple experiments.

8.1 Multiple Experiment Parameter Estimation Problem

We now consider series of Nex multiple experiments. We allow that the processes
in different experiments are described by different models

Pyj .t/ D f j .t; yj .t/; zj .t/; p; qj ; uj .t//

0 D gj .t; yj .t/; zj .t/; p; qj .t//

0 D rj .xj .t
j
0 /; : : : ; xj .t

j

N j /; p; qj /

with states xj D .yj ; zj /, j D 1; : : : ; Nex . We additionally introduce control

variables qj 2 �n
j
q and control functions uj .t/ W Œt

j
0 I t

j

f � ! �
n

j
u which describe the

layout, setup and processing of the j th experiment. We assume that the parameters
p are common in all models.

For the data �j 2 �
M j

measured in experiment j we again assume normal
distribution

�
j
i D �

j
i � h

j
i .xj .t

j
i /; p; qj / � N

 
0;

�
j
i

2

wj
i

!
; (30)
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i D 1; : : : ; M j , j D 1; : : : ; Nex , and independence

cov.�
j1

i1
; �

j2

i2
/ D 0; .j1; i1/ ¤ .j2; i2/;

of the measurement errors.
Notice that we have modified the variances, namely divided by weights wj

i . If
data is available for already processed experiments, the corresponding wj

i are 1. For
new experiments which are being designed, the variables wj

i 2 f0; 1g describe if
the i th measurement in experiment j shall be actually carried out or not. Usually
constraints on the number of measurements are given.

The modified multiple experiment parameter estimation problem can then be
written as

min
p;x

1

2

NexX
j D1

M jX
iD1

wj
i

 
�

j
i � h

j
i .xj .t

j
i /; p; qj /

�
j
i

!2

s.t. Pyj .t/ D f j .t; yj .t/; zj .t/; p; qj ; uj .t//

0 D gj .t; yj .t/; zj .t/; p; qj .t//

0 D rj .xj .t
j
0 /; : : : ; xj .t

j

N j /; p; qj /; j D 1; : : : ; Nex

As described above, we apply a specific experiment-wise parameterization of the
state variables. For the numerical solution, an experiment-wise multiple-shooting
with exploitation of matrix structures in the solution of the linear systems within a
Gauß–Newton method provides an efficient numerical approach, see [23, 24].

For the following uncertainty discussion, the parameterization of the states may
be chosen in a way that the additional variables s describe quantities the uncertainty
of which is desired to be reduced, so called key-performance-indicators. For a case
study, see [18].

After parameterization, we obtain a finite-dimensional multiple experiment
constrained nonlinear least squares problem with variables v D .p; s1; : : : ; sNex /:

min
v

1

2

N exX
j D1

kF
j
1 .p; sj /k2

2

s.t. F
j
2 .p; sj / D 0; j D 1; : : : ; Nex

with

F
j
1 .p; sj / D

 q
wj

i

�
j
i � h

j
i .xj .t

j
i ; sj ; p; qj /; p; qj /

�
j
i

!
iD1;:::;M j

F
j
2 .p; sj / D d j .sj ; p/



Parameter Estimation and Optimum Experimental Design 21

where d j comprises all the constraints belonging to the j th experiment after
parameterization of the states by the variables sj . Define

F1.v/ WD
	
F

j
1 .p; sj /



j D1;:::;Nex

; F2.v/ D
	
F

j
2 .p; sj /



j D1;:::;Nex

:

For numerical solution and statistical analysis, the Jacobians of least squares
terms and constraints are needed. They have experiment-wise block structure

J1 D dF1

dv
D

0
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J
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1 J
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J
j;p
2 D @F

j
2

@p
D @d j

@xj

@xj

@p
C @d j

@p

J
j;sj

2 D @F
j
2

@sj
D @d j

@xj

@xj

@sj
C @d j

@sj
:

The derivatives Gj D . @xj

@p
; @xj

@sj / are solutions of variational differential equations,
see Sect. 5:

P
G

j
y .t/ D @f j

@x
.t; yj .t/; zj .t/; p; qj / Gj .t/ C @f j

@.p; sj /
.t; yj .t/; zj .t/; p; qj /

0 D @gj

@x
.t; yj .t/; zj .t/; p; qj / Gj .t/ C @gj
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Gj
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j
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where @f j

@sj D 0 and @gj

@sj D 0. We write

J
j
1 D �

p
W j ˙j �1

 
@h

j
i

@x
Gj .ti / C @h

j
i

@.p; sj /

!
iD1;:::;M j

;

where W j WD diag.wj
1 ; : : : ; wj

M j / and @h
j
i

@sj D 0, and

J
j
2 D @d j

@xj
Gj C @d j

@.p; sj /
:

8.2 Statistical Uncertainty of the Parameter Estimate

We want to describe the propagation of the uncertainty of the experimental data
given by the random distribution of the measurement errors to the uncertainty of the
parameter estimate.

Let Ov be the solution of the nonlinear constrained parameter estimation problem.
We apply a local analysis and therefore linearize the problem in Ov as is done in a
generalized Gauß–Newton method obtaining

min
1

2
kF1.Ov/ C J1.Ov/�vk2

2

s.t. F2.Ov/ C J2.Ov/�v D 0;

We again assume regularity (CQ) and (PD), see (19) and (20), and can write

the solution as �v D �J C.Ov/

�
F1.Ov/

F2.Ov/

�
where J C is the generalized inverse of

�
J1.Ov/

J2.Ov/

�
, see (23). The expected value

E.�v/ D E

�
�J C.Ov/

�
F1.Ov/

F2.Ov/

��
D �J C.Ov/E

��
F1.Ov/

F2.Ov/

��
D 0

of the increment is zero in the solution point Ov. The uncertainty is expressed by the
variance–covariance matrix

C.Ov/ WD E.�v�vT / D E

 
J C.Ov/

�
F1.Ov/

F2.Ov/

��
F1.Ov/

F2.Ov/
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!

D J C.Ov/

�
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�
J C.Ov/T
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1 J1 J T

2

J2 0

��1 �
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I 0
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1 J1 J T
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(31)

D �
I 0

� �J T
1 J1 J T

2

J2 0

��1 �
I

0

�
: (32)

Here E.F1.Ov/F2.Ov/T /, E.F2.Ov/F1.Ov/T / and E.F2.Ov/F2.Ov/T / are zero because
F2 is not random and E.F1.Ov/F2.Ov/T / D I because of the construction of the
weighted least squares functional. The identity from (31) to (32) can be concluded
from the following Lemma [10].

Lemma 10. Let �
X Y T

Y Z

�
WD
�

J T
1 J1 J T

2

J2 0

��1

DW M �1:

Then the variance–covariance matrix C is equal to X and satisfies

I D J T
1 J1C C J T

2 Y

0 D J2C:

Proof. Multiplying M by M �1

I D J T
1 J1X C J T

2 Y 0 D J T
1 J1Y T C J T

2 Z

0 D J2X I D J2Y
T

and substituting terms in the representation (31)
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�
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�
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�
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�
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X Y T
� �J T

1 J1 0

0 0

��
X

Y

�

D XJ T
1 J1X D X.I � J T

2 Y / D X � .J2X/T Y D X

yields the desired result.

For multiple experiments, the variance–covariance matrix is
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The variance–covariance matrix can be used to describe confidence regions of
the parameters. For details, see [8].

8.3 The Experimental Design Optimization Problem

For nonlinear regression models the variance–covariance matrix depends on the
values of the parameters. Moreover, it depends on the controls q and u.t/ describing
experimental layout, setup and processing and on the weights for the choice
of sample points. The variance–covariance matrix depends on J and hence on
derivatives @x

@v of the states x w.r.t. to the variables v. But it does not depend on the
experimental data �, hence it can be computed before the experiments are actually
carried out.

For now, we keep v fixed and want to find experiments which allow to estimate
v with minimal statistical uncertainty. This task of optimum experimental design
means the calculation of experimental design variables � D .q; u.t/; w/ which
minimize a suitable objective functional 
.C / on the variance–covariance matrix
C , e.g. the A-criterion trace.C /, the D-criterion det.C /, the E-criterion kC k2 or the
M-criterion max Cii .

Usually, experiment-wise (vector-valued) constraints to controls and states are
given:

L
j
1 �cj .qj / � U

j
1

L
j
2 �bj .xj .t/; uj .t// � U

j
2 ;

j D 1; : : : ; Nex . Constraints to the choice of measurements can be expressed by

L
j
Ik

�
X
i2Ik

wj
i � U

j
Ik

for some subsets Ik 
 f1; : : : ; M j g, k D 1; : : : ; Kj j D 1; : : : ; Nex where the wj
i

are 0–1-variables
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wj
i 2 f0; 1g; i D 1; : : : ; M j :

Furthermore, the model equations including boundary conditions and the vari-
ational model equations, see Sect. 5, for the derivatives of the states w.r.t. v have
to be satisfied. Altogether, the experimental design optimization problem reads as
follows.

min
q;u;w
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8.4 Modifications and Enhancements

8.4.1 Experimental Design for Maximal Information Gain

To take a priori information from previous experiments into account, the Jacobians
of already processed (“old”) experiments may be included in the computation of
the variance–covariance matrix. It then describes the uncertainty of the parameter
estimation from a multiple experiment consisting of the old experiments and some
“new” experiments which are being designed. In the optimization problem, then
only the controls and sampling weights for the new experiments are optimization
variables whereas the settings for the old experiments are constants. Experimental
designs computed from this modified problem maximize the information gain by
the new experiments under consideration of the old experiments.

8.4.2 Modification for Robust Experimental Design w.r.t. Parameter
Uncertainty

For regression models which are nonlinear in the parameters, the variance-covari-
ance matrix depends on the values of the parameters. We now use the short notation
C D C.�; p/. We assume that the parameter values are only known roughly and
that we can describe this by a multi-normal distribution

p � N .p0; C0/:

For experimental design we consider a worst-case approach [20]

min
�

max
kp�p0k

2;C �1
0

��

.C.�; p//

where we minimize the experimental design over the worst case within a confidence

region of the parameters. The norm is defined by kpk2;C �1
0

WD
q

pT C �1
0 p and � is

a confidence quantile. To treat this semi-infinite optimization problem, we apply a
Taylor expansion w.r.t. p around p0:

min
�

max
kp�p0k

2;C �1
0

��

.C.�; p0// C d

d p

.C.�; p0//.p � p0/

and can state the solution of the inner problem explicitly:

max
kp�p0k

2;C �1
0

��

.C.�; p0// C d

d p

.C.�; p0//.p � p0/

D 
.C.�; p0// C �

���� d

d p

.C.�; p0//

����
2;C0

;
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see [20]. The formulation

min
�


.C.�; p0// C �

���� d

d p

.C.�; p0//

����
2;C0

hence yields a robustification of the experimental design optimization problem.
Notice that we end up with a multi-objective optimization problem where the two
goals, the minimization of the variance–covariance matrix and the minimization of
the sensitivity w.r.t. the parameters, are weighted by the confidence quantile � .

The robustified objective depends on the derivative of 
 w.r.t. p and thus on
second derivatives of the system states w.r.t. the parameters.

8.4.3 Sequential Strategy

Because experimental design problems depend on the current parameter values and
parameter estimation problems depend on the data evaluated so far in previously
designed experiments, we propose to solve both problems in a sequential way, [19]:

Algorithm 2 (Sequential experimental design and parameter estimation)

0. k WD 0. Start with an in initial guess p0 for the parameter values.
1. With p D pk , design Nk new optimal experiments maximizing the information

gain taking all previous experiments into account.
2. Process the new experiments to obtain experimental data.
3. Compute a parameter estimate pkC1 using the data from all previous and the Nk

new experiments.
4. Compute the variance–covariance matrix CkC1 of the new parameter estimate

pkC1. If the confidence region is sufficiently small or the experimental budget
has been spent, STOP.

5. Set k WD k C 1 and go to 1.

The experimental design optimization problems in step 2 may be robustified
using the current variance–covariance matrix Ck of the current parameter estimate
pk . This sequential approach may be applied offline by designing one single or
multiple parallel experiments in every loop cycle. Or it may be applied online by
computing new controls for the continuation of experiments after each or some new
data has been measured. For a case study of the online approach, see [17].

8.5 Methods for the Numerical Solution

We want to give a short overview of our methods for the solution of experimental
design optimization problems. These are nonlinear optimal control problems.
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Specific difficulties are the non-standard objective and the dependence of the
variance–covariance matrix on derivatives of the state variables.

We apply the direct approach for optimal control, i.e. we parameterize the control
functions u by finite-dimensional variables. Commonly, piecewise polynomials are
chosen, but any other finite-dimensional parameterization is also applicable. The
state constraints are evaluated on a finite grid. The DAE system is evaluated by
single shooting or, in a tailored reformulation of the problem, by multiple shooting.

We relax the 0–1-conditions by wj
i 2 Œ0; 1�, i D 1; : : : ; M j . In the end, non-

integer solutions are rounded by appropriate heuristics [16].
After these transformations we obtain a finite dimensional constrained nonlinear

optimization problem which we solve by an structured SQP method. Within this
algorithm, we need to evaluate derivatives of objective and constraints. The Hessian
of the Lagrangian is approximated by low-rank update-formulas. Rather intricate
is the numerical computation of the gradient of the objective, i.e. the gradient
of a functional of the variance–covariance matrix depending on derivatives @x

@p
of

the states w.r.t. the parameters. For the evaluation we apply matrix differentiation
calculus [31], Internal Numerical Differentiation for mixed second derivatives @2x

@q@p

of the states w.r.t. parameters and controls [5, 6], and Automatic Differentiation to
evaluate the required first and second derivatives of the model functions. For the
robustified problem, one more order of derivatives has to be provided. Structures in
the Jacobians from the multiple experiment formulation are exploited by a tailored
derivative evaluation and linear algebra.

These methods are implemented in our software package VPLAN, see [16] for
the fundamental design.

9 Summary

In this paper we have reviewed parameter estimation problems and optimum
experimental design problem, two important steps in optimization based modeling.
We apply the boundary problem method optimization approach for the solution of
parameter estimation problems with multiple shooting and the generalized Gauß–
Newton method. We have discussed convergence properties of this approach and
shown that parameter estimation problems should be solved by Gauß–Newton rather
than SQP methods. To not only fit models to data, but also validate the parameters,
we suggest to minimize the statistical uncertainty of parameter estimates by optimal
model based design of experiments. For this intricate optimal control problem, we
provide numerical solution methods.
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6. Bauer, I., Bock, H.G., Körkel, S., Schlöder, J.P.: Numerical methods for initial value problems
and derivative generation for DAE models with application to optimum experimental design of
chemical processes. In: F. Keil, W. Mackens, H. Voss, J. Werther (eds.) Scientific Computing
in Chemical Engineering II, vol. 2, pp. 282–289. Springer-Verlag, Berlin Heidelberg (1999)

7. Binder, T., Kostina, E.: Robust parameter estimation in differential equations. In: H.G. Bock,
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25. Schwetlick, H.: Nonlinear parameter estimation: Models, criteria and algorithms. In: D.F.
Griffiths, G.A. Watson (eds.) Numerical Analysis 1991, Proceedings of the 14th Dundee
Conference on Numerical Analysis, Pitman Research Notes in Mathematics Series, vol. 260,
pp. 164–193. Longman Scientific & Technical (1992)

26. Seber, G.A.F., Wild, C.J.: Nonlinear Regression. Wiley (1989)
27. Stoer, J.: On the numerical solution of constrained least-squares problems. SIAM J. Numer.

Anal. 8(2), 382–411 (1971)
28. Telen, D., Logist, F., Derlinden, E.V., Tack, I., Impe, J.V.: Optimal experiment design for

dynamic bioprocesses: a multi-objective approach. Chemical Engineering Science 78, 82–97
(2012)
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Adaptive Finite Element Methods for Parameter
Identification Problems

Boris Vexler

Abstract This chapter provides an overview on the use of adaptive finite element
methods for parameter identification problems governed by partial differential equa-
tions. We discuss a posteriori error estimates for the finite element discretization
error with respect to a given quantity of interest for both stationary (elliptic)
and nonstationary (parabolic) problems. These error estimates guide adaptive
algorithms for mesh refinement, which are tailored to the parameter identification
problem. The capability of the presented methods is demonstrated on two model
examples of (stationary and nonstationary) combustion problems. Moreover we
present a recently developed technique for efficient computation of the Tikhonov
regularization parameter in the context of distributed parameter estimation using
adaptive finite element methods.

1 Introduction

Many application problems coming from physics, chemistry, biology, or engineer-
ing sciences are described by mathematical models involving partial differential
equations (PDEs). All these models involve parameters, which are often either
unknown or only imprecisely known. In the majority of cases the unknown
parameters can not be measured in a direct way. This fact gives the motivation for
systematic comparison between experiments and numerical simulations leading to
parameter identification problems. As described in other chapters of this volume,
parameter identification problems are usually reformulated as optimization prob-
lems, where the mathematical model plays the role of the constraint. This leads to
optimization problems with partial differential equations.
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For numerical solution the resulting optimization problems have to be dis-
cretized. This leads inevitably to discretization errors between the solution of the
continuous (infinite dimensional) and the discretized (finite dimensional) problems.
For the discretization of problems involving partial differential equations we employ
finite element methods which are constructed using triangulations (meshes) of the
computational domain. For efficient solution of parameter identification problems
the computational meshes have to be chosen such that on the one hand the numerical
effort to solve the discretized problem is as small as possible, and on the other
hand the discretization error is under a given tolerance. These considerations lead to
construction of adaptive algorithms for mesh refinement.

The use of adaptive techniques based on a posteriori error estimation is well
accepted in the context of finite element discretization of partial differential
equations, see, e.g., [5, 13, 31].

In the last years application of these techniques to optimization problems with
PDEs is actively investigated. In the articles [17, 18, 22, 24], the authors provide a
posteriori error estimates for elliptic optimal control problems with distributed or
Neumann control subject to box constraints on the control variable. These estimates
assess the error in the control, state, and adjoint variables with respect to the natural
norms of the corresponding spaces.

However, in many applications, the error in global norms does not provide a
useful error bound for the error in the quantity of physical interest. In [3,5] a general
concept for a posteriori estimation of the discretization error with respect to the cost
functional in the context of optimal control problems is presented. In the papers
[6,7,32], this approach is extended to the estimation of the discretization error with
respect to an arbitrary functional depending on both the control (parameter) and the
state variable, i.e., with respect to a quantity of interest. This allows, among other
things, an efficient treatment of parameter identification problems. This approach is
summarized in Sect. 3.

The extension of these techniques to optimal control and parameter identification
problems governed by parabolic equations was done in recent publications [4,25,26]
and is summarized in Sect. 4.

In several situations, the unknown parameter variable is infinite dimensional, the
parameter identification problem is ill-posed, and one has to employ regularization
methods, see, e. g., [12, 19]. In Sect. 5 we present the techniques developed in [16]
for efficient computation of Tikhonov regularization parameter using adaptive finite
element methods.

2 Basic Concept

In this section we present our basic concept for a posteriori error estimation and
adaptivity. We consider a (system of) partial differential equations in the abstract
setting

A.q; u/ D 0; (1)
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where u denotes the state variable in a state space V and may describe such
physical quantities like temperature, velocity, pressure, concentration, etc. The
variable q in the space Q describes the (set of) unknown parameters. The goal of
the parameter identification problem is to estimate the parameter variable q from
measurements OC in some measurement space Z corresponding to the observation
operator C W V ! Z. As described in other chapters of this volume, this problem is
usually reformulated as an optimization problem using the least squares approach:

minimize J.q; u/ D 1

2
kC.u/ � OCk2

Z C ˛

2
kq � Oqk2

Q subject to (1) (2)

Here, Oq 2 Q denotes the reference parameter and ˛ � 0 is the Tikhonov regulariza-
tion parameter. For a finite dimensional parameter space Q DRl the regularization
parameter is often chosen as ˛ D 0. In the case of an ill posed parameter identifica-
tion problem the choice of ˛ is a delicate issue. In Sect. 5 we discuss a strategy for
choosing ˛ using adaptive finite elements.

For their numerical solution the infinite-dimensional optimization problem (2)
has to be discretized. Usually one uses finite dimensional spaces Qh � Q and
Vh � V for the discretization of the parameter and the state variable respectively.
The differential operator A is approximated by its discrete analogue Ah resulting in
the following discretized optimization problem:

minimize J.qh; uh/ subject to

qh 2 Qh; uh 2 Vh;

Ah.qh; uh/ D 0:

(3)

In several publications the asymptotic behavior of the error between the solution
.q; u/ of the continuous problem (2) and the solution .qh; uh/ of the discrete
problem (3) is studied and a priori error estimates are derived, see, e. g., [20, 27]
for the a priori error analysis in the context of parameter identification problems.
However, a priori error estimates do not provide information how to construct an
efficient discretization which allows to bring the discretization error below a given
tolerance with minimum of numerical effort.

For assessing the quality of a discrete model we develop a posteriori error
estimates for the error between the solution of the continuous optimization problem
and the solution of the discrete one. A crucial ingredient of the error analysis is
the choice of a quantity, which describes the goal of the computation. We call this
quantity the quantity of interest I W Q � V ! R and derive an a posteriori error
estimate ˜h for the error with respect to it, i.e.

I.q; u/ � I.qh; uh/ � ˜h :

It is the task of an adaptive algorithm to automatically construct an appropriate
discretization. One starts with a coarse mesh which is successively enriched
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(refined) using information from the error estimator ˜h computed on the present
mesh. Thereby, the aim is to generate economical meshes in the sense that the
number of unknowns Nh D dim Vh is as small as possible for achieving a given
tolerance.

In the following, we sketch a typical mesh refinement algorithm.

Algorithm: Basic Adaptive Mesh Refinement

1. Choose starting discretization .Qh0; Vh0/ and set l D 0

2. Compute uhl
2 Vhl

; qhl
2 Qhl

solving discrete optimization problem
3. Compute error estimator �hl

D �.uhl
; qhl

/

4. If ˜hl
� TOL stop

5. Refine: .Qhl
; Vhl

/ ! .QhlC1
; VhlC1

/ using information from ˜hl

6. Increment l and goto 2.

In this algorithm, the a posteriori error estimator is used for two goals: first, in
step (4) ˜hl

is used as a stopping criterion for a given tolerance TOL. Second,
in step (5) the error estimator should provide information for construction of new
discretizations. In the context of finite element methods, this step is based on cell-
wise (or node-wise) representation of the error estimator �h, e.g.

�h D
X

K

�h;K

with cell contributions �h;K . The value of �h;K is used to decide how the whole error
can be reduced, if the cell K is refined. The common feature of different strategies
is, that the local mesh refinement should be done for those K with “large” �h;K .
Different marking strategies are described, e. g., in [5].

3 Adaptivity for Parameter Estimation in Stationary
Problems

In this section we describe our approach for parameter identification problems
governed by stationary partial differential equations. We start with an abstract
formulation of the problem (2) in a weak form and discuss necessary optimality
conditions for it. In Sect. 3.1 we describe the finite element discretization for the
problem under consideration. A posteriori error estimates are presented in Sect. 3.2.
Thereafter, we illustrate the efficiency of our method for estimation of Arrhenius
parameters in a simple stationary combustion model.

Throughout this section we assume the state equation (1) to be formulated in a
weak form:

a.q; u/.v/ D f .v/ for all v 2 V: (4)

Here, aW Q �V �V denotes a semi-linear form which is linear in the third argument
and f in the dual space V � represents given data. The optimization problem is then
formulated as follows:
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minimize J.q; u/ subject to (5)

q 2 Q; u 2 V and (4); (6)

where the cost functional J.q; u/ is given as in (2).

Remark 1. Often additional inequality constraints, for instance box constraints
qa � q � qb , are included in the above optimization problem. For extension of
adaptive techniques presented in this chapter to problems with inequality constrains
we refer to [9, 33].

For the discussion of existence of solutions for different classes of optimization
problems governed by PDEs we refer, e. g., to [15, 23, 30]. Throughout we assume
that the optimization problem (4)–(6) possesses a solution.

The majority of optimization algorithms for the solution of (4)–(6) are based
on necessary optimality conditions derived with the Lagrange approach. For
problem (4)–(6) the Lagrange functional is introduced by

L.q; u; z/ D J.q; u/ C f .z/ � a.q; u/.z/: (7)

In several situations one can prove, see, e. g., [30], that for a local minimum .q; u/

of (4)–(6) there exists an adjoint solution z 2 V such that the triple x D .q; u; z/ 2
X D Q � V � V is a stationary point of L, i. e.

L0.x/.ıx/ D 0 8ıx 2 X :

This condition results in the optimality system consisting of three equations:

a.q; u/.v/ D f .v/ for all v 2 V (state equation);

a0
u.q; u/.v; z/ D J 0

u.q; u/.v/ for all v 2 V (adjoint equation);

a0
q.q; u/.p; z/ D J 0

q.q; u/.p/ for all p 2 Q (optimality condition):

(8)

In the presence of additional inequality constraints on the parameter variable q, the
optimality condition becomes a variational inequality, see, e. g, [30].

3.1 Finite Element Discretization

We consider conforming finite element discretizations. Starting from a non-overlap-
ping partition T h of the computational domain ˝ into cells K (quadrilaterals
or triangles in two space dimensions, hexahedra or tetrahedra in three space
dimensions), we construct the finite-dimensional spaces

Vh � V; Qh � Q; (9)
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Fig. 1 Quadrilateral mesh in
two dimensions with two
hanging nodes

see, e. g., [10, 11]. Here, h denotes a generic discretization parameter, describing
essentially the local fineness of the mesh. It is defined as a cell-wise constant
function by setting h

ˇ̌
K

D hK with the diameter hK of the cell K . Due to the
fact that we allow local mesh refinement, we do not assume that the cells are of
comparable size.

Remark 2. In order to ease mesh refinement, we allow for cells to have nodes which
lie on midpoints of faces of the neighboring cells. But at most one such hanging
node (see Fig. 1) is permitted for each face of a cell. There are no degrees of freedom
corresponding to these irregular nodes and the value of a finite element function is
determined by pointwise interpolation.

The optimization problem on the discrete level is given through the discretization
of the state equation (4):

Minimize J.qh; uh/; subject to (10)

qh 2 Qh; uh 2 Vh; (11)

a.qh; uh/.vh/ D f .vh/ for all vh 2 Vh: (12)

Due to the Galerkin-type discretization, the necessary optimality conditions for
the discrete optimization problem (10)–(12) can be directly translated from the
continuous level. The triple xh D .qh; uh; zh/ 2 X h D Qh � Vh � Vh is a stationary
point for the Lagrangian L on the discrete space Qh � Vh � Vh, i. e.

L0.xh/.ıxh/ D 0 for all ıxh 2 Xh:

This results in the discrete optimality system:

a.qh; uh/.vh/ D f .vh/ for all vh 2 Vh;

a0
u.qh; uh/.vh; zh/ D J 0

u.qh; uh/.vh/ for all vh 2 Vh;

a0
q.qh; uh/.ph; zh/ D J 0

q.qh; uh/.ph/ for all ph 2 Qh:

(13)
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3.2 A Posteriori Error Estimators

The aim of this section is to present an error estimator �h for the error between
the solution .q; u/ of the continuous optimization problem (4)–(6) and the solution
.qh; uh/ of the discrete analog (10)–(12) with respect to a given quantity of interest
I W Q � V ! R, i. e.

I.q; u/ � I.qh; uh/ � �h:

For parameter identification problems the quantity of interest is often chosen as a
component of a finite dimensional parameter I.q; u/ D qi (one can consider several
quantities of interest) or as some weighted mean value in the case of a distributed
parameter q.

We start with a special case, where the quantity of interest coincide with the cost
functional, i. e. I.q; u/ D J.q; u/. This case is in general not of importance for
parameter identification problems, but the error estimates for a general quantity of
interest are derived based on this special case. The following error representation is
shown in [5]:

Proposition 1. Let x D .q; u; z/ 2 X fulfill the optimality system (8) and let xh D
.qh; uh; zh/ 2 X h fulfill the discrete counterpart (13). Then there holds:

J.q; u/ � J.qh; uh/ D 1

2
L0.xh/.x � Qxh/ C R ;

where Qxh 2 X h is arbitrary and R is a third order remainder term given by

R D 1

2

Z 1

0

L000.x C sex/.ex; ex; ex/ � s � .s � 1/ ds

with ex D x � xh.

In order to turn the above error representation into a computable error estimator,
we proceed as follows. First we choose Qxh D ihx with a suitable interpolation
operator ihW X ! X h, then the interpolation error is approximated using an operator
�W X h ! eX h, with eX h ¤ X h, such that x � �xh has a better local asymptotical
behavior as x � ihx. Then we approximate:

J.q; u/ � J.qh; uh/ � �J D 1

2
L0.xh/.�hxh � xh/:

Such an operator can be constructed for example by the interpolation of the
computed bilinear finite element solution in the space of biquadratic finite elements
on patches of cells. For this operator the improved approximation property relies
on local smoothness of the solution and super-convergence properties of the
approximation xh. The use of such “local higher-order approximations” is observed
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to work very successfully in the context of a posteriori error estimation, see,
e.g., [5, 6].

For extension of this result to the case of a general quantity of interest we proceed
as in [6, 7] and introduce an auxiliary Lagrange functional

M W X � X ! R; M.x; x1/ D I.q; u/ C L0.x/.x1/:

We abbreviate y D .x; x1/ and x1 D .q1; u1; z1/. Then similarly to Proposition 1
an error representation for the error in I can be formulated using continuous and
discrete stationary points of M , cf. [6, 7]:

Proposition 2. Let y D .x; x1/ 2 X � X be a stationary point of M , i.e.,

M 0
y.y/.ıy/ D 0 8ıy 2 X � X ;

and let yh D .xh; x1;h/ 2 X h � X h be a discrete stationary point, i.e,

M 0
y.yh/.ıyh/ D 0 8ıyh 2 X h � X h;

then there holds

I.q; u/ � I.qh; uh/ D 1

2
M 0.yh/.y � Qyh/ C R 1;

where Qyh 2 X h � X h is arbitrary and the remainder term is given as

R 1 D 1

2

Z 1

0

M 000.y C sey/.ey; ey; ey/ � s � .s � 1/ ds

with ey D y � yh.

Again, in order to turn this error identity into a computable error estimator, we
neglect the remainder term R 1 and approximate the interpolation error using a
suitable approximation of the interpolation error leading to

I.q; u/ � I.qh; uh/ � �I D 1

2
M 0

y.yh/.�hyh � yh/:

For a concrete form of this error estimator consisting of some residuals we refer
to [6, 7].

A crucial question is of course how to compute the discrete stationary point yh

of M required for this error estimator. At the first glance it seems that the solution
of the stationarity equation for M leads to coupled system of double size compared
with the optimality system (8). However, solving this stationarity equation can be
easily done using the already computed stationary point xh D .qh; uh; zh/ of L and
exploiting existing structures. The following proposition shows that the computation
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of auxiliary variables x1;h D .q1;h; u1;h; z1;h/ is equivalent to one step of an SQP
method, which is often applied for solving (8). The corresponding equation can be
also solved by a Schur complement technique reducing the problem to the control
space, cf., e.g., [26].

Proposition 3. Let x D .q; u; z/ and xh D .qh; uh; zh/ be continuous and discrete
stationary points of L. Then y D .x; x1/ is a stationary point of M if and only if

L00.x/.ıx; x1/ D �I 0
q.q; u/.ıq/ � I 0

u.q; u/.ıu/ 8ıx D .ıq; ıu; ız/ 2 X :

Moreover, yh D .xh; x1;h/ is a discrete stationary point of M if and only if

L00.xh/.ıxh; x1;h/ D �I 0
q.qh; uh/.ıqh/�I 0

u.uh/.ıuh/ 8ıxh D .ıqh; ıuh; ızh/ 2X h:

3.3 Estimation of Arrhenius Parameters for a Stationary
Combustion Model

In this section we demonstrate the behavior of the presented adaptive strategy for
the problem of estimating Arrhenius parameters in a simple combustion model.
The results are taken from [1, 32]. For the application to parameter estimation in
multidimensional reactive flows we refer to [1, 2].

The state equation is given by scalar stationary convection-diffusion-reaction
equation for the variable u in a domain ˝ � R

2 with a divergence-free vector
field ˇ and a diffusion coefficient D:

ˇ � ru � div.Dru/ C s.u; q/ D f; (14)

provided with Dirichlet boundary conditions u D bu at the inflow boundary �in �
@˝ and Neumann conditions @nu D 0 on @˝n�in. As usual in combustion problems,
the reaction term is of Arrhenius type

s.u; q/ WD A expf�E=.d � u/gu.c � u/: (15)

The variable u stands for the mole fraction of a fuel, while the mole fraction of
the oxidizer is 0:2 � u. Since the Arrhenius law is a heuristic law and can not be
derived by physical laws, the involved parameters are a priori unknown and have to
be calibrated. This parameter fitting is usually done by comparison of experimental
data and simulation results. We assume the parameters d; c to be fixed and the
parameters A, E are considered as unknown and form the vector-valued parameter
q D .ln.A/; E/ 2 Q D R

2.
We consider the following configuration: Fuel .F / and oxidizer .Ox/ are

injected in different pipes and diffuse in a reaction chamber with overall length
35 mm and high 7 mm, see Fig. 2. At the center tube, the Dirichlet condition for the
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Ox

Ox

F

Fig. 2 Configuration of the
reaction chamber for
estimating Arrhenius
coefficients. Dashed vertical
lines show the lines where the
measurements are modeled

Fig. 3 Mole fraction of the
fuel .u0/ for the initial
parameters q0. Blue: u D 0,
red: u D 0:2

Fig. 4 Mole fraction of the
fuel .u/ for the optimal
parameters q

fuel is u D uin WD 0:2, and at the upper and lower tube, u D 0. On all other parts of
the boundary, homogeneous Neumann conditions are opposed.

The fixed parameters in the Arrhenius law (15) are c D uin and d D 0:24. The
convection direction ˇ.x; y/ is a velocity field obtained by solving the incompress-
ible Navier–Stokes equations with parabolic inflow profile at the tubes with peak
flow ˇmax D 0:2 m/s. The diffusion coefficient D is chosen D D 2:e � 6.

The measurements C.u/ 2 Z D R
nm are modeled by mean values along

nm D 10 straight lines �i at different positions in the reaction chamber, see dashed
lines in Fig. 2:

Ci.v/ D
Z

�i

v dx ; i D 1; : : : ; nm:

For the measurement data OC 2 Z we use artificial measurements obtained by
choosing optimal parameters q D .6:9; 0:07/ and solving the state equation on a very
fine mesh. The initial parameters are set to q0 D .log.A0/; E0/ D .4; 0:15/, leading
to low reaction rates and a diffusion dominated solution. In Fig. 3 the corresponding
state variable (fuel) u0 is shown. For the optimal q, in contrast to the initial guess q0,
a sharp reaction front occurs, see Fig. 4. Obviously, the difference in the parameters
has a substantial impact on the state variable u.

The state equation is discretized by finite elements using local projection
stabilization for the convection term. This symmetric stabilization allows for a
natural formulation of the discrete adjoint equation, see [8] for details.

For the quantity of interest we choose I.q/ D q2 to control the discretization
error in the second parameter. Comparing the error in the parameters with a more
conventional strategy on globally refined meshes, our proposed algorithm is much
more efficient. In Fig. 5, the relative error in the second parameter is plotted in
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0.01

0.1

10000 100000

global
local

Fig. 5 Relative error in the second Arrhenius parameter in dependence of the number of mesh
points. Solid line: globally refined meshes, dashed line: locally refined meshes on the basis of a
posteriori error estimation

Fig. 6 Obtained meshes for estimating Arrhenius parameters with 2,825, 6,704, 13,676, and
21,752 nodes (from upper left to lower right)

dependence of the number of mesh points. The dashed line results from our method
on locally refined meshes. The solid line stands for parameter estimation with the
same optimization loop but on uniformly refined meshes. For a relative error of less
than 1%, only 6,704 nodes are necessary with a locally refined mesh, whereas more
than 100,000 nodes are necessary on a uniformly refined mesh.

In Fig. 6, a sequence of locally refined meshes produced by the refinement
algorithm is shown. The highest amount of mesh points is located near the flame
front and close to the measurement lines.
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4 Adaptivity for Parameter Estimation in Nonstationary
Problems

In this section we discuss an extension of our techniques to parameter identification
problems with state equations described by parabolic partial differential equations
following [4, 25, 26]. In what follows we partially use the same notation for the
semilinear form a, the Lagrange functional L, etc. as in Sect. 3 with slightly different
meaning due to the time dependency of involved equations.

Throughout this section we assume the state equation (1) to be formulated in a
weak form as follows:

.@t u; �/ C a.q; u/.�/ D .f; �/ 8� 2 X;

u.0/ D u0.q/:
(16)

Here, we use the following notation: Q is again the parameter (control) space,
the Hilbert spaces V , H and the dual V � build a Gelfand triple, I D .0; T / is the
time interval, . � ; � / denotes the inner product in L2.0; T I L2.˝//, and the space X

is given as

X D W.0; T / D ˚
v

ˇ̌
v 2 L2..0; T /; V / and @t v 2 L2..0; T /; V �/

�
: (17)

The semilinear form aW Q � X � X ! R as well as the initial condition u0 may
depend on unknown parameters q. The form a results from a stationary semilinear
form NaW Q � V � V ! R by

a.q; u/.�/ WD
Z T

0

Na.q; u.t//.�.t// dt:

The optimization problem is then formulated as follows:

minimize J.q; u/ subject to (18)

q 2 Q; u 2 X and (16); (19)

where the cost functional J.q; u/ is given as in (2).
As for stationary problems, the optimality conditions can be formulated using a

Lagrange functional LW Q � X � X ! R defined as

L.q; u; z/ D J.q; u/ C .f � @t u; z/ � a.q; u/.z/ � .u.0/ � u0.q/; z.0//H : (20)

The necessary optimality condition for x D .q; u; z/ 2 X D Q � X � X

L0.x/.ıx/ D 0 8ıx 2 X
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results in the state equation (16), the adjoint equation, which is formulated back-
wards in time and the gradient equation, see, e. g., [23] or [30]. For details of the
optimality system in the above notation we refer to [26].

4.1 Space-Time Finite Element Discretization

For discretization of the state equation (16) we employ Galerkin finite element
methods in space and time. This allows for natural computable representation of
the discrete gradient and Hessian due to the fact that optimization (building up the
optimality system) and discretization commute in this case, see [4, 26] for details.
Moreover, our systematic approach to a posteriori error estimation relies on using
the Galerkin-type discretizations.

For temporal discretization we employ discontinuous Galerkin (dG) methods,
see, e. g., [14] or [29] and the discretization in space is done with usual conforming
finite elements.

4.1.1 Temporal Discretization

To define a semi-discretization in time, let us partition the time interval Œ0; T � as

Œ0; T � D f0g [ I1 [ I2 [ � � � [ IM

with subintervals Im D .tm�1; tm� of size km and time points

0 D t0 < t1 < � � � < tM�1 < tM D T:

We define the discretization parameter k as a piecewise constant function by setting
k

ˇ̌
Im

D km for m D 1; : : : ; M. By means of the subintervals Im, we define for r 2 N0

the semi-discrete space eXr
k by

eXr
k D

n
vk 2 L2..0; T /; V /

ˇ̌
ˇ vk

ˇ̌
Im

2 P r .Im; V / and vk.0/ 2 H
o

Here, P r .Im; V / denotes the space of polynomials up to order r defined on Im with
values in V . Thus, the functions in eXr

k may have discontinuities at the ends of the
subintervals Im. This space will be used in the sequel as trial and test space in the
discontinuous Galerkin method.

To define the dG(r) discretization we employ the following definition for
functions vk 2 eXr

k :

vC
k;m WD lim

t!0C
vk.tm C t/; v�

k;m WD lim
t!0C

vk.tm � t/ D vk.tm/; Œvk�m WD vC
k;m � v�

k;m:
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Then, the dG(r) semi-discretization of the state equation (16) reads: Find for
given parameter qk 2 Q a state uk 2 eXr

k such that

MX

mD1

Z

Im

.@t uk; �/H dt C a.qk; uk/.�/ C
M�1X

mD0

.Œuk�m; �C
m /H D .f; �/; 8� 2 eXr

k;

u�
k;0 D u0.qk/:

(21)
The semi-discrete optimization problem for the dG(r) time discretization has the
form:

Minimize J.qk; uk/ subject to the state equation (21); .qk; uk/ 2 Q � eXr
k: (22)

The corresponding Lagrangian eLW Q � eXr
k � eXr

k ! R is defined by

eL.qk; uk; zk/ D J.qk; uk/ C .f; zk/ �
MX

mD1

Z

Im

.@t uk; zk/H dt

�a.qk; uk/.zk/ �
M�1X

mD0

.Œuk�m; zC
k;m/H � .u�

k;0 � u0.qk/; z�
k;0/H

and the optimality condition for the triple xk D .qk; uk; zk/ 2 X k D Q � eXr
k � eXr

k

on this semidiscrete level is given as

eL.xk/.ıxk/ D 0 8ıxk 2 X k:

4.1.2 Spatial Discretization

The discontinuous Galerkin discretization in time naturally allows for spatial finite
element meshes, which are different in time. The use of such dynamic meshes leads
to very efficient numerical schemes, see [28] for details. For each time interval Im

we construct (conforming) finite element spaces V
s;m

h (of order s) in a usual way.
The corresponding state space eXr;s

k;h � eXr
k is defined by

eXr;s
k;h D

n
vkh 2 L2..0:T /; H/

ˇ̌
ˇ vkh

ˇ̌
Im

2 P r .Im; V
s;m

h / and vkh.0/ 2 V
s;0

h

o
:

Then, the space-time finite element discretization of the state equation reads: Find
for given parameter qkh 2 Q a state ukh 2 eXr;s

k;h such that

MX

mD1

Z

Im

.@t ukh; �/H dt C a.qkh;ukh/.�/ C
M�1X

mD0

.Œukh�m; �C
m /H C .u�

kh;0; ��
0 /H

D .f; �/ C .u0.qkh/; ��
0 /H 8� 2 eXr;s

k;h: (23)
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Thus, the optimization problem with fully discretized state is given by

Minimize J.qkh; ukh/ subject to (23); .qkh; ukh/ 2 Q � eXr;s
k;h: (24)

The optimality condition for the triple xkh D .qkh; ukh; zkh/ 2 X kh D Q � eXr;s
k;h �

eXr;s
k;h on this discrete level is given as

eL.xkh/.ıxkh/ D 0 8ıxkh 2 X kh:

4.1.3 Full Discretization

As in the stationary case (cf. Sect. 3) we choose a finite dimensional subspace
Qd � Q for the discretization of the parameter (control) space. In many situations
the control space Q is finite dimensional and we set Qd D Q. If the parameter q

is given as a function (in space and/or in time) the subspace Qd � Q is typically
constructed in a similar way as the discrete spaces for the state variable.

Then, the formulation of the state equation, the optimization problems and the
Lagrangian defined on the fully discretized state space can directly be transferred
to the level with fully discretized control and state spaces by replacing Q by
Qd . The fully discrete solutions is indicated by the subscript � which collects the
discretization indices k, h, and d .

The corresponding optimality condition for the triple x� D .q� ; u� ; z� / 2 X � D
Qd � eXr;s

k;h � eXr;s
k;h reads

eL.x� /.ıx� / D 0 8ıx� 2 X � :

4.2 A Posteriori Error Estimators

In the case of parameter estimation problems governed by parabolic equation, the
construction of efficient adaptive algorithms requires separation of different error
sources. Our aim is to estimates the discretization error due to temporal discretiza-
tion, due to spatial discretization and due to control discretization separately. This
allows to balance the influence of different parts of the discretization, see the
discussion of such error balancing strategies in [26, 28]. Therefore, we split

J.q; u/ � J.q� ; u�/ D J.q; u/ � J.qk; uk/

C J.qk; uk/ � J.qkh; ukh/

C J.qkh; ukh/ � J.q� ; u�/;

where .qk; uk/ 2 Q � eXr
k is the solution of the time discretized problem (22) and

.qkh; ukh/ 2 Q � eXr;s
k;h is the solution of the time and space discretized problem (24)
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with still undiscretized control space Q. Each term in this sum is then represented
in a similar way as described in Sect. 3 using the residual of the equation in the
optimality system. For the technical issues concerning evaluation of the resulting
estimate we again refer to [26, 28].

As already discussed in Sect. 3 one is usually interested not in the error with
respect to the cost functional but with respect to a quantity of interest, which can
for example be a component of the parameter vector. To this end one consider the
splitting

I.q; u/ � I.q� ; u� / D I.q; u/ � I.qk; uk/

CI.qk; uk/ � I.qkh; ukh/

CI.qkh; ukh/ � I.q� ; u� /;

and estimate each term in this sum using an additional Lagrangian M as in the
stationary case, cf. Sect. 3.2 and see [26] for details.

4.3 Estimation of Model Parameters for Propagation
of Laminar Flames

In this section we illustrate our method on parameter estimation for a model of
propagation of laminar flames.

The governing equation for the considered problem is taken from an example
given in [21]. It describes the major part of gaseous combustion under the low Mach
number hypothesis. Introducing the dimensionless temperature � , denoting by Y

the species concentration, and assuming constant diffusion coefficients yields the
system of equations

@t � � 	� D !.Y; �/ in ˝ � I;

@t Y � 1

Le
	Y D �!.Y; �/ in ˝ � I;

� D �0 on ˝ � f 0 g ;

Y D Y0 on ˝ � f 0 g ;

(25)

where the Lewis number Le is the ratio of diffusivity of heat and diffusivity of
mass. We use a simple one-species reaction mechanism governed by an Arrhenius
law given by

!.Y; �/ D ˇ2

2Le
Y e

ˇ.��1/
1C˛.��1/ ; (26)

in which an approximation for large activation energy has been employed.
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Here, we consider a freely propagating laminar flame described by (25) and its
response to a heat absorbing obstacle, a set of cooled parallel rods with rectangular
cross section (cf. Fig. 7). The computational domain has width H D 16 and length
L D 60. The obstacle covers half of the width and has length L=4. The boundary
conditions are chosen as

� D 1 on �D � I; dn� D 0 on �N � I;

Y D 0 on �D � I; dnY D 0 on �N � I;

dn� D �
� on �R � I;

dnY D 0 on �R � I;

where the heat absorption is modeled by boundary conditions of Robin type on �R.
The initial condition is the analytical solution of a one-dimensional right-

traveling flame in the limit ˇ ! 1 located left of the obstacle:

�0.x/ D
(

1 for x1 � Qx1

eQx1�x1 for x1 > Qx1

;

Y0.x/ D
(

0 for x1 � Qx1

1 � eLe.Qx1�x1/ for x1 > Qx1

:

For the computations, the occurring parameters are set as in [21] to

Le D 1; ˇ D 10; 
 D 0:1; Qx1 D 9;

whereas the temperature ratio ˛, which determines the gas expansion in non-
constant density flows, is the objective of the parameter estimation. The state
variable u is given here as u D .�; Y / and the parameter variable is q D ˛ 2 Q D R.

The unknown parameter ˛ is estimated here using information from pointwise
measurements of � and Y at four points pi 2 ˝ , i D 1; 2; 3; 4, at final time
T D 60. This parameter identification problem can be formulated by means of a
cost functional of least-squares type, that is

J.q; u/ D 1

2

4X

iD1

�
�.pi ; T / � O�i

�2 C 1

2

4X

iD1

�
Y.pi ; T / � OYi

�2
:
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Table 1 Local refinement on a fixed mesh with equilibration

N M �I
h �I

k �I
h C �I

k eI Ieff

269 512 4:3 � 10�02 �8:4 � 10�03 3:551 � 10�02 �2:889 � 10�02 �0:81

635 512 5:5 � 10�03 �9:1 � 10�03 �3:533 � 10�03 �4:851 � 10�02 13:72

1,847 722 �1:5 � 10�02 �3:6 � 10�03 �1:889 � 10�02 �3:024 � 10�02 1:60

5,549 1,048 �6:5 � 10�03 �2:5 � 10�03 �9:074 � 10�03 �1:097 � 10�02 1:20

14,419 1,088 �2:4 � 10�03 �2:5 � 10�03 �5:064 � 10�03 �5:571 � 10�03 1:10

43,343 1,102 �8:5 � 10�04 �2:5 � 10�03 �3:453 � 10�03 �3:693 � 10�03 1:06

Table 2 Local refinement on dynamic meshes with equilibration

Ntot Nmax M �I
h �I

k �I
h C �I

k eI Ieff

137,997 269 512 4:3 � 10�02 �8:4 � 10�03 3:551 � 10�02 �2:889 � 10�02 �0:81

238,187 663 512 3:5 � 10�03 �8:6 � 10�03 �5:192 � 10�03 �5:109 � 10�02 9:84

633,941 1,677 724 �1:6 � 10�02 �3:5 � 10�03 �2:015 � 10�02 �3:227 � 10�02 1:60

1,741,185 2,909 1,048 �7:3 � 10�03 �2:5 � 10�03 �9:869 � 10�03 �1:214 � 10�02 1:23

3,875,029 4,785 1,098 �2:2 � 10�03 �2:5 � 10�03 �4:792 � 10�03 �5:432 � 10�03 1:13

9,382,027 10,587 1,140 �7:9 � 10�04 �2:5 � 10�03 �3:301 � 10�03 �3:588 � 10�03 1:08

23,702,227 25,571 1,160 �2:8 � 10�04 �2:4 � 10�03 �2:756 � 10�03 �2:944 � 10�03 1:06

The values of the artificial measurements O�i and OYi , i D 1; 2; 3; 4, are obtained from
a reference solution computed on fine space and time discretizations. The quantity
of interest is given here as

I.q; u/ D q:

since the control space in this application is given by Q D R, it is not necessary to
discretize Q. Thus, there is no discretization error due to the control discretization
and the a posteriori error estimator �I consists of the error estimator for the temporal
error �I

k and the error estimator for the spatial error �I
h .

For our numerical test we use piecewise constant polynomials in time and cell-
wise bilinear polynomials in space, cf. Sect. 4.1. We apply our adaptive algorithm
with simultaneous refinement of the space and time discretizations. The temporal
and spatial discretization errors are equilibrated as described above, see [25, 26] for
details.

Tables 1 and 2 demonstrate the effectivity of the error estimator �I
hC�I

k on locally
refined discretizations using fixed and dynamically changing spatial triangulations.
Here, eI D I.q; u/ � I.q� ; u� / denotes the discretization error and the effectivity
index Ieff is as usual defined by

Ieff D eI

�I
h C �I

k

:

In Fig. 8, we compare uniform refinement of the space and time discretiza-
tions with local refinement of both discretizations on a fixed spatial mesh and
on dynamically changing triangulations. We gain a remarkable reduction of the
required degrees of freedom for reaching a given tolerance. To meet for instance
an error of jeI j � 10�2, the uniform refinement requires in total 15,056,225 degrees
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Fig. 9 Visualization of the adaptively determined time step size k

of freedom, the local refinement needs 5,820,901 degrees of freedom, and the
dynamical refinement necessitates only 1,741,185 degrees of freedom. Thus, we
gain a reduction by a factor of about 1:8.6.

Figure 9 depicts the distribution of the temporal step size k resulting from a fully
adaptive computation on dynamic meshes. We observe a strong refinement of the
time steps at the beginning of the time interval, whereas the time steps at the end are
determined by the adaptation to be eight times larger.

Before presenting a sequence of dynamically changing meshes, we show in
Fig. 10 a typical locally refined mesh obtained by computations on a fixed spatial
mesh. We note, that the refinement is especially concentrated at the four reentrant
corners and the two measurement points behind the obstacle. The interior of the
region with restricted cross section is also strongly refined.

Finally, Fig. 11 shows the spatial triangulation and the reaction rate ! for certain
selected time points. Thereby, ! is computed from the numerical solution by means
of formula (26). We observe, that the refinement traces the front of the reaction
rate ! until t � 56 (cf. Fig. 11d). Afterwards, the mesh around the front becomes
coarser and the refinement is concentrated at the four measurement points pi .
Compared to the usage of one fixed triangulation, the usage of dynamically changing
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Fig. 10 Locally refined fixed mesh

meshes enables us here to reduce the discretization error in terms of the quantity of
interest with lower number of degrees of freedom, cf. Fig. 8. Although computing on
dynamically changing meshes requires some additional effort, see [28] for details,
this technique pays off also in terms of CPU-time.

5 Adaptivity for Optimal Choice of Regularization
Parameters

In this section we discuss an adaptive multilevel inexact Newton method for deter-
mining an optimal regularization parameter in Tikhonov regularization, see [16] for
more details.

We again consider the state equation

a.q; u/.v/ D f .v/ 8v 2 V; (27)

where the parameter q is now an infinite dimensional object, e. g., a function in an
infinite dimensional Hilbert space Q. The measurement data usually posses noise
and is denoted by OC ı with

k OC � OC ıkZ � ı

and ideal measurements OC . In a variety of situations the problem of estimating the
parameter q from OC ı is ill-posed. Therefore, regularization methods are necessary
for a stable numerical solution of the parameter identification problem. One
of the well-known regularization techniques is Tikhonov regularization leading
to the following optimal control problem which depends on the regularization
parameter ˇ:

minimize J.ˇ; q; u/ D 1

2
kC.u/ � OC ık2

G C 1

2ˇ
kqk2

Q; subject to (27): (28)

Note, that for technical reasons we replaced the regularization parameter ˛, see (2),
by 1=ˇ. The regularization parameter ˇ should be chosen in such a way, that
the solution of this optimal control problem denoted by .qˇ; uˇ/ is close to the
ideal solution .q�; u�/ for the problem without noise, see, e.g., [12] for precise
definitions. A well-established strategy for choosing the Tikhonov parameter ˇ is
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(a) t= 1

(b) t= 20

(c) t= 40

(d) t= 56

(e) t= 60

Fig. 11 Locally refined meshes and reaction rate ! for t 2 f 1; 20; 40; 56; 60 g
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the discrepancy principle: The parameter ˇ� should be chosen as the solution of the
following one-dimensional equation

i.ˇ�/ D �2ı2 (29)

with some � � 1 and the function i WRC ! RC given as

i.ˇ/ D kC.uˇ/ � OC ık2
G:

In [12] Newton’s method for solving (29) is analyzed. The corresponding algorithm
would require evaluation of the function i.ˇ/ and its derivative i 0.ˇ/ in each
step. However, i.ˇ/ is not available since it depends on the exact solution of the
infinite dimensional optimal control problem (28). Therefore, one should replace
the function i.ˇ/ by its discrete analog ih.ˇ/ defined as

ih.ˇ/ D kC.uˇ

h/ � OC ık2
G;

where .q
ˇ

h ; uˇ

h/ 2 Qh � Vh is the solution of the discretized version of the optimal
control problem (28). In [16] we described and analyzed an inexact multilevel
Newton’s method for solution of (29), where i.ˇ/ is replaced by ih.ˇ/ in each
Newton step and the choice of the discrete finite element spaces Qh and Vh

is adaptively controlled using appropriate a posteriori error estimates. The finite
element spaces Qh and Vh should be chosen on the one hand as coarse as possible
to save numerical effort and on the other hand fine enough to preserve quadratic
convergence of the method to the solution ˇ� of (29). This algorithm is sketched
below:

1. Choose initial guess ˇ0 > 0, initial discretization Qh0; Vh0 , set k D 0

2. Solve discrete optimal control problem, compute .q
ˇk

h ; uˇk

h /

3. Evaluate ih.ˇk/, i 0
h.ˇk/

4. Evaluate error estimators

ji.ˇk/ � ihk
.ˇk/j � �I ; ji 0.ˇk/ � i 0

hk
.ˇk/j � �K

5. If the accuracy requirements for �I ; �K are fulfilled, set

ˇkC1 D ˇk � ihk
.ˇk/ � �2ı2

i 0
hk

.ˇk/

6. else: refine discretization hk ! hkC1 using local information from �I ; �K

7. if stopping criterion is fulfilled: break
8. else: Set k D k C 1 and go to 2.
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In [16] error estimators are presented to be used in the step (4) of the
algorithm, an efficient strategy for evaluation of i 0

h.ˇ/ is discussed, and accuracy
requirements for the step (5) are provided allowing for quadratic convergence of the
method. Moreover, we discussed the stopping criterion for the step (7) and proved
convergence of the solution q

ˇ

h with computed ˇ D ˇk� to the ideal solution q� as
ı tends to 0.
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Gauss–Newton Methods for Robust Parameter
Estimation

Tanja Binder and Ekaterina Kostina

Abstract In this paper we treat robust parameter estimation procedures for prob-
lems constrained by differential equations. Our focus is on the l1 norm estimator
and Huber’s M -estimator. Both of the estimators are briefly characterized and
the corresponding optimality conditions are given. We describe the solution of
the resulting minimization problems using the Gauss–Newton method and present
local convergence results for both nonlinear constrained l1 norm and Huber
optimization. An approach for the efficient solution of the linearized problems of
the Gauss–Newton iterations is also sketched as well as globalization strategies
using line search methods. Two numerical examples are exercised to demonstrate
the superiority of the two presented robust estimators over standard least squares
estimation in case of outliers in the measurement data.

1 Introduction

All parameter estimation procedures are based on assumptions on the statistical
distribution of the underlying data. For instance, least squares (LS) estimation was
developed by Gauss [21] for normally distributed measurements. This procedure
has been widely used since then, although it has been known from the end of the
nineteenth century that even samples that consist of “good” measurements only
are only approximately normal but tend to be rather longer-tailed (e.g. Hampel
[23]). Already in 1852 and 1863, Peirce [39] and Chauvenet [16], respectively,
independently developed rejection procedures for outlying measurements. Today
it is commonly agreed that a correction of the data in advance of the parameter
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estimation is not the way to proceed. Huber and Ronchetti [27] state two major
difficulties (amongst others) with this approach: (a) outliers have to be determined
correctly or the situation will even get worse (usually there will be both false
rejections and false retentions), and (b) outliers may obscure each other so that they
cannot be detected.

But nevertheless outliers in the data need to be treated efficiently. In any
modeling process the implicit assumption is made that small errors of the model
will cause only minor errors in the conclusions. Furthermore, all models make
basic assumptions on the underlying situation, like randomness and independence
of measurement errors and their statistical distribution. Neither of these assumptions
need to be justified which poses a major problem as many common procedures are
very sensitive to seemingly marginal deviations from the assumptions. A remedy
for this problem are so-called “robust” methods. We use robust here in the
sense of Huber and Ronchetti [27], meaning insensitivity to small deviations from
the assumptions. Particularly we will be concerned with so-called distributional
robustness, i.e. deviations from the assumed underlying distribution.

Data with some outliers generally follow a distribution which is longer-tailed
than the normal distribution, i.e. there are more errors with a large absolute value
than should be expected. Sensitivity to this longtailedness is typical for classical
statistical methods, including least squares parameter estimation. One single outlier
can completely spoil a least squares analysis if it is only located sufficiently far away
from the rest of the data. Thus robust procedures have to be designed to formally
spot these outliers and reduce their influence.

2 Robust Parameter Estimation Problem

The parameter estimation problem can be described as follows. Assume that we
have a mathematical model of some real world process which is described by
a system of differential equations and depends on a finite number of unknown
parameters. Assume further that at times tj ; j D 1; : : : ; N , we have given
measurements NSij ; i D 1; : : : ; K; j D 1; : : : ; N , of observation functions Sij
depending on states u of the system and parameters q which are to be estimated and
that these measurements are subject to measurement errors "ij ,

NSij D Sij .tj ; q
true; utrue/C "ij ; i D 1; : : : ; K; j D 1; : : : ; N;

where true denotes the “true” values of the states and parameters.
The determination of the unknown parameters is commonly approached by

solving an optimization problem in which a special functional is minimized under
constraints that describe the specifics of the model. The known data are output sig-
nals from some output device and for the optimization functional a suitable norm of
the deviation of the model response from these data is used. The choice which norm
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is appropriate for a given problem should be based on the statistical properties of
the measurement errors. A formal description of an abstract (simplified) parameter
estimation problem may look as follows:

min J.q; u/ WD �.S.q; u.ti ; zi // � NSi ; i D 1; : : : ;M /; (1)

s.t. F
�
t; z; q; u;

@u

@t
;
@u

@z
;
@2u

@z2

�
D 0; t 2 T; z 2 ZI

some initial and boundary conditions,

where t 2 T � R is time, z 2 Z � R
d are coordinate variables of a d -dimensional

space, T and Z bounded, the state variables u D u.t; z/ are determined in an
appropriate space V , q are unknown parameters in an appropriate space Q, F is
a vector function, S.q; u/ is an observation operator that maps the state variable u
to the appropriate space of measurements, NSi , i D 1; : : : ;M; is a given set of output
measurements. How to choose an appropriate functional �. � / is discussed later.

There are several well-established numerical methods for the solution of param-
eter estimation problems governed by systems of differential-algebraic equations.
Their common basis is the so-called “all-at-once” approach, see e.g. Ascher [2],
Bock [9,10], Cervantes and Biegler [15], and Schulz [42]. This approach follows the
principle of discretizing the dynamic model including possible boundary conditions
as a boundary value problem and incorporating the resulting discretized model as a
nonlinear constraint in the optimization problem. Possible discretization strategies
are finite differences, collocation, see e.g. Ascher [2], Schulz [42], and Biegler [15],
or multiple shooting methods, see e.g. Bock [9] and Bulirsch [14].

The discretization of the dynamic model in (1) yields a finite dimensional,
large-scale, nonlinear constrained approximation problem which can be formally
written as

min
x2Rnx �.F1.x//; s.t. F2.x/ D 0: (2)

Note that the equality conditionsF2.x/ D 0 include the discretized dynamic model.
We assume that the functionsFi WD � Rnx ! Rmi ; i D 1; 2; are twice continuously
differentiable. The vector x 2 R

nx combines the parameters and all variables
resulting from discretization of the model dynamics.

The standard choice of the function �. � / is the least squares functional: �.s/ D
ksk22 D Pm

iD1 s2i ; s 2 R
m. In contrast to standard least squares optimization

problems, we consider robust objective functions which allow to get parameter
estimates that are less sensitive to outliers in the measurement data. In this paper,
we restrict our further considerations to the cases where the objective function is the
l1 norm,

�.s/ D ksk1 D
mX
iD1

jsi j; (3)
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or Huber’s function,

�.s/ D
mX
iD1

�� .si / with ��.s/ D
(
1
2
s2; jsj � �;

� jsj � 1
2
�2; jsj > �; (4)

for a prescribed threshold � . For other objective functions that also yield robust
parameter estimates, i.e. they are insensitive to outliers in the data and other
deviations from the normal distribution, we refer to Andrews et al. [1], Beaton and
Tukey [7], Hinich and Talwar [24], Dennis and Welsch [17], and Fair [19]. All these
estimators share the common property that they can be computed using iteratively
reweighted least squares (IRLS). Holland and Welsch [25] give a comparison of
their features and performance.

2.1 The Least Absolute Deviations Estimator

Least absolute deviations (LAD) or minimum l1 norm estimation, which we will
use synonymously, is also known under a variety of other names including least
absolute residuals, least lines, or minimum sum of absolute errors, as it minimizes
the l1 norm of the residual vector. Historically, this estimator dates back to 1755
when Boscovich investigated the figure of the earth from geodatic measurements in
joint work with Maire (see Scales and Gersztenkorn [41]). Laplace [35] also used
the methods developed by Boscovich and advanced the ideas on a more rigorous
statistical basis. Thus LAD estimation dates back even longer than least squares
estimation which was first used by Gauss [21] and Legendre [36] in the first decade
of the nineteenth century. A brief review of the properties of the estimator as well
as a bibliography with relevant literature until 1977 is given by Gentle [22].

A very simple example as given by Scales and Gersztenkorn [41] might serve to
demonstrate the effect of robustness. Assume that we have m observations �i ; i D
1; : : : ; m, associated with a single parameter p. Then the least squares estimate is
computed as the root of the first derivative with respect to p of the sum of the
squared residuals,

d

dp

mX
iD1

jp � �i j2 D 0:

The solution of this equation is pD 1
m

Pm
iD1 �i and thus the mean of the observa-

tions. The minimum l1 norm estimate, on the other hand, is given as the solution
of

mX
iD1

sgn.p � �i / D 0;

where sgn.s/ is some value between �1 and 1 for s D 0. This equation is solved
by the median of the observations. While the first suffers from outliers in the data
as the large deviations are averaged in the solution, the latter simply ignores such
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“wild points” and only takes into account the “side” on which it lies from the bulk
of the data.

If the residual components F1i .x/; i D 1; : : : ; m1, follow a Laplace distribution
with zero mean and variances 2�2i , i.e. if their probability density is given by

f .F1i .x// D 1

2�i
exp

�
�jF1i .x/j

�i

�
;

this estimator yields a maximum likelihood estimate of the unknown parameters
(see Rice and White [40]).

Now let us have a closer look at the nonlinear l1 optimization problem. The
objective function in this problem is not smoothly differentiable. As this is a
necessary requirement for most standard optimization procedures for nonlinear
problems, we cannot apply them directly. Fortunately, the problem can be rewritten
in form of a nonlinear optimization problem with a linear objective function. In order
to eliminate the non-differentiability from the objective function, we introduce two
new variables w; u 2 R

m1 such thatF1.x/ D u�w and u;w � 0. The l1 optimization
problem (2), (3) can then be rewritten equivalently as

min
x2Rnx ;u;w2Rm1 eT .u C w/;

s.t. F1.x/ D u � w; u � 0;w � 0;

F2.x/ D 0; eT D .1; : : : ; 1/ 2 R
m1:

(5)

For linear functions F1. � / and F2. � / the reformulation is a linear programming
problem and there were several algorithms developed for the linear case, e.g. by
Barrodale and Roberts [3, 4].

The optimality conditions characterizing optimal solutions of the l1-estimator
may be proved as a consequence of the Fritz-John optimality conditions of nonlinear
programming, see Ben-Tal [8]. First we define the set of “active” measurements at
x as IA.x/ WD fi D 1; : : : ; m1 W F1i .x/ D 0g; and say that x satisfies a constraint
qualification if the Jacobian of constraints and active measurements at x has full
row rank,

rank rFA.x/ D mA Cm2; rFA.x/ D
�rF1A.x/

rF2.x/
�
; (6)

rF1A.x/ WD ŒrF1.x/�i2IA.x/; mA WD jIA.x/j:

Theorem 1. (Necessary conditions) Let x� be a regular solution of prob-
lem (2), (3). Then there exists a vector of Lagrange multipliers �� D Œ��

k �kD1;2;
��
k 2 R

mk , k D 1; 2; such that the following conditions (the first-order necessary
optimality conditions) are true for the pair .x�; ��):

rF T
1 .x

�/��
1 C rF T

2 .x
�/��

2 D 0; (7)

j��
1i j � 1; i D 1; : : : ; m1; �

�
1i D sgnF1i .x�/ if F1i .x

�/ ¤ 0; i D 1; : : : ; m1:
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Further, the pair .x�; ��) satisfies the second-order necessary optimality
conditions:

dTHd � 0; H WD
 
m1X
iD1

��
1ir2F1i .x

�/C
m2X
iD1

��
2ir2F2i .x

�/
!
; (8)

for all critical directions d defined by

D1.x
�; ��/ D fd 2 R

nx j rF1i .x�/d D 0; if j��
1i j < 1;

�1irF1i .x�/d � 0; if j��
1i j D 1; i 2 IA.x�/;

rF2.x�/d D 0g:

Proof of Theorem 1 is given in the appendix. The next theorem is a consequence of
Theorem 4 from Fiacco and McCormick [20].

Theorem 2. (Sufficient optimality conditions) Let .x�; ��) satisfy the first-order
necessary optimality conditions (7) and the matrix H be positive definite for all
directions d 2 D1.x

�; ��/, d ¤ 0, that is

dTHd > 0 8d 2 D1.x
�; ��/; d ¤ 0:

Then x� is a strict local minimizer of (2), (3).

Corollary 1. Let .x�; ��/ satisfy the first-order necessary conditions (7) and strict
complementarity at x D x� and �1 D ��

1 ,

j�1i j < 1 if i 2 IA.x/; (9)

and let the Hessian H be positive definite for all d 2 Z.x�/;

Z.x/ WD fd ¤ 0 j rF1i .x/d D 0; i 2 IA.x/;rF2.x/d D 0g:
Then x� is a strict local minimizer of (2), (3).

2.2 Huber’s M -Estimator

Huber’sM -estimator was first proposed by Huber [26] in 1964. For getting an idea
of the intention behind it, consider an "-perturbed normal distribution,

F D .1 � "/˚ C "H;

where " 2 Œ0; 1/ is fixed, ˚.t/ D .2�/� 1
2

R t
�1 exp.� 1

2
s2/ ds denotes the standard

normal cumulative andH is a contaminating but symmetric distribution. Let further
F denote the set of all such distributions. Huber’s M -estimator was designed as a
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maximum likelihood estimator corresponding to a least favorable distribution F0 2
F . This distribution has the density

f0.t/ D .1 � "/.2�/�
1
2 exp.��.t//;

where �.t/ D �� .t/ is the Huber function as given in (4), and minimizes the Fisher
information,

I.F / D
Z
.f 0=f /2f dt;

among all F 2 F (see Huber [26]). The error ratio " and the tuning constant � are
related by

.1 � "/�1 D
Z �

��
'.t/ dt C 2'.�/=�;

where ' is the standard normal density '.t/ D .2�/� 1
2 exp.� 1

2
t2/.

From the definition of Huber’s function (4) it is obvious that it behaves like the
least squares objective function at the center of the distribution, i.e. all observations
are given equal weight, while at the extremes it behaves like the l1 objective function
giving less weight to observations that are farther out on the tails. The switch from
being quadratic to being linear is located exactly at jsj D � where the least squares
part and the l1 part are linked together smoothly. Thus the Huber objective function
is once continuously differentiable if F1.x/ is so. In this way, it compromises
between the efficiency of the least squares estimator and the resistance of the least
absolute deviations estimator which are also the extreme cases of this estimator for
� D 1 and � D 0, respectively. The hybrid nature of Huber’s M -estimator can be
seen clearly due to the following reformulation of the problem (2), (4),

min
x;v

1
2
kvk22 C �kF1.x/ � vk1; s.t. F2.x/ D 0: (10)

The problems (2), (4) and (10) are equivalent in the following sense.

Theorem 3. x� is optimal in (2), (4) if and only if .x�; v�/ with

v�
i D F1i .x

�/ if jF1i .x�/j � �;

v�
i D � sgnF1i .x

�/ if jF1i .x�/j > �; i D 1; : : : ; m1;

is optimal in (10).

Proof follows from the following equality,

1

2
kv�k22 C �kF1.x�/� v�k1 D
1

2

X
i WjF1i .x�/j��

F1i .x
�/2 C

X
i WjF1i .x�/j>�

�
1

2
�2 C � jF1i .x�/ � �sgnF1i .x�/j

�
D

1

2

X
i WjF1i .x�/j��

F1i .x
�/2 C

X
i WF1i .x�/>�

�
1

2
�2 C �F1i .x

�/ � �2
�

C
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X
i WF1i .x�/<��

�
1

2
�2 � �F1i .x�/� �2

�
D

1

2

X
i WjF1i .x�/j��

F1i .x
�/2 C

X
i WjF1i .x�/j>�

�
� jF1i .x�/j � 1

2
�2
�
:

The hybrid nature of Huber’sM -estimator for the unconstrained linear case was
studied, e.g., by Mangasarian and Musicant [37]. In particular, it is shown there
that there exists a value �� such that Huber’s M -estimator becomes a least squares
estimator for all values � � ��. For a sequence f�ig converging to zero, they showed
on the other hand that a subsequence fxij ; vij g that solves

min
x;v

1

2
kvk22 C �kAx � b � vk1;

where A is a real matrix and b a vector of corresponding dimensions, for � D �ij

depends linearly on f�ij g, i.e. there exist numbers p; q such that xij D p C q�ij

for f�ij g ! 0, which implies that for decreasing � Huber’sM -estimator converges
linearly to a minimum l1 norm solution.

Similarly to LAD parameter estimation using the equivalent reformulation
of (2), (4), one can derive the optimality conditions for the problem using the
optimality conditions of nonlinear programming (e.g. Ben-Tal [8]). First we say
that x satisfies a constraint qualification if the Jacobian of constraints at x has full
row rank,

rank rF2.x/ D m2: (11)

Theorem 4. (Necessary conditions) Let x� be a regular solution of problem
(2), (4), that is it satisfies constraint qualification (11). Then there exists a vector
of Lagrange multipliers �� D Œ��

k �kD1;2; ��
k 2 R

mk , k D 1; 2; such that the
following conditions (the first-order necessary optimality conditions) are true for
the pair .x�; ��):

rF1.x�/T ��
1 C rF2.x�/T ��

2 D 0;

��
1i D

(
F1i .x

�/; jF1i .x�/j � �;

�sgn .F1i .x�//; jF1i .x�/j > �; i D 1; : : : ; m1:
(12)

Further, the pair .x�; ��) satisfies the second-order necessary optimality
conditions:

dTHd � 0; H WD
X

i WjF1i .x�/j��
rT F1i .x

�/rF1i .x�/C
 
m1X
iD1

��
1ir2F1i .x

�/C
m2X
iD1

��
2ir2F2i .x

�/
!
;
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for all critical directions d defined by

DH.x
�/ D fd 2 R

nx j rF2.x�/d D 0g:

Again the proof can be found in the appendix.

Theorem 5. (Sufficient optimality conditions) Let .x�; ��) satisfy the first-order
necessary optimality conditions (12) and the matrix H be positive definite for all
directions d 2 DH.x

�/, d ¤ 0, that is

dTHd > 0 8d 2 DH.x
�; ��/; d ¤ 0:

Then x� is a strict local minimizer of (2), (4).

3 The Gauss–Newton Method

The method of choice for solving parameter estimation problems is a constrained
Gauss–Newton method, see e.g. Bock et al. [11]. Starting from a given initial guess
x0 2 R

nx , we proceed iteratively by computing

xkC1 D xk C Œtk �	xk; (13)

where	xk solves the linearized problem at x D xk ,

min
	x

�.F1.x/C rF1.x/	x/;
s.t. F2.x/C rF2.x/	x D 0:

(14)

The scalar tk is an optional stepsize for globalization of the method. We will briefly
mention possible stepsize selection strategies in Sect. 4.

3.1 Local Convergence of Gauss–Newton for Nonlinear
Constrained l1 Norm Optimization

Application of the necessary and sufficient optimality conditions according to
Theorems 1, 2 to problem (14) linearized at x D xk with the l1 norm in the objective
function yields that 	x is a solution of this problem if there are vectors 
1; 
2 such
that

rF1.x/T 
1 C rF2.x/T 
2 D 0;

j
1i j � 1; i D 1; : : : ; m1; (15)


1i D sgn.F1i .x/C rF1i .x/	x/ if F1i .x/C rF1i .x/	x ¤ 0; i D 1; : : : ; m1:
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Hence obviously, .x�; 
1; 
2/ is a KKT point of the nonlinear l1 norm optimization
problem if and only if .0; 
1; 
2/ is a KKT point of the corresponding linearized
problem (see Kostina [32] and Bock et al. [11]), i.e. x� is a fixed point of the Gauss–
Newton iteration, under assumptions that guarantee the existence and uniqueness of
solutions of both the nonlinear and the linearized problems.

With the notations

IA;lin.	x/ D fi D 1; : : : ; m1 W F1i .x/C rF1i .x/	x D 0g;
IN;lin.	x/ D fi D 1; : : : ; m1gnIA;lin.	x/;
F1A;lin.x/ D ŒF1i .x/�i2IA;lin.	x/;

rF 1A;lin.x/ D ŒrF 1i .x/�i2IA;lin.	x/;


1A D Œ
1i .x/�i2IA;lin.	x/;

the KKT conditions (15) can be rewritten in the form

0
@ 0 rF 1A;lin.x/

T rF2.x/T
rF 1A;lin.x/ 0 0

rF2.x/ 0 0

1
A
0
@	x
1A

2

1
A D

�

0
BB@

P
i2IN;lin.	x/


1irF1i .x/T

F1A;lin.x/

F2.x/

1
CCA :

In order to guarantee existence and uniqueness of the increment 	x we require
the condition

rankrFA;lin.x/ D nx;rFA;lin.x/ D
�rF 1A;lin.x/

rF 2.x/

�
: (16)

On the other hand, the constraint qualification

rankrFA;lin.x/ D mA;lin Cm2; mA;lin D jIA;linj; (17)

and strict complementarity,

j
1i j < 1 if i 2 IA;lin.	x/; (18)

in the linearized problem are sufficient for existence and uniqueness of the
multipliers 
1A and 
2: Combining (16) and (17) we get that the increment 	xk
and the multipliers 
1A and 
2 are unique if the matrix rFA;lin.x/ is quadratic and
invertible and (18) holds true.
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Denote the system of problem functions by F.x/ D
�
F1.x/

F2.x/

�
and the cor-

responding full Jacobian by rF.x/ D
�rF1.x/

rF2.x/
�

. Then under the assumptions

(16)–(18) the increment 	x at the point x can be computed by means of a (local)
generalized inverse,

	x D �rFC.x/F.x/;

where a generalized inverse rFC.x/ of the Jacobian rF.x/, that is

rFC.x/rF.x/rFC.x/ D rFC.x/;

is a permutation of the matrix .0;rFA;lin.x/�1/ as shown by Bock et al. [11].
A further analysis of the optimality conditions shows that a solution x� of

the nonlinear l1 norm minimization problem is associated with and identified
by an optimal “active set” containing information about zero components of the
objective function. It can be shown that, in the neighbourhood of a solution x� that
satisfies (6),

rankrFA.x/ D nx; (19)

and (9) at x D x�, the Gauss–Newton method eventually identifies this optimal
“active set” of the nonlinear l1 problem. Thus, the iterates of the generalized Gauss–
Newton method (13), (14), (3) are attracted by a local minimum that satisfies the
regularity assumptions and, in approaching such a minimizer x�, neither the active
sets of the problems linearized at xk will change nor the non-zero components of the
objective function will change their signs. Furthermore, these sets are the same as
the corresponding optimal sets at x�. So the full-step method (tk � 1) is essentially
the standard Newton method for the system of nonlinear equations

FA;�.x/ D 0; FA;�.x/ WD
�
F1i .x/; i 2 IA.x�/

F2.x/

�
;

and as a result it has a quadratic rate of local convergence, see also Bock et al. [11]
and Kostina [32].

3.2 Local Convergence of Gauss–Newton for Nonlinear
Constrained Huber Optimization

Application of the necessary and sufficient optimality conditions according to
Theorems 4, 5 to problem (14) linearized at x with (4) shows that the solution 	x
and the vectors 
1; 
2 satisfy
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rF1.x/T 
1 C rF2.x/T 
2 D 0; (20)


1i D
(
F1i .x/C rF1i .x/	x if jF1i .x/C rF1i .x/	xj � �;

�sgn .F1i .x/C rF1i .x/	x/ if jF1i .x/C rF1i .x/	xj > �;
i D 1; : : : ; m1:

Similarly to the l1 case, .x�; 
1; 
2/ is a KKT point of the nonlinear Huber
optimization problem if and only if .0; 
1; 
2/ is a KKT point of the corresponding
linearized problem, i.e. also for Huber optimization x� is a fixed point of the Gauss–
Newton iteration (under assumptions that guarantee the existence and uniqueness of
solutions of both the nonlinear and the linearized problem).

With the partitioning

IA;lin.	x/ D fi D 1; : : : ; m1 W jF1i .x/C rF1i .x/	xj � �g;
IN;lin.	x/ D fi D 1; : : : ; m1 W jF1i .x/C rF1i .x/	xj > �g; (21)

IA;lin.	x/ [ IN;lin.	x/ D fi D 1; : : : ; m1g; IA;lin.	x/\ IN;lin.	x/ D ;;
and the notations

Dlin D Dlin.	x/ D diag.di i /; di i D
(
1; if i 2 IA;lin.	x/;
0; if i 2 IN;lin.	x/;

F1;lin.x/ D
�
F1A;lin.x/

F1N;lin.x/

�
;

F1A;lin.x/ D ŒF1i �i2IA;lin.	x/; F1N;lin.x/ D Œ
1i �i2IN;lin.	x/;

the KKT system (20) can be rewritten as

�rF1.x/TDlinrF1.x/ rF2.x/T
rF2.x/ 0

��
	x


2

�
D �

�rF1.x/T F1;lin.x/
F2.x/

�
: (22)

Analogously to the l1 case, we need regularity assumptions that guarantee the
existence and uniqueness of the solution of the linearized problem. Obviously,

system (22) has a unique solution

�
	x


2

�
if the assumptions (11) and

rankrFA;lin.x/ D nx;rFA;lin.x/ WD
�
DlinrF1.x/

rF2.x/
�
; (23)

hold true. In order to guarantee the uniqueness of 
1 we need the uniqueness of
the partitioning (21) which implies the strict complementarity condition in the
linearized problem:

jF1i .x/C rF1i .x/	xj ¤ �; i D 1; : : : ; m1: (24)
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Under the assumptions (11), (23), and (24) the solution of the linearized problem
can again be computed by means of a linear operator rFC.x/,

	x D �rFC.x/FA;lin.x/;

where rFC.x/ is explicitly given by

rFC.x/ D .I; 0/

�rF1.x/TDlinrF1.x/ rF2.x/T
rF2.x/ 0

��1 �rF1.x/T 0
0 I

�
;

and is a generalized inverse of rFA;lin.x/: rFC.x/rFA;lin.x/rFC.x/ D
rFC.x/:

One can show that the Gauss–Newton method eventually identifies the “optimal
partitioning” of the residuals F1i .x/ in the neighbourhood of a solution x� that
satisfies certain assumptions:

Theorem 6. Suppose that x� with corresponding �� is a solution of the problem
(2), (4) that satisfies (11),

rankrFA.x/ D nx;rFA.x/ WD
�
D.x/rF1.x/

rF2.x/
�
; (25)

D.x/ D diag.di i /; di i D
(
1; if i 2 IA.x/;
0; if i 2 IN .x/;

and strict complementarity

jF1i .x/j ¤ �; i D 1; : : : ; m1; (26)

with x D x�. Then there exists a neighbourhood D of .x�; ��/ such that for all
.xk; �k/ 2 D the linearized Huber problem has a unique solution .	xk; 
k/ whose
partitioning IA;lin.	xk/; IN;lin.	xk/ is the same as the partitioning IA.xk/; IN .xk/
of the nonlinear problem (2), (4) at x D xk , which is in its turn the same as the
partitioning IA.x�/; IN .x�/ of the nonlinear problem (2), (4) at x D x�:

Here the partitioning at x is defined as

IA.x/ D fi D 1; : : : ; m1 W jF1i .x/j � �g;
IN .x/ D fi D 1; : : : ; m1 W jF1i .x/j > �g; (27)

IA.x/ [ IN .x/ D fi D 1; : : : ; m1g; IA.x/ \ IN .x/ D ;:

In summary, the iterates of the generalized Gauss–Newton method (13), (14), (4)
are attracted by a local minimum that satisfies the regularity assumptions mentioned
above and, in approaching such a minimizer x�, the partitioning of the problems
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linearized at xk will not change. Furthermore, this partitioning is the same as the
corresponding partitioning at x�. So the full-step method (tk � 1) is essentially the
Gauss–Newton method for a modified least squares problem

min
1

2

X
i2IA.x�/

F1i .x/
2 C

X
i2IN .x�/

�sgn.F1i .x�//F1i .x/; s.t. F2.x/ D 0;

and as a result it has a linear rate of local convergence.

Theorem 7 (Local Contraction Theorem for Huber Optimization). Let D be
the neighbourhood defined in Theorem 6. Assume further that the following two
Lipschitz conditions for rF and rFC hold for all x; y 2 D and all t 2 Œ0; 1�,

krFC.y/ .rFA.x C t.y � x// � rFA.x// .y � x/k
tky � xk2 � !.x/ � ! < 1;

k �rFC.y/ � rFC.x/
�
RA.x/k

ky � xk � �.x/ � � < 1;

where RA.x/ denotes the residuals in the linearized problem:

RA.x/ D
�
R1.x/

R2.x/

�
; R1.x/ D

�
R1A.x/

R1N .x/

�
;

R1A.x/ D ŒF1i .x/C rF1i .x/	x�i2IA.x/; R1N .x/ D Œ�sgn .F1i .x//�i2IN .x/;

R2.x/ D F2.x/C rF2.x/	x:

Assume further that an initial guess x0 2 D satisfies

ı0 D !jj	x0jj
2

C � < 1; D 0 D NB
�
x0;

jj	x0jj
1 � ı0

�
� D :

Then the sequence of iterates fxkg of the Gauss–Newton method (13), (14), (4) is
well-defined, remains in D ; and converges to a point x� with rFC.x�/FA.x�/D 0.
Furthermore the increments satisfy the following inequality:

k	xkC1k �
�!
2

k	xkk C �
	

k	xkk;

implying the linear convergence of the Gauss–Newton method with rate �.

The proof of Theorem 7 is given in the appendix.
As in the Gauss–Newton method for l2 constrained optimization (see Bock

[10]), the quantity ! is a measure for the nonlinearity of the problem functions
excluding the functions corresponding to “large” measurement errors. Its inverse
!�1 characterizes the region of validity of the linearized model.
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The quantity � is an incompatibility constant that describes the compatibility
of the problem functions and the measurement data for parameter estimation in
case that “large” measurement errors are replaced by ˙�: The condition � < 1

is necessary for the unknowns to be identifiable from the data. A stationary point
x�; that is a point satisfying the necessary first-order optimality conditions, is
statistically stable if � < 1 (see Bock [10]). It is interesting to note that

k 
rFC.xkC1/� rFC.xk/
�
RA.xk/k � k 
rFC.xkC1/� rFC.xk/

� k�m1;

and thus in case of Huber optimization the incompatibility constant � can be reduced
by reducing the parameter � .

4 Globalization of the Gauss–Newton Method

Of course we are not satisfied with an only locally convergent method. It cannot be
expected that there is always a good initial guess at hand for the unknowns. In this
section we discuss methods for stepsize selection which make the method globally
convergent from an arbitrary starting point.

4.1 Line Search Strategies

One possibility to compute the relaxation parameter tk for the iteration xkC1 D
xk C tk	xk is a line search procedure. This approach chooses the stepsize tk such
that the new iterate xkC1 is in some sense “better” than the current iterate xk by
means of a merit function, i.e. T .xkC1/ < T .xk/. A common choice for a merit
function is the exact penalty function,

T1.x/ D �.F1.x//C
m2X
iD1

�i jF2i .x/j; (28)

where the weights �i have to be chosen sufficiently large.
Under the regularity assumptions for both the original and the linearized

problems, (6), (19), and the strict complementarity (9) and (17), (16), and strict
complementarity (18) (for l1) or (11), (23), and (24) and (25), (26) (for Huber),
respectively, it can be shown that the increment 	x solving the linearized prob-
lem (14) leads to a descent direction of the nonlinear problem, i.e. the compatibility
condition

lim
"!0

T1.xk C "	x/� T1.xk/

"
< 0;

is satisfied for the exact penalty function (28). Thus the method is globally
convergent with stepsize strategies based on T1.x/.
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A drawback of this approach is that already for only mildly ill-conditioned
problems it can lead to very small stepsizes even in the region of full-step
convergence and may thus be very inefficient.

An alternative approach is a stepsize selection based on natural level functions
as first introduced by Deuflhard [18]. Bock [10] and Bock et al. [12] introduced the
so-called “restrictive monotonicity test.” The line search based on the natural level
function

Tk.xk C t	xk/ D krFC.xk/FA.xk C t	xk/k22
is conducted by means of the restrictive monotonicity test: we choose the maximal
stepsize t � 1 such that

tk	xkk � �

!.t/

for a given �<2, where!.t/ is an asymptotically correct estimate of the “curvature”
of the problem, i.e. a measure for its nonlinearity,

!.t/ D 2krFC.xk/ .FA.xk C t	xk/ � .1 � t/FA.xk// k
t2k	xkk2 :

4.2 Numerical Solution of the Linearized Problem

One of the decisive steps of the method which largely affects its performance is the
solution of the linearized problems (14). Since the equality constraints F2.x/ D 0

contain the discretized boundary value problem, efficient solution methods must
take into account the structure of the constraints induced by discretization methods.
Efficient condensing procedures which exploit the block structure of the Jacobian
rF2 are described, e.g., by Bock [10] and Bock et al. [11] for multiple shooting, or
by Schulz [42] and Cervantes and Biegler [15] for collocation. After this procedure
the dimensions of variables and constraints in the linearized problems to be solved
at each iteration are significantly reduced.

The “condensed” problem can be formally written in the form

min
s

�� .A1s C c1/; s.t. A2s C c2 D 0; (29)

s 2 R
rs ; Ai 2 R

ri�rs ; i D 1; 2:

In case of the l1 cost functional, problem (29) is a linear programming problem, in
case of the Huber cost functional, this problem is a quadratic programming problem,
with a very special structure in both cases. This can be clearly seen when considering
the dual to problem (29) (case � D 0 corresponds to l1 cost functional):

min
y12Rr1 ;y22Rr2

�

2
yT1 y1 � cT1 y1 � cT2 y2; (30)

s.t. AT1 y1 C AT2 y2 D 0; jy1i j � 1; i D 1; : : : ; r1:
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This problem can be efficiently solved using a linear or quadratic programming
method tailored to the special structure of problem (30) using so-called “long
step” as in Kostina [31] and Kostina and Kostyukova [33] or “flipping bounds”
in Koberstein [28] methods. It is interesting to note, that, in the case of the Huber
estimator, the optimization problem (29), which can be reformulated as

min
v;s

1

2
jjvjj22 C � jjA1s C c1 � vjj1; s.t. A2s C c2 D 0;

is related to problems appearing in sparse modeling of signals and images or LASSO
problems (see Osborne et al. [38]), thus one can also modify the methods developed
for these problems (see an overview article by Bruckstein et al. [13] and references
therein) to solve (29).

A violation of the assumed regularity assumption that rank.rFA.xk// should be
equal to the number of unknowns means that the measurements judged to be “good”
do not provide enough information about the parameters. The parameters are not
identifiable from the given data. Hence, a regularization by e.g. a rank reduction is
necessary, see Bock et al. [11], or by trust region methods. Alternatively, methods
for optimum experimental design can be applied to design optimal experiments that
maximize the information gain about the parameters, see Bauer et al. [5, 6], Körkel
and Kostina [30], and Körkel [29].

5 Numerical Results

5.1 Parameter Estimation for a Chemical Reaction

As a first numerical example we consider the chemical process of the denitrogeniza-
tion of pyridine, taken from Bock [10].

The reaction coefficients p1; : : : ; p11 are the unknowns of the reaction which
are to be estimated from given measurements of concentrations of the species
participating in the reaction. The process can be described mathematically by a
system of seven ordinary differential equations,

PA D �p1AC p9B;

PB D p1A � p2B � p3BC C p7D � p9B C p10DF;

PC D p2B � p3BC � 2p4CC � p6C C p8E C p10DF C 2p11EF;

PD D p3BC � p5D � p7D � p10DF;
PE D p4CC C p5D � p8E � p11EF;
PF D p3BC C p4CC C p6C � p10DF � p11EF;

PG D p6C C p7D C p8E :
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Fig. 1 Measurement data for the chemical reaction

The initial state is .1:0; 0:0; 0:0; 0:0; 0:0; 0:0; 0:0/T . Measurements were taken in
the time interval Œ0:0; 5:5� at points ti D 0:5i; i D 0; : : : ; 11.

As measurement data in numerical experiments we chose simulations using
“true” parameter values which were corrupted by four outliers. Figure 1 shows the
measurements points with the outliers indicated by filled dots.
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Table 1 Estimates of the parameters for a chemical reaction and number of iterations

p1 p2 p3 p4 p5 p6 p7 p8 p9 p10 p11 Iter

“true” 1.810 0.894 29.400 9.210 0.058 2.430 0.0644 5.550 0.0201 0.577 2.150
l2 1.812 0.850 29.597 4.467 0.059 2.503 0.112 1.990 0.0203 0.497 8.468 15
l1 1.810 0.894 29.399 9.209 0.058 2.429 0.0644 5.550 0.0201 0.577 2.149 18
Huber 1.810 0.894 29.393 9.172 0.058 2.430 0.0647 5.551 0.0201 0.576 2.184 13

The results of the parameter estimation using l2, l1, and Huber estimators are
given in Table 1 and Fig. 2.

Obviously, l1 and Huber estimation do not differ much while the least squares
approximation yields quite different results.

5.2 Parameter Estimation for the NF-�B Pathway

In this subsection we consider the NF-�B pathway, which is a benchmark problem
from systems biology, cf. Waldherr [43]. We take the equations of the reduced model
from Waldherr’s thesis, where the involved species are cytosolic I-�B˛ (x1), I-�B˛
mRNA (x2), total nuclear I-�B˛ (x3), and total nuclear NF-�B (x4),

Px1 D ktlx2 � ˛.Ntot � x4/x1

KI C x1
� kI;inx1 C kI;outKNx3

KN C x4
;

Px2 D ktx
2
4 � �mx2;

Px3 D kI;inx1 � kI;outKNx3

KN C x4
� kNI;out x3x4

kN C x4
;

Px4 D kN;inKI .Ntot � x4/
KI C x1

� KNI;out x3x4

KN C x4
;

where KI D 0:03C˛
30

and KN D 0:03CkNI;out
30

. Waldherr [43] claims that the behavior
of this model is essentially similar to that of the original model by Krishna et al. [34].
We also take Waldherr’s parameter values that lead to damped oscillations in the
concentrations of the four species as the “true” values for our simulations. The initial
state is .0:0; 0:0; 0:0; 1:0/. Measurements were taken in the time interval Œ0:0; 300:0�
at points ti D 10:0i; i D 0; 30. As measurement data in numerical experiments
we chose simulations using “true” parameter values without artificial measurement
errors but only corrupted by few outliers introduced to the measurements of total
nuclear NF-�B. Figure 3 shows the measurements points with the outliers indicated
by filled dots.

The results of the parameter estimation are presented in Table 2 and Fig. 4.
Again, l1 and Huber estimators have shown to be more reliable compared to the l2

estimator in case of data with outliers, although the results of Huber’sM -estimator
might be still improved by choosing a smaller tuning constant.
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Fig. 2 Trajectories corresponding to the estimated parameters for the chemical reaction
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Fig. 3 Measurement data for the NK-�B pathway
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Fig. 4 Trajectories corresponding to the estimated parameters for the NK-�B pathway
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Table 2 Estimates of the parameters for KF-�B pathway and number of iterations (three outliers
in x4)

kN;in kI;in kI;out kNI;out kt ktl ˛ �m Ntot Iter

“true” 5.400 0.018 0.012 0.830 0.100 0.200 0.525 0.017 1.000
l1 5.400 0.018 0.013 0.830 0.100 0.200 0.525 0.017 1.000 6
l2 6.248 0.020 �0:525 0.981 0.090 0.201 0.446 0.013 1.039 11
Huber 5.406 0.018 0.007 0.831 0.100 0.200 0.524 0.017 1.000 9

6 Conclusion

We showed that the l1 norm optimization problem and the Huber optimization
problem for robust parameter estimation share a common structure. Based on
this joint problem formulation, we derived a constrained Gauss–Newton method
for the solution of these problems under the assumption that exact derivatives of
the problem functions are available. Convergence properties of these methods are
analyzed. Further we summarized two possibilities for globalization strategies.
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Appendix

Proof of Theorem 1

We will show that the optimality conditions (7) and (8) result from the optimality
conditions derived by Ben-Tal [8] for the nonlinear optimization problem in the form

min
x

'0.x/; (A.1)

'i .x/ � 0; i 2 I D f1; : : : ; nI g;  i .x/ D 0; i 2 E D f1; : : : ; nE g;

which read

• Necessary (second-order) conditions for local minimum: For every d 2 D.x�/,
there exist nonnegative y 2 R

nI C1; 
 2 R
nE ; .y; 
/ ¤ 0; such that

rL.x�; y; 
/ D 0; (A.2)

dTr2L.x�; y; 
/d � 0; (A.3)

yi'i .x
�/ D 0; i 2 I ; (A.4)

yir'i .x�/d D 0; i 2 I �
0 : (A.5)
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The following functions and sets are used in the formulations:

(i) The Lagrangian function

L.x; y; 
/ D y0'0.x/C
X
i2 I

yi'i .x/C
X
i2 E


i i .x/

(ii) The set of critical directions at x

D.x/ D fd 2 R
nx W r'i.x/d � 0; i 2 I �

0 I r i .x/d D 0; i 2 E g (A.6)

where

I �
0 D f0g [ I �; I � D I �.x/ D fi 2 I W 'i .x/ D 0g

Let us note that the optimality conditions of Ben-Tal are formulated without
constraint qualification, but the multipliers depend on critical directions.

In what follows we apply the conditions of Ben-Tal to problem (5). The Lagrange
function for problem (5) takes the form

L.x; u;w; y0; y1; y2; 
1; 
2/ D (A.7)

y0e
T .u C w/ � yT1 u � yT2 w C 
T1 .F1.x/ � u C w/C 
T2 F2.x/

with Lagrange multipliers y0 2 R, y1, y2 2 R
m1 , 
1 2 R

m1 , 
2 2 R
m2 . With the

Lagrangian (A.7) the stationarity conditions (A.2) become

rxL.x
�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D .
�

1 /
TrF1.x�/C .
�

2 /
TrF2.x�/ D 0

ruL.x
�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D y�

0 e
T � .y�

1 /
T � .
�

1 /
T D 0

) y�
1 D y�

0 e � 
�
1 � 0

rwL.x
�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D y�

0 e
T � .y�

2 /
T C .
�

1 /
T D 0

) y�
2 D y�

0 e C 
�
1 � 0:

From the last two relations we get �y�
0 e � 
�

1 � y�
0 e. Furthermore, from

stationarity it follows that if y�
0 D 0 then 
�

1 D 0; y�
1 D 0; y�

2 D 0 and
.
�

2 /
TrF2.x�/ D 0: Hence, under regularity assumption (6) 
�

2 D 0; which
contradicts the assertion that the Lagrange multipliers are not all identical zero.
Consequently, y�

0 ¤ 0 and we may set y�
0 D 1:

Now, let us have a look at the complementarity conditions (A.4), which result in
the following relations for the problem (5):

(a) If u�
i > 0 (in this case F1i .x�/ > 0; w�

i D 0) then y�
1i D 0; and the stationarity

conditions imply 
�
1i D 1; y�

2i D 2:
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(b) If w�
i > 0 (in this case F1i .x�/ < 0; u�

i D 0) then y�
2i D 0; and the stationarity

conditions imply 
�
1i D �1; y�

1i D 2:

Taking into account the structure of constraint in (5), it is easy to verify that the
stationarity and complementarity conditions for the problem (5) can be re-written
as follows:

.
�
1 /
TrF1.x�/C .
�

2 /
TrF2.x�/ D 0;

�1 � 
�
1i � 1; i D 1; : : : ; m1; (A.8)


�
1i D sgn .F1i .x�//; F1i .x�/ ¤ 0; i D 1; : : : ; m1;

and conditions (7) follow immediately if we set ��
1 D 
�

1 , ��
2 D 
�

2 . Under (6)
the multipliers ��

1 , ��
2 that satisfy (A.8) are unique and hence are the same for all

critical directions.
Now, let us analyze the conditions (A.5) and the set of critical directions (A.6).

The set of critical directions (A.6) for problem (5) can be expressed as

D.x;w; u/ D f	x 2 R
n;	u 2 R

m1;	w 2 R
m1; W

eT .	u C	w/ � 0;

	wi � 0; if wi D 0I	ui � 0; if ui D 0; i D 1; : : : ; m1;

rF1.x/	x �	u C	w D 0;rF2.x/	x D 0g

and the conditions (A.5) take the form

eT .	u C	w/ D 0;

	wi y2i D 0; if wi D 0;

	ui y1i D 0; if ui D 0; i D 1; : : : ; m1:

Consider d 2 D1.x
�; ��/ with ��

1 D 
1, ��
2 D 
2, set 	x D d and make

a case-by-case analysis in order to describe the rules for choice of 	ui , 	wi ,
i D 1; : : : ; m1:

(1) F1i .x�/ > 0: In this case we have u�
i D F1i .x

�/, w�
i D 0; 
�

1i D 1; y�
1i D 0;

y�
2i D 2. Set

	ui D rF1i .x�/d; 	wi D 0:

(2) F1i .x�/ < 0: In this case we have u�
i D 0; w�

i D �F1i .x�/, 
�
1i D �1;

y�
1i D 2; y�

2i D 0. Set

	ui D 0; 	wi D �rF1i .x�/d:
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(3) F1i .x�/ D 0: In this case we have u�
i D 0; w�

i D 0. Consider subcases
(3a) 
�

1i D 1: In this case y�
1i D 0; y�

2i D 2, rF1i .x�/d � 0. Set

	ui D rF1i .x�/d � 0; 	wi D 0:

(3b) 
�
1i D �1: In this case y�

1i D 2; y�
2i D 0, rF1i .x�/d � 0. Set

	ui D 0; 	wi D �rF1i .x�/d � 0:

(3c) j
�
1i j < 1: In this case y�

1i > 0; y
�
2i > 0, rF1i .x�/d D 0. Set

	ui D 0; 	wi D 0:

Obviously, for this choice of 	x, 	u; 	w we get

	wi y
�
2i D 	uiy

�
1i D 0; i D 1; : : : ; m1;

	wi � 0; if w�
i D 0I	ui � 0; if u�

i D 0; i D 1; : : : ; m1;

rF1.x�/	x �	u C	w D 0; rF2.x�/	x D 0:

Moreover,

eT .	u C	w/ D 0:

Indeed, multiplying the stationarity conditions by .	xT ;	uT ;	wT /T we get:

.
�
1 /
TrF1.x�/	x C .
�

2 /
TrF2.x�/	x D 0;

eT	u � .y�
1 /
T 	u � .
�

1 /
T	u D 0;

eT 	w � .y�
2 /
T	w C .
�

1 /
T 	w D 0:

Since rF2.x�/	x D 0; we get .
�
1 /
TrF1.x�/	x D .
�

1 /
T .	u � 	w/ D 0:

Hence,

0 D eT	u � .y�
1 /
T	u � .
�

1 /
T	u C eT	w � .y�

2 /
T	w C .
�

1 /
T	w

D eT .	u C	w/� .y�
1 /
T 	u � .y�

2 /
T	w D eT .	u C	w/:

Thus, the constructed direction .	xT ;	uT ;	wT /T is a critical direction in the
sense of Ben-Tal, satisfying (A.5), and (8) is a consequence of (A.3). This finishes
the proof.
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Proof of Theorem 4

Similarly to the proof of Theorem 1, we will show that the optimality conditions (12)
result from the optimality conditions of Ben-Tal [8].

The Lagrange function for problem (10) takes the form

L.x; v; u;w; y0; y1; y2; 
1; 
2/ D (A.9)

y0
�
1
2
kvk22 C �eT .u C w/

� � yT1 u � yT2 w C 
T1 .F1.x/ � v � u C w/C 
T2 F2.x/

with Lagrange multipliers y0 2 R, y1, y2 2 R
m1 , 
1 2 R

m1 , 
2 2 R
m2 . With the

Lagrangian (A.9) the stationarity conditions (A.2) become

rxL.x
�; v�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D .
�

1 /
TrF1.x�/C .
�

2 /
TrF2.x�/ D 0

rvL.x
�; v�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D y�

0 .v
�/T � .
�

1 /
T D 0

) 
�
1 D y�

0 v�

ruL.x
�; v�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D y�

0 �e
T � .y�

1 /
T � .
�

1 /
T D 0

) y�
1 D y�

0 �e � 
�
1 � 0

rwL.x
�; v�; u�;w�; y�

0 ; y
�
1 ; y

�
2 ; 


�
1 ; 


�
2 / D y�

0 �e
T � .y�

2 /
T C .
�

1 /
T D 0

) y�
2 D y�

0 �eC 
�
1 � 0

From the last two relations we get �y�
0 �e � 
�

1 � y�
0 �e. Furthermore, from

stationarity it follows that if y�
0 D 0 then 
�

1 D 0; y�
1 D 0; y�

2 D 0 and
.
�

2 /
TrF2.x�/ D 0: Hence, under the regularity assumption (11) 
�

2 D 0; which
contradicts the assertion that the Lagrange multipliers are not all identical zero.
Thus, as in the l1 case y�

0 ¤ 0 and we may set y�
0 D 1:

The complementarity conditions (A.4) for problem (10) take the form:

(a) If u�
i > 0 (in this case F1i .x�/ � v�

i > 0; w�
i D 0) then y�

1i D 0; and the
stationarity conditions imply 
�

1i D �; y�
2i D 2�; v�

i D �:

(b) If w�
i > 0 (in this case F1i .x�/ � v�

i < 0; u�
i D 0) then y�

2i D 0; and the
stationarity conditions imply 
�

1i D ��; y�
1i D 2�; v�

i D ��:
Taking into account the structure of constraints in (10), it is easy to verify that the
stationarity and complementarity conditions for the problem (10) can be re-written
as follows:

.
�
1 /
TrF1.x�/C .
�

2 /
TrF2.x�/ D 0;

�� � 
�
1i � �; i D 1; : : : ; m1; (A.10)


�
1i D

(
F1i .x

�/; jF1i .x�/j � �;

�sgn .F1i .x�//; jF1i .x�/j > �; i D 1; : : : ; m1;
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and conditions (12) follow immediately if we set ��
1 D 
�

1 , ��
2 D 
�

2 . Let us note
that ��

1 D 
�
1 is defined uniquely. Furthermore, the constraint qualification (11)

guarantees that the multipliers ��
2 that satisfy (A.10) are also unique and hence ��

1 ,
��
2 do not depend on critical directions.

Now, let us analyze the conditions (A.5) and the set of critical directions (A.6).
The set of critical directions (A.6) for the problem (10) can be expressed as

D.x; v;w; u/ D f	x 2 R
n;	v 2 R

m1;	u 2 R
m1;	w 2 R

m1; W
.v�/T 	v C �eT .	u C	w/ � 0;

	wi � 0; if wi D 0I	ui � 0; if ui D 0; i D 1; : : : ; m1;

rF1.x/	x �	v �	u C	w D 0;rF2.x/	x D 0g

and the conditions (A.5) take the form

.v�/T	v C �eT .	u C	w/ D 0;

	wi y
�
2i D 0; if wi D 0;

	uiy
�
1i D 0; if ui D 0; i D 1; : : : ; m1:

Consider d 2 DH.x
�; ��/ with ��

1 D 
�
1 , ��

2 D 
�
2 , set 	x D d and make a

case-by-case analysis in order to describe the rules for choice of 	vi , 	ui , 	wi ,
i D 1; : : : ; m1:

(1) F1i .x�/ > �: In this case we have u�
i D F1i .x

�/ � �; w�
i D 0; v�

i D �;


�
1i D �; y�

1i D 0; y�
2i D 2� > 0. Set

	vi D 0; 	ui D rF1i .x�/d; 	wi D 0:

(2) F1i .x�/ < ��: In this case we have u�
i D 0; w�

i D � � F1i .x
�/, v�

i D ��;

�
1i D ��; y�

1i D 2� > 0; y�
2i D 0. Set

	vi D 0; 	ui D 0; 	wi D �rF1i .x�/d:

(3) jF1i .x�/j � �: In this case we have u�
i D 0; w�

i D 0, v�
i D F1i .x

�/: Consider
subcases:

(3a) jF1i .x�/j < �: In this case we have j
�
1i j < �; y�

1i > 0; y
�
2i > 0: Set

	vi D rF1i .x�/d; 	ui D 0; 	wi D 0:

(3b) F1i .x�/ D �: In this case we have 
�
1i D �; y�

1i D 0; y�
2i D 2� > 0: Set

	vi D rF1i .x�/d; 	ui D 0; 	wi D 0; if rF1i .x�/d � 0I
	vi D 0; 	ui D rF1i .x�/d; 	wi D 0; if rF1i .x�/d > 0I
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(3c) F1i .x�/ D ��: In this case we have 
�
1i D ��; y�

1i D 2� > 0; y�
2i D 0: Set

	vi D rF1i .x�/d; 	ui D 0; 	wi D 0; if rF1i .x�/d � 0I
	vi D 0; 	ui D 0; 	wi D �rF1i .x�/d; if rF1i .x�/d < 0I

Obviously, for this choice of 	x, 	v; 	u; 	w we get

	wi y
�
2i D 	uiy

�
1i D 0; i D 1; : : : ; m1;

	wi � 0; if w�
i D 0I	ui � 0; if u�

i D 0; i D 1; : : : ; m1;

rF1.x�/	x �	v �	u C	w D 0; rF2.x�/	x D 0:

Moreover,

.v�/T 	v C �eT .	u C	w/ D 0:

Indeed, multiplying the stationarity conditions by .	xT ; 	vT ; 	uT ; 	wT /T we get:

.
�
1 /
TrF1.x�/	x C .
�

2 /
TrF2.x�/	x D 0;

.v�/T	v � .
�
1 /
T	v D 0;

�eT	u � .y�
1 /
T 	u � .
�

1 /
T	u D 0;

�eT	w � .y�
2 /
T	w C .
�

1 /
T 	w D 0:

Since rF2.x�/	x D 0; we get .
�
1 /
TrF1.x�/	x D .
�

1 /
T .	v C	u �	w/ D 0:

Hence,

0 D .v�/T	v � .
�
1 /
T	v C �eT	u � .y�

1 /
T	u � .
�

1 /
T	u C

�eT	w � .y�
2 /
T	w C .
�

1 /
T	w

D .v�/T	v C �eT .	u C	w/ � .y�
1 /
T 	u � .y�

2 /
T 	w

D .v�/T	v C �eT .	u C	w/:

Thus, the constructed direction	 D .	xT ;	vT ;	uT ;	wT /T is a critical direction
in the sense of Ben-Tal, moreover it satisfies (A.5). Now let us compute

	Tr2
.x;v;u;v/2L.x

�; v�; u�;w�; y�
0 ; y

�
1 ; y

�
2 ; 


�
1 ; 


�
2 /	 D

	xTr2
xxL.x

�; v�; u�;w�; y�
0 ; y

�
1 ; y

�
2 ; 


�
1 ; 


�
2 /	x C

	vTr2
vvL.x

�; v�; u�;w�; y�
0 ; y

�
1 ; y

�
2 ; 


�
1 ; 


�
2 /	v �
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dT

 
m1X
iD1

��
1ir2F1i .x

�/C
m2X
iD1

��
2ir2F2i .x

�/C

X
i WjF1i .x�/j��

rF T
1i .x

�/rF1i .x�/
!
d:

Proof of Theorem 7

Proof is based on the following representation of 	xkC1 at xkC1 2 D 0 W

	xkC1 D �rFC.xkC1/FA.xkC1/ D �rFC.xkC1/

0
@F1A.xkC1/
F1N .xkC1/
F2.xkC1/

1
A

D �rFC.xkC1/

2
4
0
@F1A.xkC1/
F1N .xkC1/
F2.xkC1/

1
A �

0
@F1A.xk/C rF1A.xk/	xk

F1N .xk/

F2.xk/C rF2.xk/	xk

1
A

C
0
@F1A.xk/C rF1A.xk/	xk

F1N .xk/

F2.xk/C rF2.xk/	xk

1
A
3
5

D �rFC.xkC1/

0
@F1A.xkC1/� F1A.xk/� rF1A.xk/	xk

0

F2.xkC1/� F2.xk/� rF2.xkC1/	xk

1
A

CrFC.xkC1/

0
@F1A.xk/C rF1A.xk/	xk

F1N .xk/

F2.xk/C rF2.xk/	xk

1
A

�rFC.xk/

0
@F1A.xk/C rF1A.xk/	xk

F1N .xk/

F2.xk/C rF2.xk/	xk

1
A :

Hence,

	xkC1 D �rFC.xkC1/

0
@F1A.xkC1/� F1A.xk/� rF1A.xk/	xk

0

F2.xkC1/� F2.xk/� rF2.xk/	xk

1
A (A.11)

� 
rFC.xkC1/ � rFC.xk/
�
RA.xk/:
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Here we have used the equality

rFC.xk/

0
@F1A.xk/C rF1A.xk/	xk

F1N .xk/

F2.xk/C rF2.xk/	xk

1
A

D �	xk C rFC.xk/

0
@rF1A.xk/

0

rF2.xk/

1
A	xk

D �	xk C rFC.xk/D.xk/rFA.xk/	xk D �	xk C	xk D 0;

and the assumption that the partitioning (27) does not change for x 2 D .
Using (A.11) and the assumptions of the theorem, we get

k	xkC1k � krFC.xkC1/

0
@F1A.xkC1/ � F1A.xk/� rF1A.xk/	xk

0

F2.xkC1/ � F2.xk/� rF2.xk/	xk

1
A k

Ck 
rFC.xkC1/ � rFC.xk/
�
RA.xk/k

� krFC.xkC1/

0
BBBBB@

1R
0

.rF1A.xk C t	xk/� rF1A.xk//	xkdt
0

1R
0

.rF2.xk C t	xk/� rF2.xk//	xkdt

1
CCCCCA

k

C�k	xkk

�
1Z
0

krFC.xkC1/

0
@rF1A.xk C t	xk/ � rF1A.xk/	xk

0

.rF2.xk C t	xk/� rF2.xk//	xk

1
A kdt

C�k	xkk

�
1Z
0

t!k	xkk2dt C �k	xkk D
�!
2

k	xkk C �
	

k	xkk:

Thus, we have shown that

k	xkC1k �
�!
2

k	xkk C �
	

k	xkk: (A.12)

With estimate (A.12) all statements of the Theorem can be proven similarly to
theorem (3.1.44) in Bock [10].
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• The sequences fıkg, ık WD !
2
k	xkk C �; and fk	xkkg are monotonously

decreasing. Indeed, since ı0 < 1; then

k	x1k � ı0k	x0k < k	x0k;
ı1 D !

2
k	x1k C � <

!

2
k	x0k C � D ı0;

and hence ıkC1 < ık < : : : < ı1 < ı0 < 1:
• The sequence fxkg remains in D0. Indeed, since x0 and x1 2 D0 we get by

induction for xkC1 2 D0

kxkC2 � x0k D kxkC2 � xkC1 C xkC1 � xk C : : :C x1 � x0k

D k	xkC1 C	xk C : : :C	x0k �
kC1X
jD0

k	xj k

<
�
ıkC1
0 C ık0 C : : :C 1

	
k	x0k � 1

1 � ı0
k	x0k

implying xkC2 2 D0.
• The sequence fxkg is a Cauchy sequence since

kxiCkC1 � xik D
kX

pD0
k	xiCpk <

kX
pD0

ı
p
i k	xik

� 1

1 � ıi
k	xik � ıi0

1 � ı0 k	x0k;8k:

Hence the sequence fxkg converges: xk ! x?; for k ! 1: The point
x� 2 D0 is a fixed point of the Gauss–Newton iteration: 	xk ! 0 D 	x? WD
rFC.x�/FA.x�/ (k ! 1/:
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An Optimal Scanning Sensor Activation Policy
for Parameter Estimation of Distributed Systems

Dariusz Uciński

Abstract A technique is proposed to solve an optimal node activation problem in
sensor networks whose measurements are supposed to be used to estimate unknown
parameters of the underlying process model in the form of a partial differential
equation. Given a partition of the observation horizon into a finite number of
consecutive intervals, the problem is set up to select nodes which will be active over
each interval while the others will remain dormant such that the log-determinant of
the resulting Fisher information matrix associated with the estimated parameters is
maximized. The search for the optimal solution is performed using the branch-and-
bound method in which an extremely simple and efficient technique is employed
to produce an upper bound to the maximum objective function. Its idea consists
in solving a relaxed problem through the application of a simplicial decomposition
algorithm in which the restricted master problem is solved using a multiplicative
algorithm for D-optimal design. The performance evaluation of the technique is
additionally presented by means of simulations.

1 Introduction

1.1 Distributed Sensor Networks and Sensor Management

Distributed sensor networks have recently become an important research area
regarding spatio-temporal phenomena [10, 11, 15, 35, 72, 99]. This is because
dramatic progress in hardware, sensor and wireless networking technologies
enables large-scale deployment of superior data acquisition systems with adjusting
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resolutions. A sensor network may comprise thousands of inexpensive, miniature
and low-power sensor nodes that can be deployed throughout a physical space and
connect through a multi-hop wireless network, providing dense sensing close to
physical phenomena. The nodes process and locally communicate the collected
information, as well as coordinate actions with each other.

Sensor networks have recently come into prominence because they hold the
potential to revolutionalize a wide spectrum of both civilian and military applica-
tions, including monitoring microclimates and wildlife habitats, tracking chemical
plumes, traffic surveillance, industrial and manufacturing automation, building
and structures monitoring, and many others. What makes sensor networks so
attractive is their miniaturization, low cost, low power radio and autonomous ad
hoc connectivity, which basically eliminates the need for any human intervention.

The design, implementation and operation for a sensor network requires the con-
fluence of many disciplines, including signal processing, networking and protocols,
embedded systems, information management and distributed algorithms. There are,
however, a number of other problems that make the design of applications for
sensor networks a difficult task. In this context, power limitation is a central issue
when nodes are powered by batteries. To reduce power consumption, nodes are
provided with a “sleep” mode in which they consume only a fraction of the power
when awake. What is more, an additional reason for not using all the available
sensors could be the reduction of the observation system complexity and the cost
of operation and maintenance [97]. Management of sleeping and awake modes is
thus of utmost importance as certainly the selection of active and dormant sensor
may have a dramatic effect on the performance possibilities. This becomes even
more critical when the observed process has a high dynamics in space and time and
then it is desirable to have a sensor management policy so as to activate at a given
time moment only sensors which provide the most valuable information about the
observed process. Such a scanning strategy of taking measurements can be also
interpreted in terms of a group of sensors which are mobile in the sense that after
performing measurements at fixed spatial positions (i.e., exactly in the same way
as stationary sensors) on a time interval of nonzero length, they can change their
locations to continue the measurements at more informative points, and the time
necessary for this change may be neglected. In this way, we deal with a kind of
mobility in sensor networks.

Scanning drastically expands the spectrum of the network’s capabilities. More-
over, assuming that each node possesses a certain amount of decision making
autonomy gives rise to a dynamic system with a considerable amount of flexibility,
depending on the extent to which the nodes can cooperate in order to perform a
mission. This flexibility, for example, allows us to handle a large number of dynamic
events with a much smaller number of nodes [10,11,15,55,72]. Naturally, mobility
implies an additional layer of complexity. For example, if communication connec-
tivity is to be maintained, we must ensure that each node remains within the range of
at least some other nodes. We must also take into account that mobility consumes a
considerable amount of energy, which amplifies the need for various forms of power
control. However, the complexity of the resulting sensor management problem is
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compensated by a number of benefits. Specifically, observations are not assigned to
fixed spatial positions, but the network is capable of tracking points which provide
at a given time moment best information about the spatio-temporal process.

1.2 PDE Models in Configuring Sensor Networks

In a typical sensor network application, sensors are supposed to be deployed
so as to monitor a region and collect the most valuable information from the
observed system. The quality of sensor deployment can be quantified by the
appropriate performance indices and optimum sensor node configurations can thus
be sought. The resulting observation strategies concern optimally scheduling active
and dormant nodes. Up to now, approaches aiming at guaranteeing a dense region
coverage or satisfactory network connectivity have dominated this line of research
and abstracted away from the mathematical description of the physical processes
underlying the observed phenomena. In this way, much information is lost which
could potentially be used to make the operation of the sensor network more efficient
and yield substantial gains in the functionality of the whole observation system.

The observed processes in question are often termed distributed parameter
systems (DPSs) as their states depend not only on time, but also on spatial
coordinates. Appropriate mathematical modeling of DPSs most often yields partial
differential equations (PDEs). It goes without saying that such models involve using
rather sophisticated mathematical methods. This explains why so few attempts have
been made at exploiting them in the context of sensor networks. But in recompense
for this effort, we would be in a position to describe the process more accurately and
to implement more effective control strategies.

For the last 40 years, DPSs have occupied an important place in control and
system theories. They are now an established area of research with a long list of
journal articles, conference proceedings and numerous textbooks [6, 16, 44, 56]. It
is intriguing that for a long time, due to the inherent impossibility of observing
the system states over the entire spatial domain, one of the topics of importance
for specialists in control theory has been the problem of selecting the number and
location of sensors and actuators for the control and state/parameter estimation in
such systems. A number of sensor location methods were invented and supported
by a sound theory, but they are not directly fit to the emerging technology of
sensor networks. The present paper is intended as a step towards bridging this gap
and meeting the needs created in the context of PDE model calibration based on
observations from a sensor network with scanning nodes.

1.3 Sensor Location for Parameter Estimation in DPSs

The importance of sensor planning has been recognized in many application
domains prior to the invention of sensor networks, e.g., regarding air quality
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monitoring systems, groundwater-resources management, recovery of valuable
minerals and hydrocarbon, model calibration in meteorology and oceanography,
chemical engineering, hazardous environments and smart materials [5, 12, 17,
36, 37, 51, 52, 62, 74, 81]. The operation and control of such systems usually
requires precise information on the parameters which condition the accuracy of the
underlying mathematical model, but that information is only available through a
limited number of possibly expensive sensors. Over the past years, this limitation
has stimulated laborious research on the development of strategies for efficient
sensor placement (for reviews, see papers [41, 97] and comprehensive monographs
[79, 81]). Nevertheless, although the need for systematic methods was widely
recognized, most techniques communicated by various authors usually rely on
exhaustive search over a predefined set of candidates and the combinatorial nature of
the design problem is taken into account very occasionally [97]. Needless to say that
this approach, which is feasible for a relatively small number of possible locations,
soon becomes useless as the number of possible location candidates increases.
It goes without saying that these problems are compounded by the passage to
scanning observations. The number of competing solutions grows exponentially
with the numbers of sensors and switching instants. Complicated general search
algorithms of discrete optimization can readily consume appreciable computer time
and space, too.

1.4 Related Approaches

Instead of the wasteful and tedious exhaustive search of the solution space, which
constitutes quite a naive approach, approaches originating in statistical optimum
experimental design [3, 24, 60, 64, 83, 84, 98] and its extensions to models for
dynamic systems, especially in the context of the optimal choice of sampling
instants and input signals [27, 28, 31, 47, 75] turn out extremely useful. In this
vein, various computational schemes have been developed to attack directly the
original problem or its convenient approximation. The adopted optimization criteria
are essentially the same, i.e., various scalar measures of performance based on the
Fisher information matrix (FIM) associated with the parameters to be identified are
maximized. The underlying idea is to express the goodness of parameter estimates
in terms of the covariance matrix of the estimates. For sensor-location purposes,
one assumes that an unbiased and efficient (or minimum-variance) estimator is
employed. This leads to a great simplification since the Cramér–Rao lower bound
for the aforementioned covariance matrix is merely the inverse of the FIM, which
can be computed with relative ease, even though the exact covariance matrix of a
particular estimator is very difficult to obtain.

As regards dynamic DPSs, the first treatment of this type for the sensor-
location problem was proposed by Uspenskii and Fedorov [93] who maximized
the D-optimality criterion, being the determinant of the FIM associated with the
estimated parameters characterizing the source term in a simple one-dimensional
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linear diffusion equation. The authors observed that the linear dependence of
the observed outputs on these parameters makes it possible to directly apply
the machinery of optimum experimental design theory. The delineated approach
was extended by Rafajłowicz [66] to cover a class of DPSs described by linear
hyperbolic equations with known eigenfunctions and unknown eigenvalues. The aim
was to find conditions for the optimality of the measurement design and the spectral
density of the stochastic input. It was indicated that common numerical procedures
from classical experimental design for linear regression models could be adopted
to find optimal sensor location. Moreover, the demonstrated optimality conditions
imply that the optimal input comprises a finite number of sinusoidal signals and that
optimal sensor positions are not difficult to find in some cases. A similar problem
was studied in [67] in a more general framework of DPSs which can be described
in terms of Green’s functions.

Over the past two decades, this methodology has been substantially refined to
extend its applicability. A comprehensive treatment of both theoretical and algorith-
mic aspects of the resulting sensor location strategies is contained in the monograph
[81]. The potential of the approach for generalizations was exploited, e.g., by Patan
and Patan [58] who developed a fault detection scheme for DPSs based on the
maximization of the power of a parametric hypothesis test regarding the nominal
state of a given DPS. The approach based on maximization of the determinant of
the appropriate FIM is by no means restricted to theoretical considerations and
there are examples which do confirm its effectiveness in practical applications.
Thus, in [50] a given number of stationary sensors were optimally located using
nonlinear programming techniques for a biotechnological system consisting of
a bubble column loop fermenter. On the other hand, Sun [74] advocates using
optimum experimental design techniques to solve inverse problems in groundwater
modelling. How to monitor the water quality around a landfill place is an example
of such a network design. Nonlinear programming techniques are also used there to
find numerical approximations to the respective exact solutions.

A similar approach was used in [38,39] for on-orbit modal identification of large
space structures. Although the respective models are not PDEs, but their discretized
versions obtained through the finite-element method, the proposed solutions can
still be of interest owing to the striking similitude of both the formulations.
A fast and efficient approach was delineated for reducing a relatively large initial
candidate sensor-location set to a much smaller optimum set which retains the linear
independence of the target modes and does not lead to a substantial deterioration in
the accuracy of modal-response estimates, which is quantified by the determinant of
the FIM. Some improvements on this approach by incorporating basic elements of
tabu search were proposed by Kincaid and Padula [40].

A related optimality criterion was given by Point et al. [61] who investigated
maximization of the Gram determinant being a measure of the independence of
the sensitivity functions evaluated at sensor locations. The authors argue that such
a procedure guarantees that the parameters are identifiable and the correlation
between the sensor outputs is minimized. The form of the criterion itself resembles
the D-optimality criterion, but the counterpart of the FIM takes on much larger
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dimensions, which suggests that the approach may involve more cumbersome
calculations. Nevertheless, the delineated technique was successfully applied to a
laboratory-scale, catalytic fixed-bed reactor [94].

At this juncture, it should be noted that spatial design methods related to the
design of monitoring networks are also of great interest to statisticians and a vast
amount of literature on the subject already exists [49, 53, 54] contributing to the
research field of spatial statistics [14] motivated by practical problems in agriculture,
geology, meteorology, environmental sciences and economics. However, the models
considered in the statistical literature are quite different from the dynamic models
described by PDEs discussed here. Spatiotemporal data are not considered in
this context and the main purpose is to model the spatial process by a spatial
random field, incorporate prior knowledge and select the best subset of points
of a desired cardinality to best represent the field in question. The motivation is
a need to interpolate the observed behaviour of a process at unobserved spatial
locations, as well as to design a network of optimal observation locations which
allows an accurate representation of the process. The field itself is modelled by
some multivariate distribution, usually Gaussian [2]. Designs for spatial trend and
variogram estimation can be considered. The basic theory of optimal design for
spatial random fields is outlined in the excellent monograph by Müller [49] which
bridges the gap between spatial statistics and classical optimum experimental design
theory. The optimal design problem can also be formulated in terms of information-
based criteria whose application amounts to maximizing the amount of information
(of the Kullback–Leibler type) to be gained from an experiment [45]. However, the
applicability of all those fine statistical results in the engineering context discussed
here is not clear for now and more detailed research into this direction should be
pursued in the near future (specifically, generalizations regarding time dynamics are
not obvious, although in [45] some promising attempts have been made).

Sensors can be mounted on various platforms and, as an appealing alternative
to stationary sensors, these platforms can be highly dynamic in motion. Recent
technological advances in communication systems and the growing ease in making
small, low power and inexpensive mobile systems now make it feasible to deploy a
group of networked vehicles in a number of environments [10, 11, 15, 55, 72]. The
complexity of the resulting design problem is compensated by a number of benefits.
Specifically, sensors are not assigned to fixed positions which are optimal only on
the average, but are capable of tracking points which provide at a given time instant
best information about the parameters to be identified. Consequently, by actively
reconfiguring a sensor system we can expect the minimal value of an adopted
design criterion to be lower than the one for the stationary case. In the seminal
article [68], the D-optimality criterion is considered and an optimal time-dependent
measure is sought, rather than the trajectories themselves. On the other hand,
Uciński [80, 81, 90], apart from generalizations of Rafajłowicz’s results, develops
some computational algorithms based on the FIM. He reduces the problem to a state-
constrained optimal-control one for which solutions are obtained via the methods of
successive linearizations which is capable of handling various constraints imposed
on sensor motions. In turn, the work [86] was intended as an attempt to properly
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formulate and solve the time-optimal problem for moving sensors which observe
the state of a DPS so as to estimate some of its parameters. In the paper by [87],
a similar technique was presented so as to make the Hessian of the parameter
estimation cost well conditioned subject an additional constraint imposed on the
achievable D-efficiency of the solutions. This line of research was extended in the
monograph by [73] towards applications involving sensor networks. We should also
pass a reference to works by [18, 19, 21, 22, 22, 34, 89], and [20] focused on on-
line optimal guidance of actuator/sensor network nodes for control and/or state
estimation, which demonstrate that inclusion of a DPS model into the optimization
setting can substantially improve the quality of the network performance.

Communications on selecting scanning sensor positions, which is the closest to
the main topic of this paper, are rather limited. The problem was first exposed in
[88,91] and then more thoroughly examined in Chap. 4 of the monograph [81]. The
key idea of that approach which originates in the seminal work [23] (see also [13],
Chap. 4 of [24] and [85]) is to operate on the density of sensors per unit area instead
of the positions of individual sensors. Such conditions permits to relax the discrete
optimization problem in context and to replace it by its continuous approximation.
This transformation is warranted in the case of a relatively large number of
measurement sensors and a predefined set of switching times. Mathematically, the
relevant procedure involves looking for a family of “optimal” probability measures
defined on subsets of the set of feasible measurement points. In spite of its somewhat
abstract assumptions, the resulting algorithms of the exchange type to solve the
scanning sensor guidance problem are very easy to implement and extremely
efficient. In turn, the scanning measurement problem with free switching times was
attacked in [57] by treating it as an optimal discrete-valued control problem which is
then transformed into an equivalent continuous-valued optimal-control formulation.
In principle, the latter method is only applicable to situations when the number
of scanning sensors to be scheduled is rather moderate, as it does not prevent the
drawback of the “curse of dimensionality” inherent to the original combinatorial
problem (enormous amounts of memory storage and time are still involved when the
number of sensors is high). It offers, however, a possibility of selecting switching
moments in continuous time based on the application of commonplace nonlinear
programming algorithms.

1.5 Results in This Contribution

The purpose of the investigations undertaken here, for which preliminary results
(without proofs) were reported in [82], was to establish a practical approach to
selection of activated sensors over consecutive time stages which, while being
independent of a particular model of the dynamic DPS in question, would be
versatile enough to cope with practical sensor networks consisting of a large
number of nodes. Specifically, given I sensor network nodes, we partition the entire
observation horizon into fixed consecutive subintervals and allow only n of them
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(typically, n is much smaller than I ) to be activated over each time subinterval.
Consequently, the problem at each stage is to divide the I available nodes between
n activated sites and the remaining I � n dormant sites so as to maximize the
determinant of the FIM associated with the parameters to be estimated. As was
already mentioned, selecting the best subset of nodes to be activated constitutes
an inherently discrete large-scale resource allocation problem whose solution may
be prohibitively time-consuming. That is why an efficient guided search algorithm
based on the branch-and-bound method is developed, which implicitly enumerates
all the feasible sensor configurations, using relaxed optimization problems that
involve no integer constraints.

It should be emphasized here that this idea is not novel, since branch-and-
bound constitutes one of the most frequent approaches to solve discrete optimization
problems and it has indeed been used in the context of network design, cf., e.g., [8].
What is more, it was already studied in [92] in quite a similar vein, but for stationary
sensors (i.e., the positions of the active sensors were fixed over the whole observa-
tion horizon). Extensions to the scanning sensor setting are not that straightforward,
however, especially due to the requirement that the number of active sensors over
each time stage be always the same. Moreover, the size of the search space grows
exponentially with the number of time partitions. The main contribution of this
paper consists in the development of a simple, yet powerful, computational scheme
to obtain upper bounds to the optimal values of the D-optimality criterion for the
restricted problems. These bounds are obtained by relaxing the 0–1 constraints
on the design variables, thereby allowing them to take any value in the interval
Œ0; 1� and resulting in a concave problem of determinant maximization over the
set of all linear combinations of a finite number of nonnegative definite matrices,
subject to additional linear constraints on the coefficients of those combinations. In
order to solve it numerically, optimality conditions are first derived and discussed,
because they take a surprisingly simple form involving an interesting separability
principle for the set of locations at which the weights achieve their upper bounds
and the ones at which the weights are zero. Then an algorithm is proposed which
can be interpreted as a simplicial decomposition one with the restricted master
problem solved by an uncomplicated multiplicative weight optimization algorithm.
The resulting procedure is guaranteed to produce iterates converging to the solution
of the relaxed restricted problem. To illustrate the use of our algorithm, we report
some numerical experience on a sensor network design problem regarding a two-
dimensional diffusion process.

1.6 Notation

Given a set H , jH j and NH signify its cardinality and closure, respectively. We
use R to denote the set of real numbers and RC to denote the set of nonnegative
real numbers. The n-dimensional Euclidean vector space is denoted by R

n, and
the Euclidean matrix space of real matrices with n rows and k columns is denoted
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by R
m�k. We will write S

n for the subspace of Rn�n consisting of all symmetric
matrices. In S

n two sets are of special importance: the cone of nonnegative definite
matrices and the cone of positive definite matrices, denoted by S

nC and S
nCC,

respectively. The curly inequality symbol � and its strict form � are used to denote
the Löwner partial ordering of symmetric matrices: For A;B 2 S

n, we have

A � B ” A � B 2 S
nC;

A � B ” A � B 2 S
nCC:

We call a point of the form ˛1u1C� � �C˛`u`, where ˛1C� � �C˛` D 1 and ˛i � 0,
i D 1; : : : ; `, a convex combination of the points u1; : : : ;u` (it can be thought of
as a mixture or a weighted average of the points, with ˛i the fraction of ui in the
mixture). Given a set of points U , co.U / stands for its convex hull, i.e., the set of
all convex combinations of elements of U ,

co.U / D
( X̀
iD1

˛iui
ˇ̌̌
ui 2 U; ˛i � 0; i D 1; : : : ; `I

X̀
iD1

˛i D 1; ` D 1; 2; 3; : : :

)
:

The probability (or canonical) simplex in R
n is defined as

Pn D co
�˚

e1; : : : ; en
�� D

(
p 2 R

nC
ˇ̌̌ nX
iD1

pi D 1

)
;

where ej is the usual unit basis vector along the j -th coordinate of Rn.
Finally, recall that for any A 2 R

n�n which may depend on a parameter ˇ, there
holds

@

@̌
ln det.A/ D trace

�
A�1

@A

@̌

�

whenever A is nonsingular.

2 D-Optimal Sensor Activation Problem

Let ˝ � R
d be a bounded spatial domain with sufficiently smooth boundary � ,

and let T D .0; tf � be a bounded time interval. Consider a distributed parameter
system (DPS) whose scalar state at a spatial point x 2 N̋ � R

d and time instant
t 2 NT is denoted by y.x; t/. Mathematically, the system state is governed by the
partial differential equation (PDE)

@y

@t
D F

�
x; t; y; ™

�
in ˝ � T ; (1)
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where F is a well-posed, possibly nonlinear, differential operator which involves
first- and second-order spatial derivatives and may include terms accounting for
forcing inputs specified a priori. The PDE (1) is accompanied by the appropriate
boundary and initial conditions

B .x; t; y; ™/ D 0 on � � T; (2)

y D y0 in ˝ � ft D 0g; (3)

respectively, B being an operator acting on the boundary � and y0 Dy0.x/ a
given function. Conditions (2) and (3) complement (1) such that the existence
of a sufficiently smooth and unique solution is guaranteed. We assume that the
forms of F and B are given explicitly up to an m-dimensional vector of unknown
constant parameters ™ which must be estimated using observations of the system.
The implicit dependence of the state y on the parameter vector ™ will be reflected
by the notation y.x; t I ™/.

Let us form an arbitrary partition of the time interval T by choosing points
t0 < t1 < � � � < tK D tf defining subintervals Tk D .tk�1; tk�, k D 1; : : : ; K

called scanning stages. We then consider that the state y is constantly observed
by n sensors which will possibly be changing their locations at the beginning of
every time subinterval, but will be remaining stationary for the duration of each of
the subintervals. Thus the observations proceed in K stages and the instantaneous
sensor configuration � can be viewed as follows:

�.t/ D .x1k; : : : ;x
n
k/ for t 2 Tk; k D 1; : : : ; K; (4)

where x
j

k 2 X � R
d stands for the location of the j -th sensor on the subinterval

Tk , X being the part of the spatial domain N̋ where the measurements can be
taken. Accordingly, the discrete-continuous observations provided by n scanning
pointwise sensors are defined by the scalar output

zkj .t/ D y.x
j

k ; t I ™/C ".x
j

k ; t/; j D 1; : : : ; n (5)

for t 2 Tk , k D 1; : : : ; K , where ".xjk ; t/ denotes the measurement noise. This
relatively simple conceptual framework involves no loss of generality since it can
be easily generalized to incorporate, e.g., multiresponse systems or inaccessibility
of state measurements, cf. [81, p. 95].

It is customary to assume that the measurement noise is zero-mean, Gaussian,
spatial uncorrelated and white [1, 56, 65], i.e.,

e
˚
".x

j

k ; t/".x
j 0

k0 ; t
0/

� D �2ıkk0ıjj 0ı.t � t 0/; (6)

where �2 defines the intensity of the noise, ıij and ı. � / standing for the Kronecker
and Dirac delta functions, respectively. Although white noise is a physically
impossible process, it constitutes a reasonable approximation to a disturbance whose
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adjacent samples are uncorrelated at all time instants for which the time increment
exceeds some value which is small compared with the time constants of the DPS.

The most widely used formulation of the parameter estimation problem is as
follows: Given the model (1)–(3) and the outcomes of the measurements zkj . � /,
k D 1; : : : ; K and j D 1; : : : ; n, estimate ™ by b™, a global minimizer of the output
least-squares error criterion

J .#/ D
KX
kD1

nX
jD1

Z
Tk

n
zkj .t/ � y.xjk ; t I #/

o2
dt (7)

where y. � ; � I #/ denotes the solution to (1)–(3) for a given value of the parameter
vector # . In practice, a regularized version of the above problem is often considered
by adding to J .#/ a term imposing stability or a-priori information or both [4, 96].

Inevitably, the covariance matrix cov.b™/ of the above least-squares estimator
depends on the sensor locations x

j

k . This fact suggests that we may attempt to select
them so as to yield best estimates of the system parameters. To form a basis for the
comparison of different locations, a quantitative measure � of the “goodness” of
particular sensor configurations is required. Such a measure is customarily based
on the concept of the Fisher Information Matrix (FIM) which is widely used in
optimum experimental design theory for lumped systems [3, 24, 60, 64, 98]. In our
setting, the FIM is given by [65]

M .�/ D
KX
kD1

nX
jD1

Z
Tk

g.x
j

k ; t/g.x
j

k ; t/
T dt; (8)

where

g.x; t/ D
�
@y.x; t I # /

@#1
; : : : ;

@y.x; t I #/

@#m

�T

#D™0
(9)

stands for the so-called sensitivity vector, ™0 being a prior estimate to the unknown
parameter vector ™ [66, 67, 74, 81]. The rationale behind this choice is the fact
that, up to a constant scalar multiplier, the inverse of the FIM constitutes a good
approximation of cov.b™/ provided that the time horizon is large, the nonlinearity
of the model with respect to its parameters is mild, and the measurement errors are
independently distributed and have small magnitudes [24, 98].

As for a specific form of � , various options exist [3,24,98], but the most popular
criterion, called the D-optimality criterion, is the log-determinant of the FIM:

�.M / D log det.M /: (10)

The resulting D-optimum sensor configuration leads to the minimum volume of the
uncertainty ellipsoid for the estimates.
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The introduction of an optimality criterion renders it possible to formulate the
sensor location problem as maximization of the performance measure R .�/ WD
�

	
M .�/



with respect to all feasible �. This apparently simple formulation may

lead to the conclusion that the only question remaining is that of selecting an
appropriate solver from a library of numerical optimization routines. Unfortunately,
an in-depth analysis reveals complications which accompany this way of thinking.

A key difficulty in developing successful numerical techniques for sensor
location is that the number of sensors to be placed in a given region may be
quite large (this is a common situation as far as sensor networks are considered).
When trying to treat the task as a constrained nonlinear programming problem, the
actual number of variables is even doubled or tripled, since the position of each
sensor is determined by its two or three spatial coordinates, so that the resulting
problem is rather of large scale. What is more, a desired global extremum is usually
hidden among many poorer local extrema. Consequently, to directly find a numerical
solution may be extremely difficult. Additionally, a technical complication might
also be the sensor clusterization which constitutes a price to pay for the simplifying
assumption that the measurement noise is spatially uncorrelated. This means that in
an optimal solution different sensors often tend to take measurements at one point,
and this is acceptable in applications rather occasionally.

In the literature, a common remedy for the last predicament is to guess a priori
a set of I possible candidate locations, where I >n, and then to seek for each time
interval Tk the best subset of n locations from among the I possible, so that the
problem thus reduces to a combinatorial one. In other words, the problem is to
divide at each scanning stage the I available sites between n gauged sites and the
remaining I � n ungauged sites so as to maximize the determinant of the FIM
associated with the parameters to be estimated. Equivalently, this setting can be
perfectly seen as the selection of n activated sensors within the framework of an
I -node sensor network mentioned in the Introduction. This formulation will be also
adopted in what follows.

Specifically, let xi , i D 1; : : : ; I denote given spatial positions of sensor network
nodes. Now that our design criterion has been established, the problem is to find
optimal allocations of n active sensors to xi , i D 1; : : : ; I during K stages so as
to maximize the value of the design criterion incurred by the allocation. In order
to formulate this mathematically, introduce for each location xi variables vki , k D
1; : : : ; K which take the value 1 or 0 depending on whether a sensor located at xi is
active over the time interval Tk, respectively. The FIM in (8) can then be rewritten as

M .v/ D
KX
kD1

IX
iD1

vkiM ki ; (11)

where

v D .v1; : : : ; vK/; (12)

vk D .vk1; : : : ; vkI /; k D 1; : : : ; K (13)
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and

M ki D
Z
Tk

g.xi ; t/g.xi ; t/T dt: (14)

It is straightforward to verify that the m �m matrices M ki are nonnegative definite
and, therefore, so is M .v/.

Then our design problem is rephrased as follows:

Problem P: Find a sequence v D .v11; : : : ; v1I ; : : : ; vK1; : : : ; vKI / 2 R
KI to

maximize
P .v/ D log det

�
M .v/

�
(15)

subject to the constraints

IX
iD1

vki D n; k D 1; : : : ; K; (16)

vki 2 ˚
0; 1

�
; i D 1; : : : ; I; k D 1; : : : ; K: (17)

This constitutes a 0–1 integer programming problem which necessitates an
ingenious solution. In what follows, we propose to solve it using the branch-
and-bound method which is a standard technique to solve integer-programming
problems.

3 Branch-and-Bound Search

3.1 Key Idea

The branch-and-bound (BB) constitutes a general algorithmic technique for finding
optimal solutions of various optimization problems, especially discrete or combina-
torial [7, 25]. If applied carefully, it can lead to algorithms that run reasonably fast
on average.

Principally, the BB method is a tree-search algorithm combined with a rule for
pruning subtrees. Suppose we wish to maximize an objective function P .v/ over a
finite set V of admissible values of the argument v called the feasible region. The BB
then progresses by iteratively applying two procedures: branching and bounding.
Branching starts with smartly covering the feasible region by two or more smaller
feasible subregions (ideally, partitioning into disjoint subregions). It is then repeated
recursively to each of the subregions until no more division is possible, which
leads to a progressively finer partition of V . The consecutively produced subregions
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naturally generate a tree structure called the BB tree. Its nodes correspond to the
constructed subregions, with the feasible set V as the root node and the singleton
solutions

˚
v
�
, v 2 V as terminal nodes. In turn, the core of bounding is a fast

method of finding upper and lower bounds to the maximum value of the objective
function over a feasible subdomain. The idea is to use these bounds to economize
computation by eliminating nodes of the BB tree that have no chance of containing
an optimal solution. If the upper bound for a subregion VA from the search tree
is lower than the lower bound for any other (previously examined) subregion VB ,
then VA and all its descendant nodes may be safely discarded from the search. This
step, termed pruning, is usually implemented by maintaining a global variable that
records the maximum lower bound encountered among all subregions examined so
far. Any node whose upper bound is lower than this value need not be considered
further and thereby can be eliminated. It may happen that the lower bound for a node
matches its upper bound. That value is then the maximum of the function within the
corresponding subregion and the node is said to be solved. The search proceeds
until all nodes have been solved or pruned, or until some specified threshold is met
between the best solution found and the upper bounds on all unsolved problems.

In what follows, we will use the symbol E to denote the set
˚
1; : : : ; K

� �˚
1; : : : ; I

�
of all possible pairs .k; i/ of the indices identifying a scanning stage and

a sensor location. Our implementation of BB for Problem P involves the partition of
the feasible set

V D
(

v D .v11; : : : ; v1I ; : : : ; vK1; : : : ; vKI /
ˇ̌̌

IX
iD1

vki D n; k D 1; : : : ; K; vki D 0 or 1; 8.k; i/ 2 E
)
; (18)

into subsets. It is customary to select subsets of the form [7]:

V.E0;E1/ D ˚
v 2 V j vki D 0; 8.k; i/ 2 E0; vki D 1; 8.k; i/ 2 E1

�
; (19)

whereE0 andE1 are disjoint subsets ofE . Consequently, V.E0;E1/ is the subset of
V such that sensors are active at the stages and locations with indices in E1, sensors
are dormant at the stages and locations with indices inE0, and sensors may be active
or dormant at the remaining stages and locations.

Each subset V.E0;E1/ is identified with a node in the BB tree. The key
assumption in the BB method is that for every nonterminal node V.E0;E1/, i.e.,
the node for which E0 [ E1 ¤ E , there is an algorithm that determines an upper
bound NP .E0;E1/ to the maximum design criterion over V.E0;E1/, i.e.,

NP .E0;E1/ � max
v2V.E0;E1/

P .v/; (20)
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and a feasible solution v 2 V for which P .v/ can serve as a lower bound to the
maximum design criterion over V . We may compute NP .E0;E1/ by solving the
following relaxed problem:

Problem R.E0; E1/: Find a sequence Nv to maximize (15) subject to the
constraints

IX
iD1

vki D n; k D 1; : : : ; K; (21)

vki D 0; .k; i/ 2 E0; (22)

vki D 1; .k; i/ 2 E1; (23)

0 	 vki 	 1; .k; i/ 2 E n .E0 [ E1/: (24)

In Problem R.E0;E1/ all 0–1 constraints on the variables vki are relaxed by
allowing them to take any value in the interval Œ0; 1�, except that the variables vki ,
.k; i/ 2 E0 [ E1 are fixed at either 0 or 1. A simple and efficient method for its
solution is given in Sect. 4. As a result of its application, we set NP .E0;E1/ D P .Nv/.

As for v, we can specify it as the best feasible solution (i.e., an element of V )
found so far. If no solution has been found yet, we can either set the lower bound to
�1, or use an initial guess about the optimal solution (experience provides evidence
that the latter choice leads to much more rapid convergence).

3.2 Branching Rule and BB Algorithm

The result of solving Problem R.E0;E1/ can serve as a basis to construct a
branching rule for the binary BB tree. We adopt here the approach in which the
tree node/subset V.E0;E1/ is expanded (i.e., partitioned) by first picking out all
fractional values from among the values of the relaxed variables, and then rounding
to 0 and 1 a value which is the most distant from both 0 and 1. Specifically, we apply
the following steps:

1. Determine

.k?; i?/ D arg min
.k;i/2En.E0[E1/

jvki � 0:5j: (25)

(In case there are several minimizers, randomly pick one of them.)
2. Partition V.E0;E1/ into V.E0 [ ˚

.k?; i?/
�
; E1/ and V.E0;E1 [ ˚

.k?; i?/
�
/

whereby two descendants of the node in question are defined.

A recursive application of the branching rule starts from the root of the BB tree,
which corresponds to the trivial subset V.;;;/ D V and the fully relaxed problem.
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Each node of the BB tree corresponds to a continuous relaxed problem, R.E0;E1/,
while each edge corresponds to fixing one relaxed variable at 0 or 1.

The above scheme has to be complemented with a search strategy to incre-
mentally explore all the nodes of the BB tree. Here we use a common depth-first
technique [69,70] which always expands the deepest node in the current fringe of the
search tree. The reason behind this decision is that the search proceeds immediately
to the deepest level of the search tree, where the nodes have no successors [26]. In
this way, lower bounds on the optimal solution can be found or improved as fast as
possible.

A recursive version of the resulting depth-first branch-and-bound is implemented
in Algorithm 1. The operators involved in this implementation are as follows:

• SINGULARITY-TEST(E0;E1) returns true only if expansion of the current node
will result in a singular FIM, see Sect. 4.2 for details.

• RELAXED-SOLUTION(E0;E1) returns a solution to Problem R.E0;E1/.
• DET-FIM(v) returns the log-determinant of the FIM corresponding to v.
• INTEGRAL-TEST(v) returns true only if the current solution v is integral.
• INDEX-BRANCH(v) returns the pair of indices defined by (25).

Algorithm 1 A recursive version of the depth-first branch-and-bound method. It
uses two global variables, LOWER and v best, which are respectively the maximal
value of the FIM determinant over feasible solutions found so far and the solution
at which it is attained
1: procedure RECURSIVE-DFBB(E0;E1)
2: if E0 [ E1 D E then F Deepest level of the BB tree has been attained
3: det v DET-FIM.v.E0; E1/ /
4: if det v > LOWER then
5: v best v.E0; E1/
6: LOWER det v
7: end if
8: return
9: end if

10: if SINGULARITY-TEST(E0;E1) then
11: return F Only zero determinants can be expected
12: end if
13: v relaxed RELAXED-SOLUTION.E0; E1/

14: det relaxed DET-FIM.v relaxed /
15: if det relaxed � LOWER then
16: return F Pruning
17: else if INTEGRAL-TEST(v relaxed ) then
18: v best v relaxed
19: LOWER det relaxed
20: return F Relaxed solution is integral
21: else
22: .k?; i?/ INDEX-BRANCH.v relaxed / F Partition into two descendants
23: RECURSIVE-DFBB(E0 [ ˚

.k?; i?/
�
; E1)

24: RECURSIVE-DFBB(E0;E1 [ ˚
.k?; i?/

�
)

25: end if
26: end procedure
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4 Simplicial Decomposition for Solving the Relaxed Problem

4.1 Optimality Conditions

The non-leaf nodes of the BB tree are processed by relaxing the original combina-
torial problem, which directly leads to Problem R.E0;E1/. This section provides
a detailed exposition of a simplicial decomposition method which is particularly
suited for its solution.

For notational convenience, for each k D 1; : : : ; K we define the sets

I 1.k/ D
n
i

ˇ̌̌
1 	 i 	 I and .k; i/ 2 E1

o
; (26)

I 0.k/ D
n
i

ˇ̌̌
1 	 i 	 I and .k; i/ 2 E0

o
; (27)

K D
n
k

ˇ̌̌
1 	 k 	 K and j I 1.k/ [ I 0.k/j < I

o
: (28)

Thus, at Stage k, sets I 1.k/ and I 0.k/ consist of the indices of sites for which
the associated variables vki are fixed at 1 and 0, respectively, and hence cannot be
qualified as relaxed, while K contains the indices of the stages at which there are
relaxed variables.

Consider any bijection − from f1; : : : ; Lg to K , where LD j K j. For each
l D 1; : : : ; L, setting

rl D n � j I 1.−.l//j; (29)

ql D I � j I 1.−.l//[ I 0.−.l//j; (30)

we can then construct a bijection %l from f1; : : : ; qlg to I n . I 1.−.l// [ I 0.−.l///.
Thus, ql stands for the number of relaxed variables at Stage −.l/ and rl signifies the
number of sensors which still remain to be activated at the same stage.

Accordingly, we can replace the relaxed variables vki , .k; i/ 2 E n .E0 [E1/ by
wlj such that wlj D v−.l/;%l .j /, j D 1; : : : ; ql and l D 1; : : : ; L. This leads to the
following formulation:

Problem R0.E0; E1/: Find a sequence

w D .w1;1; : : : ;w1;q1 ; : : : ;wL;1; : : : ;wL;qL / 2 R
f (31)

where f D PL
lD1 ql , to maximize

Q .w/ D log det
�
G .w/

�
(32)
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subject to the constraints

qlX
jD1

wlj D rl ; l D 1; : : : ; L; (33)

0 	 wlj 	 1; j D 1; : : : ; ql ; l D 1; : : : ; L; (34)

where

G .w/ D A C
LX
lD1

qlX
jD1

wljS lj ; A D
KX
kD1

X
i2I 1.k/

M ki ; (35)

S lj D M −.l/;%l .j /; j D 1; : : : ; ql ; l D 1; : : : ; (36)

(Note that at Stage −.l/ we have that j I 1.−.l//j sensors have already been
activated at locations xi , i 2 I 1.−.l//, and thus a decision about the activation
of rl remaining sensors has to be made.)

In the sequel, W will stand for the set of all vectors w of the form (31) satisfy-
ing (33) and (34). Note that it forms a polygon in R

f . Recall that the log-determinant
is concave and strictly concave over the cones S

mC and S
mCC, respectively, cf.

[9, 64]. Thus the objective function (32) is concave as the composition of the
log-determinant with an affine mapping, see [9, p. 79]. We wish to maximize
it over the polyhedral set W . If the FIM corresponding to an optimal solution
w? is nonsingular, then an intriguing form of the optimality conditions can be
derived.

Proposition 1. Suppose that the matrix G .w?/ is nonsingular for some w? 2 W .
The vector w? constitutes a global solution to Problem R0.E0;E1/ if, and only if,
there exist numbers �?l , l D 1; : : : ; L such that

'.l; j;w?/

8̂̂
<
ˆ̂:

� �?l if w?lj D 1;

D �?l if 0 < w?lj < 1;

	 �?l if w?lj D 0,

(37)

where

'.l; j;w/ D trace
	
G�1.w/S lj



; j D 1; : : : ; ql ; l D 1; : : : ; L: (38)

Proposition 1 reveals one characteristic feature of the optimal solutions, namely
that, when identifying them, the function ' turns out to be crucial and optimality
means separability of the components of w? in terms of the values of this
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function. Specifically, for each l D 1; : : : ; L the values of '.l; � ;w?/ for the indices
corresponding to the fractional components of w?lj , j D 1; : : : ; ql must be equal to
some constant �?l , whereas for the components taking the value 0 or the value 1 the
values of '.l; � ;w?/ must be no larger and no smaller than �?l , respectively.

4.2 Handling Singular Information Matrices

Note that the assumption that G .w/ is nonsingular can be dropped, since there is a
very simple method to check whether or not the current relaxed problem will lead
to a FIM which is nonsingular.

Proposition 2. The FIM corresponding to the solution to Problem R0.E0;E1/ is
singular if and only if so is G . Nw/, where

Nw D .r1=q1; : : : ; r1=q1„ ƒ‚ …
q1 times

; : : : ; rL=qL; : : : ; rL=qL„ ƒ‚ …
qL times

/: (39)

Consequently, a test of the singularity of G . Nw/ D A C PL
lD1.rl=ql /

Pql
jD1 S lj

can be built into the BB procedure in order to drop the corresponding node from
further considerations and forego the examination of its descendants. Otherwise,
the vector (39) may serve as a good starting point for the simplicial decomposition
algorithm outlined in what follows.

Remark 1. A solution to Problem R0.E0;E1/ is not necessarily unique. Note,
however, that for nonsingular cases (after all, pruning discards such cases from
further consideration), the resulting FIM is unique. Indeed, Problem R0.E0;E1/ can
equivalently be viewed as maximization of the log-determinant over the convex and
compact set of matrices M D ˚

G .w/ j Pql
jD1 wlj D rl ; 0 	 wlj 	 1; j D

1; : : : ; ql ; and l D 1; : : : ; L
�
. But the log-determinant is strictly concave over the

cone of positive-definite matrices, SmCC, which constitutes the interior of SmC relative
to S

m, and this fact implies the unicity of the optimal FIM.

4.3 Simplicial Decomposition

Simplicial Decomposition (SD) constitutes an important class of methods for
solving large-scale continuous problems in mathematical programming with convex
feasible sets [7, 32, 59]. In the original framework, where a concave objective
function is to be maximized over a bounded polyhedron, it iterates by alternately
solving a linear programming subproblem (the so-called column generation prob-
lem) which generates an extreme point of the polyhedron, and a nonlinear restricted
master problem (RMP) which finds the maximum of the objective function over the
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convex hull (a simplex) of previously defined extreme points. This basic strategy
of simplicial decomposition has appeared in numerous references [29, 30, 95],
where possible improvements and extensions have also been discussed. A principal
characteristic of an SD method is that the sequence of successive solutions to the
master problem tends to a solution to the original problem in such a way that the
objective function strictly monotonically approaches its optimal value.

Problem R0.E0;E1/ is perfectly suited for the application of the SD scheme. In
this case, it boils down to Algorithm 2. Here r Q .w/ signifies the gradient of Q at
w, and it is easy to check that

@Q .w/
@wlj

D trace.G�1.w/S lj / (40)

Since we deal with maximization of a concave function Q over a bounded
polyhedral setW , the convergence of Algorithm 2 in a finite number of RMP steps is
automatically guaranteed [7,32, p. 221]. Observe that Step 3 implements the column
dropping rule [59], according to which any extreme point with zero weight in the
expression of w.�/ as a convex combination of elements in Z.�/ is removed. This
rule makes the number of elements in successive sets Z.�/ reasonably low.

Algorithm 2 Algorithm model for simplicial decomposition
Step 0. (Initialization)
Set

w.0/ D .r1=q1; : : : ; r1=q1„ ƒ‚ …
q1 times

; : : : ; rL=qL; : : : ; rL=qL„ ƒ‚ …
qL times

/:

and Z.0/ D ˚
w.0/

�
. Select 0 < �� 1, a parameter used in the stopping rule, and set � D 0.

Step 1. (Solution of the column generation subproblem)
Determine

z D arg max
w2W
r Q .w.�//T.w � w.�//: (41)

Step 2. (Termination check)
If r Q .w.�//T.z�w.�// � �, then STOP and w.�/ is optimal. Otherwise, set Z.�C1/ D Z.�/[ ˚

z
�
.

Step 3. (Solution of the restricted master problem)
Find

w.�C1/ D arg max
w2co.Z.�C1//

Q .w/ (42)

and purge Z.�C1/ of all extreme points with zero weight in the expression of w.�C1/ as a convex
combination of elements in Z.�C1/. Increment � by one and go back to Step 1.

The SD algorithm may be viewed as a form of modular nonlinear programming,
provided that one has an effective computer code for solving the restricted master
problem, as well as access to a code which can take advantage of the linearity of the
column generation subproblem [30]. The former issue will be addressed in the next
subsection, where an extremely simple and efficient multiplicative algorithm for
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weight optimization will be discussed. In turn, the latter issue can be easily settled,
as in the linear programming problem of Step 1 the feasible regionW is defined by
L equality constraints (33) and

PL
lD1 ql bound constraints (34). Note, however, that

the positive definiteness of the matrix G�1.w.�// and the nonnegative definiteness
of S lj taken in conjunction with (40) imply that @Q .w.�//=@wlj � 0. Hence it is
easily seen that the column generation subproblem has an explicit solution where
for each l D 1; : : : ; L the relaxed weights wlj corresponding to rl largest values
selected from among @Q .w.�//=@wlj , j D 1; : : : ; ql are set to unity, the others being
zero. Consequently, no specialized linear programming code is needed. This greatly
simplifies the implementation and constitutes a clear advantage of the presented
approach.

4.4 Solution of the Restricted Master Problem

Suppose that in the .� C 1/-th iteration of Algorithm 2, we have

Z.�C1/ D ˚
z1; : : : ; zs

�
; (43)

possibly with s < � C 1 owing to the built-in deletion mechanism of points in Z.i/,
1 	 i 	 � , which did not contribute to the convex combinations yielding the
corresponding iterates w.`/. Step 3 of Algorithm 2 involves maximization of the
design criterion (32) over

co.Z.�C1// D
(

sX
`D1

˛`z`
ˇ̌̌
˛` � 0; ` D 1; : : : ; s;

sX
`D1

˛` D 1

)
: (44)

From the representation of any w 2 co.Z.�C1// as

w D
sX

`D1
˛`z`; (45)

or, in component-wise form,

wlj D
sX

`D1
˛`z

`
lj ; j D 1; : : : ; ql ; l D 1; : : : ; L; (46)

it follows that

G .w/ D A C
LX
lD1

qlX
jD1

wljS lj D
sX

`D1
˛`

0
@A C

LX
lD1

qlX
jD1

z`ljS lj

1
A D

sX
`D1

˛`G .z`/:

(47)
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From this, we see that the RMP can equivalently be formulated as the following
problem:

Problem PRMP: Find the sequence of weights ˛ D .˛1; : : : ; ˛s/ to maximize

T .˛/ D log det
�
H .˛/

�
(48)

subject to the constraints

sX
`D1

˛` D 1; (49)

˛` � 0; ` D 1; : : : ; s; (50)

where

H .˛/ D
sX

`D1
˛`Q`; Q` D G .z`/: (51)

Basically, since the constraints (49) and (50) define the probability simplex Ps
in R

s , i.e., a very nice convex feasible domain, it is intuitively appealing to deter-
mine optimal weights using a numerical algorithm specialized for solving convex
optimization problems. But another, much simpler technique can be employed to
suitably guide weight calculation. It fully exploits the specific form of the objective
function (48) by giving Problem PRMP an equivalent probabilistic formulation.
Specifically, the nonnegativeness of the weights z`lj and the nonnegative definiteness
of the matrices A and S lj for j D 1; : : : ; ql and l D 1; : : : ; L, imply that Q` � 0,
` D 1; : : : ; s. Defining X as a discrete random variable which may take values in the
set

˚
1; : : : ; s

�
and treating the weights ˛`, ` D 1; : : : ; s as the probabilities attached

to its possible numerical values, i.e.,

pX .`/ D P. X D `/ D ˛`; ` D 1; : : : ; s; (52)

we can interpret pX as the probability mass function (pmf) of X and H .˛/ DPs
`D1 ˛`Q` in (48) as the P-weighted mean of the function Q W ` 7! Q`.

Therefore, Problem P RMP can be thought of as that of finding a probability mass
function maximizing the log-determinant of the mean of Q . This formulation has
captured close attention in optimum experimental design theory, where various
characterizations of optimal solutions and efficient computational schemes have
been proposed [3, 24, 98]. In particular, in the case of the D-optimality criterion
studied here, we can prove the following conditions for global optimality [81, 92]:
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Proposition 3. Suppose that the matrix H .˛?/ is nonsingular for some ˛? 2 Ps .
The vector ˛? constitutes a global solution to Problem PRMP if and only if

 .`;˛?/

(
D m if ˛?` > 0;

	 m if ˛?` D 0
(53)

for each ` D 1; : : : ; s, where

 .`;˛/ D trace
	
H �1.˛/Q`



; ` D 1; : : : ; s: (54)

A very simple and numerically effective sequential procedure was devised and
analysed in [60, 71, 76–78] for the case of rank-one matrices Q`, which was then
extended to the general case in [81, p. 62]. Its version adapted to the RMP proceeds
as summarized in Algorithm 3. Clear advantages here are ease of implementation
and negligible additional memory requirements.

Algorithm 3 Algorithm model for the restricted master problem
Step 0: (Initialization)

Select weights ˛.0/` > 0, `D 1; : : : ; s which determine the initial pmf pX .0/ for which we must

have T .˛.0// > �1, e.g., set ˛.0/` D 1=s, ` D 1; : : : ; s. Choose 0 < 	� 1, a parameter used
in the stopping rule. Set 
 D 0.

Step 1: (Termination check)
If

 .`;˛.
//

m
< 1C 	; ` D 1; : : : ; s; (55)

then STOP.
Step 2: (Multiplicative update)

Evaluate

˛
.
C1/

` D ˛
.
/

`

 .`;˛.
//

m
; ` D 1; : : : ; s: (56)

Increment 
 by one and go to Step 1.

The idea is reminiscent of the EM algorithm used for maximum likelihood
estimation [43]. The properties of this computational scheme are considered in some
detail in [81]. Suffice it to say here that Algorithm 3 is globally convergent regardless
of the choice of initial weights (they must only be all nonzero and correspond to a
nonsingular FIM). Indeed, we have the following result [81, p. 65]:

Proposition 4. Assume that
˚
˛.
/

�
is a sequence of iterates constructed by Algo-

rithm 3. Then the sequence
˚

T .˛.
//
�

is monotone increasing and

lim

!1 T .˛.
// D max

˛2Ps
T .˛/: (57)
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The basic scheme of Algorithm 3 can be refined to incorporate various improve-
ments which make convergence much faster. For example, produced solutions often
happen to contain many insignificant weights ˛`, which results from a limited
accuracy of computations and the interruption of Algorithm 3 after a finite number
of steps. In practice, these weights may well be disregarded since setting them as
zeros and distributing the sum of their values among the remaining weights (so as
not to violate (49)) involves a negligible change in the value of the performance
measure T .˛.
//. The sum of the weights removed can be distributed among the
other weights for which  .`;˛.
// > m, and additionally, in a manner proportional
to  .`;˛.
// �m.

Another improvement is due to [63] where a simple method was proposed to
identify elements of Z.�C1/ which do not contribute to the sought optimal convex
combination in co.Z.�C1//. It can be generalized to the general case considered
here and used during the search to discard such useless points “on the fly,” thereby
substantially reducing the problem dimensionality.

5 Numerical Example

Consider the following numerical example serving as a test for the solution
techniques proposed in this paper. The point of departure is the two-dimensional
diffusion equation

@y.x; t/

@t
D @

@x1

�

.xI ™/

@y.x; t/

@x1

�
C @

@x2

�

.xI ™/

@y.x; t/

@x2

�
C u.x; t/;

x 2 ˝ D .0; 1/� .0; 1/; t 2 .0; 1/ (58)

subject to the conditions

y.x; 0/ D 0; x 2 ˝;
y.x; t/ D 0; .x; t/ 2 @˝ � T:

The diffusion coefficient to be identified has the form


.xI ™/ D ™1 C ™2x1 C ™3x2: (59)

As regards the forcing term in our model, it has the form

u.x; t/ D 20 exp
��50.x1 � t/2� (60)

which mimics the action of a line source whose support is constantly oriented along
the x2-axis and moves with constant speed from the left to the right boundary of
˝ . Our purpose is to estimate 
 (i.e., the parameters ™1, ™2 and ™3) as accurately
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Fig. 1 D-optimal configurations of active sensors without scanning (K D 1, I D 900)

as possible based on the measurements made by n scanning sensors. In the case
considered, the D-optimum design criterion was chosen as the measure of the
estimation accuracy. A uniform mesh of I D 30� 30D 900 points was thus assumed
as the set of sites where sensor network nodes are placed (they are marked with
dots in Figs. 1–3). Our task consists in selecting the best from them which will be
activated.

The determination of the information matrix requires the knowledge of the
sensitivity coefficients (9) with components

g1.x; t/ D @y.x; t I#/
@#1

ˇ̌̌
ˇ
#D™0

; g2.x; t/ D @y.x; t I#/
@#2

ˇ̌̌
ˇ
#D™0

;

g3.x; t/ D @y.x; t I#/
@#3

ˇ̌̌
ˇ
#D™0

;

computed at the assumed nominal values ™01 D 0:1, ™02 D �0:05 and ™03 D 0:2. They
can be obtained by solving the following system of PDEs:

8̂̂
ˆ̂̂̂̂̂
ˆ̂̂<
ˆ̂̂̂̂
ˆ̂̂̂̂̂
:

@y

@t
D r � .
ry/ C u;

@g1

@t
D r � ry C r � .
rg1/;

@g2

@t
D r � .x1ry/C r � .
rg2/;

@g3

@t
D r � .x2ry/C r � .
rg3/:

(61)
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Fig. 2 D-optimal configurations of active sensors at consecutive stages (K D 6, I D 900,
n D 10)
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Fig. 3 D-optimal configurations of active sensors at consecutive stages (K D 6, I D 900,
n D 100)
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The first equation constitutes the original state equation (58) and the second, third
and fourth equations result from its differentiation with respect to ™1, ™2 and ™3,
respectively. The initial and Dirichlet boundary conditions for all the four equations
are homogeneous (i.e., they are zero).

The solution to (61) is found numerically using the MATLAB PDE toolbox.
Although it is impossible to employ its handy graphical user interface (it is tailored
to single PDEs, and not to systems of PDEs), we can still solve (61) using command-
line functions.

First, based on the technique outlined in [92], D-optimal positions of active
sensors were determined for the case of n D 10 and n D 100 sensors to be activated,
cf. Fig. 1 (open circles denote the best points for locating measurement sensors). The
numbers of feasible solutions are

�
900
10

�
and

�
900
100

�
, which exceed 9�1022 and 9�10134,

respectively. Then, using the approach described in this paper, the observation
horizon was decomposed intoK D 6 stages of equal length. This expanded the sizes

of the solutions spaces to
�
900
10

�6
> 5 � 10137 and

�
900
100

�6
> 6 � 10809, respectively.

In spite of that, it was still possible to obtain the optimal solutions displayed in
Figs. 2 and 3 in no more than twenty seconds on a low-cost laptop (Pentium IV,
2.40 GHz, 496 MB RAM) running Windows XP Professional and MATLAB 7.1.
The parameters required by Algorithms 2 and 3 were set as � D 0:01 and 	 D 0:01,
respectively. This surprisingly fine performance was possible owing to a good initial
lower bound on the optimal solution which permitted to economize computation
by eliminating nodes of the BB tree that have no chance of containing an optimal
solution. It was obtained by solving a fully relaxed problem and activating sensors
which corresponded to the largest weights. Otherwise, the solutions obtained by
literally following Algorithm 1 consumed about 15 min of the CPU time, which is
not bad, either.

Observe that the values of the diffusion coefficient 
.x/ in the upper left of˝ are
greater than those in the lower right. This means that the state changes during the
system evolution are quicker when we move up and to the left (on the other hand,
the system would have reached the steady state there earlier). This fact explains the
form of the configurations obtained—the sensors switch to new positions so as to
follow the moving source while measuring the state in the regions where the DPS is
the most sensitive with respect to the unknown parameter 
, finally terminating the
movement in the lower right part of the domain˝ .

Finally, remark that, as was expected, the scanning observations substantially
influence the attainable values of the D-optimality criterion since the ratios of these
values for scanning and stationary cases are 10.075 and 5.438 for n D 10 and
n D 100, respectively.

6 Conclusions

The problem of finding optimal activation policies for sensor network nodes
deployed throughout a spatial domain in view of accurate parameter estimation
for parameter distributed systems was examined on the assumption that the modes
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of the node operation can be changed at given time moments, which corresponds
to the so-called scanning observations. Ordinarily, the task is reduced to seeking
best subsets of locations from among all the possible ones. Numerical algorithms
for the construction of optimum sensor configurations by searching over a list
of candidate locations customarily involve an iterative improvement of the initial
sensor configuration. The combinatorial nature of the problem so formulated implies
that with a long list of candidate points, complicated search algorithms can readily
consume appreciable computer time and space. In contrast to this approach, a guided
search using a branch-and-bound technique was proposed here. This constitutes
quite a natural option, but the main problem when trying to implement it has been
the lack of a low-cost procedure to obtain upper bounds to the optimal values
of the D-optimality criterion. The main contribution of this paper consists in the
development of an efficient computational scheme to produce such bounds. This
was possible by adapting a specialized multiplicative algorithm for determinant
maximization, which is in common use by statisticians concerned with optimum
experimental design. The link to plug this algorithm into the proposed scheme
was a simplicial decomposition being perfectly suited for large-scale problems
which can be encountered here. The idea of its application in the context of D-
optimally activating sensor nodes is an extension of the approach set forth in
[92]. Consequently, the proposed method can be implemented with great ease and
experience provides evidence that, with this tool, even large-scale design problems
can be solved using an off-the-shelf PC.

In addition to the algorithmic part of the paper, a characterization of the optimal
solutions to specific subproblems discussed in Proposition 1 was obtained. The
corresponding proof proceeds here based on the Karush–Kuhn–Tucker conditions.

Let us remark that an alternative approach to select a best n-element subset
active sensors from among a given I -element set of all candidate sensors could
be to employ an exchange algorithm. Typically, algorithms of this type begin with
an n-point starting sensor configuration which then sequentially evolves through
addition of new elements selected from among vacant sites and deletion of sites at
which sensors have provisionally been planned to reside, in an effort to improve
the value of the adopted design criterion [48]. Accordingly, a one-point exchange
procedure was used in [91] and further developed in [81, p. 105] in a scanning sensor
setting, based on the concept of replication-free designs set forth in [23]. Note,
however, that this approach is warranted only when the number of activated sensors
is comparatively high. Perhaps an efficient extension of this idea could be to adapt
the fast algorithm based on multiple simultaneous exchanges, which was developed
in [42]. A step in this direction was made in [46] who refined it and applied the
resulting “sort-and-cut” technique to solve an E-optimum sensor selection problem.
It is beyond doubt that all these approaches outperform the BB technique proposed
here as far as the running time is concerned. On should note, however, that exchange
algorithms are only capable of finding globally competitive solutions (i.e., nearly
optimal ones), with an explicit trade of global optimality for speed. The approach
presented here is superior in the sense that it always produces global maxima and,
what is more, does it within tolerable time.
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Appendix 1: Proof of Proposition 1

Problem R0.E0;E1/ can be rewritten as follows: Find w? 2 R
f to minimize

eQ .w/ D � log det
�
G .w/

�
(62)

subject to the constraints

qlX
jD1

wlj � rl D 0; l D 1; : : : ; L; (63)

�wlj 	 0; j D 1; : : : ; ql ; l D 1; : : : ; L (64)

wlj � 1 	 0; j D 1; : : : ; ql ; l D 1; : : : ; L: (65)

Associating the dual variables

�l 2 R; �lj 2 RC; �lj 2 RC; j D 1; : : : ; ql ; l D 1; : : : ; L (66)

with constraints (63)–(65), respectively, we define the Lagrangian of (62)–(65) as

L .w;�;�; �/ D � log det .G .w//

C
LX
lD1

�l

0
@ qlX
jD1

wlj � rl

1
A�

LX
lD1

qlX
jD1

�ljwlj C
LX
lD1

qlX
jD1

�lj
�
wlj � 1

�
:

(67)

An easy computation shows that

@L
@wlj

D �'.l; j;w/C �l � �lj C �lj : (68)

Let us examine the first-order Karush–Kuhn–Tucker (KKT) conditions for our
problem [7]:

�'.l; j;w/C �l � �lj C �lj D 0; j D 1; : : : ; ql ; l D 1; : : : ; L; (69)

�jwlj D 0; j D 1; : : : ; ql ; l D 1; : : : ; L; (70)

�lj
�
wlj � 1

� D 0; j D 1; : : : ; ql ; l D 1; : : : ; L; (71)
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�lj � 0; j D 1; : : : ; ql ; l D 1; : : : ; L; (72)

�lj � 0; j D 1; : : : ; ql ; l D 1; : : : ; L; (73)

0 	 wlj 	 1; j D 1; : : : ; ql ; l D 1; : : : ; L; (74)

qlX
jD1

wlj D rl ; l D 1; : : : ; L: (75)

For problems with constraints which are both linear and linearly independent, as
is the case here, the KKT conditions are necessary for optimality. Additionally, the
convexity of the objective function (62) implies that they also become sufficient.
Consequently, the optimality of w? amounts to the existence of some values of �l ,
�lj and �lj , j D 1; : : : ; ql and l D 1; : : : ; L, denoted by �?l , �?lj and �?lj , j D
1; : : : ; ql and l D 1; : : : ; L, respectively, such that (69)–(75) are satisfied.

Suppose that w?lj D 1 for some pair of indices .l; j /. Then from (70) it follows
that �?lj D 0 and, therefore, (69) reduces to

'.l; j;w?/ D �?l C �?lj � �?l ; (76)

the last inequality owing to (73). In turn, on account of (71), the assumption w?lj D 0

yields �?lj D 0, and then (69) simplifies to

'.l; j;w?/ D �?l � �?lj 	 �?l ; (77)

which is owing to (72). Finally, by (70) and (71), the assumption 0 < w?lj < 1

clearly forces �?lj D �?lj D 0, for which (69) gives

'.l; j;w?/ D �?l ; (78)

Conversely, having found w? 2 R
f and �?l 2 R, l D 1; : : : ; L for which (37) is

fulfilled, we can define

�?lj D max.�?l � '.l; j;w?/; 0/; �?lj D max.'.l; j;w?/ � �?l ; 0/;
j D 1; : : : ; ql ; l D 1; : : : ; L; (79)

which guarantees the satisfaction of (69)–(75). This means that w? is a KKT point
and this is equivalent to its global optimality.

Appendix 2: Proof of Proposition 2

Setting c D max
˚
q1=r1; : : : ; qL=rL

�
, observe that the following Löwner ordering

holds true for any w 2 R
f
C:
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0 
 G .w/ D A C
LX
lD1

qlX
jD1

wljS lj 
 c

0
@AC

LX
lD1

qlX
jD1

NwljS lj

1
A D c G. Nw/: (80)

A fundamental property of the determinant is that it preserves this monotonicity [33,
Corr. 7.7.4], which gives

0 	 det
�
G .w/

� 	 cm det
�
G . Nw/�: (81)

This makes our claim obvious.
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7. Bertsekas, D.P.: Nonlinear Programming, 2nd edn. Optimization and Computation Series.

Athena Scientific, Belmont, MA (1999)
8. Boer, E.P.J., Hendrix, E.M.T., Rasch, D.A.M.K.: Optimization of monitoring networks for

estimation of the semivariance function. In: A.C. Atkinson, P. Hackl, W. Müller (eds.) mODa
6, Proc. 6th Int. Workshop on Model-Oriented Data Analysis, Puchberg/Schneeberg, Austria,
2001, pp. 21–28. Physica-Verlag, Heidelberg (2001)

9. Boyd, S., Vandenberghe, L.: Convex Optimization. Cambridge University Press, Cambridge
(2004)

10. Cassandras, C.G., Li, W.: Sensor networks and cooperative control. European Journal of
Control 11(4–5), 436–463 (2005)

11. Chong, C.Y., Kumar, S.P.: Sensor networks: Evolution, opportunities, and challenges. Proceed-
ings of the IEEE 91(8), 1247–1256 (2003)

12. Christofides, P.D.: Nonlinear and Robust Control of PDE Systems: Methods and Applications
to Transport-Reaction Processes. Systems & Control: Foundations & Applications. Birkhäuser,
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37. Jeremić, A., Nehorai, A.: Landmine detection and localization using chemical sensor array
processing. IEEE Transactions on Signal Processing 48(5), 1295–1305 (2000)

38. Kammer, D.C.: Sensor placement for on-orbit modal identification and correlation of large
space structures. In: Proc. American Control Conf., San Diego, California, 23–25 May 1990,
vol. 3, pp. 2984–2990 (1990)

39. Kammer, D.C.: Effects of noise on sensor placement for on-orbit modal identification of large
space structures. Transactions of the ASME 114, 436–443 (1992)

40. Kincaid, R.K., Padula, S.L.: D-optimal designs for sensor and actuator locations. Computers &
Operations Research 29, 701–713 (2002)



122 D. Uciński
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Abstract In this article, we describe how two different approaches, mathematical
modeling and quantitative measurements, can be combined to gain new insights on
one of the most extensively studied signal transduction pathways, the Janus kinase
(JAK)/signal transducer and activator of transcription (STAT) pathway. We present
two data-based models, which describe the intracellular signaling in a single cell
where the signal is transduced from the extracellular domain to the nucleus where
STATs regulate gene expression. The two models, one without and one with spatial
aspects, have been developed to perform modeling based simulations to find out the
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1 Biological Question

Fundamental progress in systems biology can only be achieved if experimentalists
and theoreticians closely collaborate. Mathematical models cannot be formulated
precisely without detailed knowledge of the experiments while complex biological
systems can often not be understood fully without mathematical interpretation of
the dynamic processes involved.

In multicellular organisms communication between cells is frequently mediated
by signal molecules secreted to the extracellular space, which bind to cell surface
receptors. The signal has to be transmitted from the extracellular domain of the cell
surface receptors to the nucleus and thereby regulates gene expression.

One of the most extensively studied signal transduction pathways is the
JAK/STAT pathway [3]. Several members of the signal transducer and activator
of transcription (STAT) protein family have been implicated in various cancers.
Briefly, after binding of ligand to the receptor two receptor associated Janus kinases
(JAK) transphosphorylate each other and subsequently tyrosine phosphorylate
the cytoplasmic domain of the receptor. STAT proteins can then bind to the
phospho-tyrosine residues via their SH2 domains and are phosphorylated by JAK.
Phosphorylated STATs dissociate from the receptor, dimerize, move to the nucleus
and regulate transcription of target genes.

How transport from the site of STAT phosphorylation at the plasma membrane
to the site of action in the nucleus is mediated is still unclear. Whether STATs
freely diffuse through the cytoplasm to reach the nuclear envelope or are actively
transported along the cytoskeleton remains a subject of debate. Moreover, it is not
known if STATs can in addition be phosphorylated by membrane-bound kinases on
endosomes present in the cytosol, which would reduce the distance between the site
of phosphorylation and nuclear envelope.

To address these questions, we investigate the erythropoietin (Epo)-regulated
JAK2/STAT5 pathway dynamics in two geometrically different cell types. The
fibroblast cell line NIH3T3 grows attached to surfaces, forming several tens of
microns long and often branched stretches of cytoplasm surrounding an elliptical
nucleus of approximately 10 �m in diameter, resulting in potentially large distances
between plasma membrane and nuclear envelope. On the other hand, CFU-E
(colony-forming unit erythroid stage) cells are primary cells isolated from mouse
embryonic livers. They are precursors of red blood cells, growing in suspension
not attached to surfaces, and showing a spherical shape with a diameter of roughly
10 �m for the whole cell and 8 �m for the nucleus, resulting in a fairly small
cytoplasmic volume and only a short distance from plasma membrane to the nuclear
envelope (Fig. 1).
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Fig. 1 Two different cell types used for this study. (a) CFU-E cells and (b) NIH3T3-EpoR
cell expressing STAT5-GFP imaged on a confocal microscope. Scale bar, 10 �m. Schematic
representations of the cells also indicate localization of EpoR (brace like structure) on the plasma
membrane with Epo (black) bound as well as STAT5 (small rings) in the cytoplasm in monomeric
and dimeric form as well as bound to the receptor. Nuclear STAT5 is also shown bound to
chromatin (dark grey line). JAK2 is omitted for simplification. Cells are drawn approximately
to scale, proteins are overrepresented

2 Biological Data

A major limitation in systems biology remains the lack of sufficient high-quality,
quantitative data for different variables of systems under investigation. To overcome
this constraint, we have based our mathematical modeling on experimental data
acquired by different experimental techniques, all generating quantitative data of
high quality. Nevertheless, the restrictions of each method have to be assessed
carefully to avoid misinterpretations of data. In addition, it is advisable to establish
standard procedures for cell culture, sample preparation and experimental setup to
guarantee comparable results [7].

2.1 Quantitative Immunoblotting Data

To measure dynamic changes in total protein concentrations as well as transient pro-
tein modifications such as tyrosine phosphorylation immunoblotting is commonly
used. Proteins in cell extracts are separated by gel electrophoresis. Subsequently,
they are electrophoretically transferred to a membrane on which they can be
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detected with antibodies specific for the protein or protein modification. Under cer-
tain circumstances it is necessary to purify the protein of interest from the remaining
cell extract prior to immunoblotting by immunoprecipitation. This is especially
useful, if proteins are only present in the cell at low concentrations or less specific
antibodies are used for immunoblotting. For EpoR, JAK2 and STAT5 a combination
of immunoprecipitation and immunoblotting is used (Fig. 2a). To reduce the error
of the procedure recombinant proteins are used as calibrators [5], [6].This allows us
to determine a rough estimate of the number of protein molecules per cell.

When necessary, a crude separation of cytoplasm and nucleoplasm can be
achieved by taking advantage of the different detergent sensitivities of the outer cell
membrane and the nuclear envelope. However, this biochemical separation is never
complete and leads to losses of certain fractions of the compartments that are dif-
ficult to determine. Furthermore, large numbers of cells are required if quantitative
immunoblotting and immunoprecipitation are combined (on average one million
cells per data point). If additionally a separation of cellular compartments, e.g. the
cytoplasm and the nucleus, is required the cell number has to be further increased to
obtain data of sufficient quality. In the case of established cell lines this usually
only poses a handling problem, but if primary cells like CFU-E cells are used,
experimentalists are strongly limited by the number of animals that can and should
be sacrificed for an experiment. Furthermore, these biochemical methods only yield
average data from large cell population. Asynchronous dynamics of single cells can
be lost through averaging.

2.2 Live Cell Imaging

For the presented study it was necessary to determine the cell size and shape of
CFU-E and NIH3T3 cells in addition to the biochemically measured dynamic
changes of protein concentrations and protein modifications. Cellular features such
as cell size and shape or more detailed information on protein localization can only
be assessed by microscopy, which offers a high spatial resolution at the single cell
level.

We have determined the size of CFU-E cells and the CFU-E cell nucleus by
transmitted light microscopy, measuring the diameter of the cell and the nucleus
and assuming the cell shape to be a perfect sphere. For NIH3T3 cells, cells have
been enzymatically detached from their growth surfaces and assumed to adopt
spherical shape in suspension and also measured by transmitted light microscopy.
Alternatively, NIH3T3 cells expressing fluorescently labeled protein have been
imaged by confocal microscopy. For volume measurements by confocal microscopy
a series of images have been acquired, moving the sample in z-direction. This image
stack covering the whole cell in x, y and z has been analyzed and the volume
calculated from the number of voxels. Thus, by expressing fluorescently labeled
proteins with specific localizations the sizes of different cellular compartments can
be determined.
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To measure the changes of STAT5 localization over time after addition of Epo,
STAT5 labeled with green fluorescent protein (STAT5-GFP) has been followed in
single cells by timelapse microscopy (Fig. 2b). This allows one to quantify the ratio
of nuclear to cytosolic protein, detect potential concentration inhomogeneities as
well as absolute protein concentrations if properly calibrated. The sampling rate
that can be achieved is more than one image per minute if necessary. Sampling rate
as well as duration of the experiment have to be adjusted depending on the goal of
the experiment. In general, again depending on the strength of the signal, 200–500
images can be acquired of a sample, with a sampling rate between less than a second
up to hours.

However, a few restrictions have to be taken into account. Live cell imaging
requires the expression of fluorescently labeled proteins. This is usually achieved by
genetically tagging the protein of interest with a fluorescent protein and expressing
it in addition to the unlabeled protein already present in the cells. This can lead
to severe alterations in the pathway dynamics and has to be tested carefully. For
microscopy, cells have to be immobilized on thin optical glass surfaces. This
is easily done with adherent cells like the NIH3T3 cells by growing them in
culturing dishes with a glass bottom and directly placing the culturing dish on
the microscope, usually equipped with an incubation chamber to maintain the
appropriate environment for the cells. In the case of cells growing in suspension
such as the CFU-Es imaging of living cells over time is rather challenging and has
not been done for this study. In the future, this might be possible as commercial
solutions for imaging suspension cells are being developed.

2.3 Measurement of Diffusion and Transport Kinetics

2.3.1 Fluorescence Correlation Spectroscopy

The protein localization in cells in steady state conveys a very static picture. How-
ever, many proteins are constantly in rapid movement. Fluorescence Correlation
Spectroscopy (FCS) [8] is a widely applied method to measure movement of
proteins caused by diffusion or reaction–diffusion systems (Fig. 2d). Fluctuations of
fluorescently-labeled proteins within the focal volume of a confocal or two-photon
microscope are recorded and analyzed by temporal autocorrelation.

To achieve a high level of fluctuations, the concentration of the observed
protein should be kept low. This is often not the case for standard mammalian
expression systems but can be accomplished by using an inducible expression
system. Alternatively, a large fraction of the fluorescence can be photobleached
before the FCS measurement. However, this can cause artefacts due to photodamage
caused by the bleaching process. Furthermore, spatial inhomogeneities of the cell as
well as photophysical characteristics of the fluorophore can cause difficulties during
data acquisition and analysis. This can lead to a fairly high variability of parameters
determined from FCS data.
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The diffusion coefficient of STAT5-GFP in the cytoplasm of fibroblasts was
measured by FCS and determined to be approximately 15 �m2/s. No significant
difference for the diffusion coefficient of STAT5-GFP in starved cells and cells
stimulated by Epo could be detected. For CFU-E cells a similar diffusion coefficient
was assumed.

2.3.2 Fluorescence Recovery After Photobleaching

In the case of FCS usually only faster processes such as diffusion or binding
kinetics can be studied. In addition, proteins can also be transported from one
cellular compartment to another. These protein dynamics in addition to more rapid
molecule movements—can be assessed by fluorescence recovery after photobleach-
ing (FRAP). In a typical FRAP experiment, the steady state fluorescence distribution
is perturbed by photobleaching part of the fluorescence with a strong laser pulse and
the exchange of bleached and unbleached proteins is monitored over time.

Here, we have measured nuclear import and export rates of unphosphorylated
STAT5 in NIH3T3 cells ([3] and Fig. 2c). As standard FRAP analysis is only
applicable to steady state situations at least on the time scale of the experiment
and recovery exchange between nucleus and cytoplasm is on a similar time scale as
protein phosphorylation after Epo stimulation only nucleocytoplasmic shuttling of
unphosphorylated STAT5 in serum starved cells was measured. FRAP has not been
performed in CFU-E cells as this would require stable maintenance of non-adherent
cells on the microscope to allow for analysis of the measurement as discussed above.

3 Modeling

In this section we will consider two models describing the same biological pro-
cesses, one without spatial resolution described by a system of ordinary differential
equations (ODE), and the other with partially considered spatial resolution, which is
described by a mixed system containing ordinary and partial differential equations
(ODE and PDE). Parameter estimation was performed for the ODE model and the
same parameter values are used in the combined ODE/PDE model.

3.1 Ordinary Differential Equations Model

In our models, we focus only on a part of the JAK2/STAT5 signaling pathway:
after binding of the hormone erythropoietin (Epo) to its receptor (EpoR), STAT5 is
phosphorylated at the EpoR by JAK2 with rate ract, dimerizes and diffuses through
the cytoplasm to the nucleus. STAT5 is imported into the nucleus with rate rimp and
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Fig. 2 Overview of experimental methods. Several quantitative techniques were combined to
generate data for mathematical modeling. An overview of the JAK-STAT signaling pathway is
shown in the top left panel. Colored frames and arrows represent the protein species and reactions
monitored by the individual techniques. Bold letter in boxes refer to the respective techniques.
(a) Cytoplasmic extracts of NIH3T3-EpoR cells were subjected to immunoprecipitation with
antibodies against EpoR and JAK2, or STAT5, and analyzed by quantitative immunoblotting.
Samples are randomized to reduce correlated errors. Processed data points (blue points) and fits
of an ODE model to the data (red curve) are shown below. (b) Nuclear accumulation of STAT5-
GFP in NIH3T3-EpoR cells after addition of Epo is investigated by timelapse microscopy on a
confocal microscope. (c) Fluorescence recovery after photobleaching (FRAP) is used to analyze
nucleocytoplasmic shuttling of STAT5-GFP. Nuclear STAT5-GFP in NIH3T3-EpoR cells was
photobleached (green circle) and recovery of nuclear fluorescence was observed. Scale bar, 10 �m.
Two representative processed data sets are shown for unphosphorylated STAT5-GFP. (d) Mobility
of STAT5-GFP in the cytoplasm was measured by fluorescence correlation spectroscopy (FCS).
Intensity fluctuations in the focal volume (represented in green) were analyzed by temporal
autocorrelation. Diffusion coefficients were estimated by fitting a one-component model to the
data
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pSTAT5 with rate rimp2. The processes in the nucleus are described by four linear
delay equations including the dephosphorylation of phosphorylated STAT5, which
then is exported back to the cytoplasm with rate rexp.

We denote by u0 the concentration of unphosphorylated STAT5 in the cytoplasm,
by u1 the concentration of the phosphorylated STAT5 in the cytoplasm, by u2

the concentration of the unphosphorylated STAT5 in the nucleus, and by u3 the
concentration of the phosphorylated STAT5 in the nucleus. The variables u4; : : : ; u7

are introduced as fictitious concentrations to describe the processes in the nucleus
by linear delay equations. Our model consists of following equations:

u0
0.t/ D � ract

vcyt
� pJAK.t/ � u0.t/ � rimp

vcyt
� u0.t/ C rexp

vcyt
� u2.t/ (1)

u0
1.t/ D ract

vcyt
pJAK.t/ � u0.t/ � rimp2

vcyt
� u1.t/ (2)

u0
2.t/ D rdelay

vnuc
� u7.t/ � rexp

vnuc
� u2.t/ C rimp

vnuc
� u0.t/ (3)

u0
3.t/ D rimp2

vnuc
� u1.t/ � rdelay

vnuc
� u3.t/ (4)

u0
4.t/ D rdelay

vnuc
.u3.t/ � u4.t// (5)

u0
5.t/ D rdelay

vnuc
.u4.t/ � u5.t// (6)

u0
6.t/ D rdelay

vnuc
.u5.t/ � u6.t// (7)

u0
7.t/ D rdelay

vnuc
.u6.t/ � u7.t//: (8)

This model is considered for two different cell types: a spherical shaped CFU-E and
a NIH3T3 fibroblast cell. Therefore we obtain two sets of parameters, one for each
cell type where the initial values are chosen as:

u1.0/ D u3.0/ D u4.0/ D u5.0/ D u6.0/ D u7.0/ D 0 (9)

CFU-E: u0.0/ D 50 Oa � mol=�m3 (10)

u2.0/ D 18 Oa � mol=�m3 (11)

NIH3T3: u0.0/ D 16 Oa � mol=�m3 (12)

u2.0/ D 20 Oa � mol=�m3 (13)

The number of molecules per compartment is determined using a combination of
immunoprecipitation and immunoblotting as described in Sect. 2.1 Here, Oa is the
Avogadro constant, so that the unit Oa � mol is the number of molecules.
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The parameters vcyt and vnuc, which represent the average volume of the
cytoplasm and nucleus, are measured by transmitted light microscopy (Sect. 2.2).
We use the values vcyt D 429 �m3, vnuc D 268 �m3 for the CFU-E cell and
vcyt D 1; 758 �m3, vnuc D 366 �m3 for the NIH3T3 cell. The nuclear import and
export rates can be measured only for the unphosphorylated STAT5 in NIH3T3
cells by FRAP experiments (Sect. 2.3.2): rimp � 0; 1 s�1 and rexp � 0; 09598 s�1.
The import rate of the unphosphorylated STAT5 in the CFU-E cells is assumed to
be approximately the same as in the NIH3T3 cells, so that the same value for rimp

(� 0; 1 s�1 is used for both cell types in our model.
Another input function in this model is the phosphorylation function pJAK.t/,

the evolution in time of the activated cytoplasmic domain of the receptor. In the
experiments the STAT5 molecules are phosphorylated through a controlled input of
Epo that activates the receptor-associated kinase JAK2, which then phosphorylates
STAT5. The biological processes at the receptor can be modeled as an additional
receptor module, which makes our systems of equations and the parameter set
much larger. Since the concentration of phosphorylated JAK2 molecules can be
measured, we simplify our model and use the data points for pJAK2 interpolated
with a smooth spline as input (Fig. 3). For our model, we assume that the number of
JAK2 molecules at the plasma membrane is equal to the number of EpoR molecules
on the plasma membrane.

Our system of equations (1)–(13) is a homogenous linear system for the unknown
u D .u0; ::; u7/, which can be formulated in a general form as follows:

u0.t/ D f .t; u.t//

u.0/ D b:
(14)

Theorem 1. For the given set of data the system (14) is well-posed.

The proof of this theorem is based on standard techniques. The right hand side
f .t; u.t// is Lipschitz, so that we can apply Picard–Lindelöf’s theorem and get local
existence, uniqueness and Lipschitz continuity with respect to data. This local result
can then be extended to a global one due to the linearity of f .t; u.t//. The function
f .t; u.t// can be written as f .t; u.t// D A.t/u.t/, where A.t/ is negative definite
for the considered parameters, which gives global (even exponential) stability. In a
fothcoming paper we will show the non-negativity, boundedness and stability of the
solution.

3.2 Parameter Estimation

Parameters that can not be experimentally measured for our model for the CFU-E
cell are the phosphorylation rate of STAT5 ract, its export rate rexp, the import rate
of phosphorylated STAT5 rimp2, and the time delay for the processes in the nucleus
rdelay. For the model in a NIH3T3 cell we have only three unknown parameters:
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Table 1 Deviation rates of
the parameters used in the
model for the CFU-E cell

CFU-E CFU-E min CFU-E max

ract (min�1) 11 9 15

rimp2 (min�1) 58 47 71

rexp (min�1) 225 194 260

rdelay (min�1) 265 263 266

Table 2 Deviation rates of
the parameters used in the
model for the NIH3T3 cell

NIH3T3 NIH3T3 min NIH3T3 max

ract (min�1) 187 171 204

rimp2 (min�1) 1010 886 1151

rdelay (min�1) 194 162 232

ract; rimp2 and rdelay. Due to the FRAP experiments described in Sect. 2.3.2 the
export rate of Stat5 rexp has been measured. To determine the unknown parameters,
parameter estimation has been performed using the software PottersWheel [1],
developed to perform data-based modeling of partially observed and noisy systems
like signal transduction pathways.

For each cell type two series of experiments are performed. For the CFU-E cells
the observables in both experiments are: the phosphorylation function pJAK.t/,
the phosphorylated STAT5 u1.t/, the total STAT5 u0.t/ C u1.t/ in the cytoplasm,
and in the nucleus u2.t/ C u3.t/. In the experiments with the NIH3T3 cells either
the phosphorylation function pJAK.t/, the phosphorylated STAT5 in the cytoplasm
u1.t/, the phosphorylated STAT5 in the nucleus u3.t/ and the total STAT5 in the
nucleus u2.t/Cu3.t/ are observed, or the phosphorylation function pJAK.t/, the un-
and phosphorylated STAT5 separately in the cytoplasm u0.t/, u1.t/ and in the
nucleus u2.t/, u3.t/. The data for the parameter estimation have been generated
by quantitative immunoblotting where the specific components have been identified
via antibodies. For an interpretation of the errors of biochemical data see [5], [6].

The parameter estimation process belongs to the class of non-linear least square
problems. The merit function �2, which is optimized in PottersWheel to fit the
model y D y.t I p/, is given by

�2.p/ D ˙N
iD1

�yi � y.ti I p/

�i

�2

: (15)

Here yi are data point i with standard deviation �i and y.ti I p/ being the model
value at time point i for parameter values p. As the measurement errors are normally
distributed, the minimization of the weighted least-square error corresponds to
applying a Maximum Likelihood estimator for the unknown parameters [1]. For the
fitting one can choose between powerful deterministic and stochastic optimization
algorithms. Our data have been fitted 500 times in a fit sequence using the same
dataset where the initial value in the consequent fit is chosen as the best fit in the
previous sequence with randomly disturbed parameters. Only the best 30% have
been analyzed further. The results are listed in Tables 1 and 2 (first column).
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Fig. 3 Data-based ODE modeling of STAT5 phosphorylation in NIH3T3-EpoR cells. NIH3T3-
EpoR cells were serum-starved for 5 h and stimulated with Epo. Cells were fractionated in nuclear
and cytoplasmic extracts. Extracts were subjected to immunoprecipitation with antibodies against
EpoR and JAK2 (cytoplasm only), or STAT5 (cytoplasm and nucleus), and analyzed by quantitative
immunoblotting. Processed data points (blue points) and fits of the mathematical model to the data
(red curves) are shown above. A spline through the data points for phosphorylated JAK2 (upper
left panel) was used as input

For the interpretation of the simulation results it is important to determine
the relative deviation of the parameters: For the NIH3T3 fibroblast cell the
relative deviation for the parameter describing the phosphorylation of STAT5
ract is less than 10% and up to 20% for the delay time rdelay in the delay
reactions considered. For the parameter set of the CFU-E cell the smallest relative
deviation (0.61%) is obtained for the export rate of unphosphorylated STAT5
rexp and the largest relative deviation (27%) is obtained for the phosphorylation
rate ract. The relative deviation of the time delay remains approximately the
same for both models. How these fits could be further improved is discussed in
Sect. 5.

The graph in Fig. 3 represents an exemplary dataset from NIH3T3 cells. Multi-
experiment fitting was performed with PottersWheel.
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Fig. 4 Constructed grid for the CFU-E cell, NIH3T3 cell and a section through the nucleus of the
NIH3T3 cell

3.3 Reaction Diffusion Model

To address the biological question described above, about the way of transport of
the STAT5 molecules in the cytoplasm, we add diffusion for unphosphorylated
and phosphorylated STAT5 in the cytoplasm. Different transport processes can
be modeled by diffusion equations involving different diffusion coefficients. At
first, we model free diffusion using a constant diffusion coefficient based on
measurements by fluorescence correlation spectroscopy (FCS, Sect. 2.3.1). The
diffusion coefficient D D 15 �m2=s D 900 �m2=min is used in the simulations.
The additional transport of the molecules along the microtubules is modeled for the
NIH3T3 cell through an anisotropic diffusion coefficient whereas the mainstream
direction of STAT5 movement is set in the y-direction of the cell.

To model the reaction diffusion equations, we consider two different geometries,
spherical for a CFU-E cell and a long tube with an ellipsoidal body for a
NIH3T3 cell (Fig. 4). To answer the biological question only the cytoplasm has
to be dissolved spatially. The processes in the nucleus such as DNA binding and
dephosphorylation of STAT5 do not have to be known in detail. For their description
it is sufficient to use time delays as black box elements. As already described in
the previous section, phosphorylation as well as nuclear import and export of
STAT5 only occurs on the boundary of our considered computational domain,
the cytoplasm. For this specific question, we therefore obtain a mixed system of
differential equations: two diffusion equations with Robin boundary conditions and
six ODE, two of them are coupled to the PDEs through the import terms and the
other four describe the processes in the nucleus by linear delay equations:

Cytoplasm: ˝cyt

@t u0.t; x/ D D�u0.t; x/ (16)

@t u1.t; x/ D D�u1.t; x/ (17)
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Nucleus: ˝nuc

u0
2.t/ D rdelay

vnuc
� u7.t/ � rexp

vnuc
� u2.t/ C rimp

vnuc
� 1

j@˝nucj �
Z

@˝nuc

u0.t; s/ ds (18)

u0
3.t/ D rimp2

vnuc
� 1

j@˝nucj �
Z

@˝nuc

u1.t; s/ ds � rdelay

vnuc
� u3.t/ (19)

u0
4.t/ D rdelay

vnuc
.u3.t/ � u4.t// (20)

u0
5.t/ D rdelay

vnuc
.u4.t/ � u5.t// (21)

u0
6.t/ D rdelay

vnuc
.u5.t/ � u6.t// (22)

u0
7.t/ D rdelay

vnuc
.u6.t/ � u7.t//: (23)

The initial conditions are the same as used in the previous section. We only have
to pay attention that the concentrations of unphosphorylated and phosphorylated
STAT molecules in the cytoplasm are now space dependent (u0.t; x/ and u1.t; x/).
The phosphorylation, import and export of molecules enter through the Robin
boundary conditions:

D@nu0.t; @˝cyt/ D � ract

j@˝cytj � pJAK.t; x/ � u0.t; x/ (24)

D@nu0.t; @˝nuc/ D � rimp

j@˝nucj � u0.t; x/ C rexp

j@˝nucj � u2.t/ (25)

D@nu1.t; @˝cyt/ D ract

j@˝cytj � pJAK.t; x/ � u0.t; x/ (26)

D@nu1.t; @˝nuc/ D � rimp2

j@˝nucj � u1.t; x/; (27)

where @˝cyt represents the outer boundary of the cell, i.e. the membrane and @˝nuc

the boundary of the nucleus.
At this point it is important to note that the diffusion coefficient is related to

the measured parameters. The input curve for the phosphorylation of the STAT5
molecules (pJAK(t)) must be recalculated in a form of concentration using the
number of receptors of the specific cell type. For the CFU-E cell, we have:

pJAK.t; x/ D
(

1:244 � pJAK.t/ for x 2 @˝cyt

0 elsewhere
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and for the NIH3T3 cell:

pJAK.t; x/ D
(

5:65 � pJAK.t/ for x 2 @˝cyt

0 elsewhere.

In this input the number of receptor molecules on the cell surface is hidden. For
CFU-E cells the maximum number of ligand binding sites, i.e. available receptor
dimers at the cell surface, has been reported to be approximately 1,000 [9] yielding
2,000 receptor molecules at the surface of a CFU-E cell. In NIH3T3 cells we
overexpress the receptor, presumably generating a higher density of receptor at
the cell surface. As the number of cell surface receptors is difficult to measure we
have assumed that the receptor density is similar to that in another cell line with
overexpressed receptor (BaF3-EpoR, V. Becker, personal communication) and have
assumed 28,000 receptor molecules at the surface of a NIH3T3 cell for our model.

For the reaction diffusion system (16)–(27), we have to introduce the correspond-
ing functional spaces, which will assure the solvability:

Definition 1. Let X denote a real Banach space with Norm jj jj. ˝ is an open and
bounded subset in IRn. The space Lp..0; T /; X/ consists of all strongly measurable
functions u W Œ0; T � ! X with

jjujjLp..0;T /;X/ WD .

Z T

0

jju.t/jjpdt/
1
p < 1

for 1 � p < 1, and

jjujjL1..0;T /;X/ WD ess supjju.t/jj < 1:

For our system X D H 1
0 .˝/, H �1 is the dual space of X, and we have

H 1
0 .˝/ � L2.˝/ � H �1.˝/:

The well-posedness is shown by following theorem:

Theorem 2. For the given set of data the initial-boundary value problem (16)–(27)
is well-posed. There is a unique global solution u D .u0; :::; u7/, with u0; u1 2
L2..0; T /I H 1.˝//, @t u0; @t u1 2 L2..0; T /I H �1.˝//, and u2; :::; u7 2 C 1Œ0; T � on
any time interval Œ0:T �.

The proof of this theorem can be done in a standard way by decoupling the
equations for ui , i D 0; 1; 3; : : : ; 7 and applying the Banach fixpoint theorem to
u2. It can be found in [2] and will be addressed in a forthcoming paper together with
some additional properties of the solutions for generalized nonlinear mixed systems
resulting from signaling.
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Fig. 5 The solution u0.t / (unphosphorylated STAT5) of system (1)–(13) in comparison to the
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Fig. 6 The solution u0.t / (unphosphorylated STAT5) of system (1)–(13) in comparison to the
solution u0;h.t / D R

˝cyt
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u1.t; x/dx of
system (16)–(27) (right) in a NIH3T3-cell

The numerical simulations use the in house Finite Element software Gascoigne
[10], which provides tools for grid generation, discretization by bilinear Finite
Elements (Q1), timestepping by the Crank–Nicolson, and solution of linear systems
by a multigrid algorithm.

4 Results

The results of the simulations of system (1)–(13), dotted line, and system (16)–(27),
solid line, are plotted for CFU-E and NIH3T3 in Figs. 5 and 6, respectively. There,
we visualized the differences between the time distribution of the concentration
of unphosphorylated STAT5 and phosphorylated STAT5 from the system without
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diffusion with ui;h.t/ D R
˝cyt

ui .t; x/dx, i D 0; 1, where u0.t; x/; u1.t; x/ are
solutions of the system with diffusion. In CFU-E cells no effect of diffusion is
observed on the time distribution of phosphorylated STAT5 concentration. There,
the distance from the cell membrane to the nucleus is very short (Fig. 1). Therefore,
addition of diffusion of cytoplasmatic STAT5 does not alter the results. The
model (1)–(13) describes the considered pathway in the CFU-E cells very well
(Fig. 5). In NIH3T3 cells adding diffusion of cytoplasmatic STAT5 cause a higher
time distribution of the concentration of phosphorylated STAT5 in the cytoplasm
(u1.t/) as well as a different steady state (Fig. 6). This is due to the long distance,
which the molecules have to travel, to get from the membrane to the nucleus. The
higher concentration of phosphorylated STAT5 in the cytoplasm is compensated by
a lower concentration of phosphorylated STAT5 in the nucleus, which indicates that
the addition of diffusion does not change the amount of phosphorylated STAT5 in
the whole cell.

For NIH3T3 cells the discrepancy between the model with diffusion and
without diffusion is small (smaller than 1 molecule=�m3, Fig. 6). To answer the
biological question, we simulated various transport processes considering the same
parameters in each model (data not shown). Each transport process shows a distinct
concentration development during time but the same dynamics due to the linearity of
the system. Only because of fast diffusion the differences are very small. Also, the
cell geometry influences the temporal development of the phosphorylated STAT5
molecules concentration in time. Here, the differences are more visible, even with
fast diffusion (Fig. 6).

5 Perspectives

A meaningful interpretation of the simulation results can be obtained only after
analyzing the reliability of the parameters. Sensitivity analysis is used to determine
how sensitive a mathematical model is with respect to changes in its parameters
and structure. We perform a series of tests, in which we choose different parameter
values from our fit, to see how changes in parameters cause changes in the
dynamical behavior of the model. The model responds to changes in the parameters
is shown in Fig. 7. There, the absolute deviations are presented of the concentrations
of STAT5 from those of pSTAT5 calculated with the specific parameters. The
calculation of the relative deviation of the concentrations lets us conclude that their
effect on the concentration parameters is of the same order or even larger than the
effect of the diffusion. The level of accuracy of our parameters is not sufficient. Thus
the question, which transport process is used by the STAT5 molecules to shuttle to
the nucleus, remains open.

Additionally, the limitations of the experimental techniques make the
interpretation of the results difficult. Simulation results and experimental results
are not always directly comparable as illustrated by the biochemical experiments.
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Fig. 7 Sensitivity analysis as a series of tests in which we set different parameter values to see how
a change in the parameter causes a change in the dynamic behavior of our model. In this figure we
see the absolute deviation between the concentrations of the un- and phosphorylated STAT5 in the
cytoplasm of a NIH3T3 cell with rates from Table 2

From the simulation results, we obtain the concentrations of the involved pathway
components in a single cell whereas the biochemical data is generated from a
large cell population and is affected by losses of cellular components due to the
biochemical purification. This yields only averaged, relative concentrations that are
difficult to convert to absolute numbers. A direct comparison of the observables
from experiments with the ones from simulations is therefore not possible here.

The detailed study of the two models give us some indications under which
conditions an answer of the biological question might be possible. For similar linear
models in signal transduction, we can conclude for which geometry and diffusion
coefficient diffusion may play an important role in the dynamics of the observed
pathway. First steps towards such experimental design have been done here: For
the considered pathway, we have to reduce the relative deviation of the model
parameters # in order to better answer the biological question. One possibility is
to add the observable y.t; #/,

y.t; #/ D u2.t; #/ C u3.t; #/

u0.t; #/ C u1.t; #/
;

from live cell imaging experiments (Fig. 8) to the estimation of the parameters. In
microscopy, a better time resolution can be easily achieved, which should have
a positive effect on the relative deviation of the parameters. Recently, spatially
resolved diffusion times have been measured for fluorescently labeled molecules
in cells by diffusion imaging microscopy [4]. Similar measurements could be
performed to investigate possible anisotropic diffusion of STAT5. Experimental
design could be further optimized to determine which measurements should be done
in order to obtain better results. Furthermore, new biological questions could arise
from the observed model behavior, e.g., is STAT5 phosphorylated on the appendices
of fibroblasts and are there active Epo receptors at all?
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Fig. 8 Live cell imaging of STAT5-GFP nuclear accumulation after Epo stimulation. NIH3T3-
EpoR cells expressing STAT5-GFP were serum-starved for 5 h and transferred to the microscope.
After addition of Epo, cells were imaged on a confocal microscope for a minimum of 4 h at
37ıC. The maximum of nuclear accumulation of STAT5 was observed around 23 min. Scale bar,
20 �m. The graph shows the ratio of total nuclear STAT5-GFP to total cytoplasmic STAT-GFP
after stimulation with Epo. Different symbols and grey scales represent individual cells

In this paper our aim is to emphasize the importance of interdisciplinary research
on the example of the JAK2/STAT5 signaling pathway. High-quality quantitative
measurements (Fig. 2) together with mathematical modeling, computational simu-
lations, parameter estimation and experimental design helps to decide whether and
which scientific question can be answered based on existing laboratory constraints.
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The Importance and Challenges of Bayesian
Parameter Learning in Systems Biology

Johanna Mazur and Lars Kaderali

Abstract In the last decade a new research field has emerged: Systems Biology.
Based on experimental data and using mathematical and computational methods,
systems biology attempts to describe biological behavior in a quantitative dynamic
way. Biological data contains a lot of noise and there is only a limited amount
available due to high experimental effort and cost. Thus, for parameter estimation
from this kind of data, their stochasticity and the problem of non-identifiability
of model parameters has to be taken into account. One way to do this is using
a Bayesian framework, where one obtains distributions over possible parameter
values, and these are then further analyzed. In this article we describe the potential
impact of Bayesian parameter learning on systems biology, and discuss challenges
arising from a Bayesian approach.

1 Modeling and Parameter Estimation in Systems Biology

Systems biology deals with the description of biological aspects by mathematical
and computational approaches to obtain a systems point of view. Traditionally, a lot
of qualitative data and knowledge was collected for single molecules of a cell or
an organism. Systems biology now deals with the task to describe, in quantitative
terms, the dynamic system’s behavior resulting from the interplay between these
single parts. The paradigm of systems biology approaches is that new properties
emerge as the system is considered as a whole, which are not apparent at the level
of individual components.
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Fig. 1 Schematic view of
gene expression in a
eukaryotic cell. First, in the
nucleus the DNA is
transcribed into messenger
RNA (mRNA). In the next
step, mRNA is exported into
the cytoplasm. There it is read
and translated into a protein

For example, let us consider the case of gene expression. In Fig. 1, a scheme is
provided for the basic mechanisms occurring in gene expression in a eukaryotic cell.
First, a gene encoded on the DNA is read and a complementary copy, messenger
RNA (mRNA), is produced. This process is called transcription. This mRNA is then
exported into the cytoplasm, where it is read and a protein is formed. This process
is called translation. The obtained protein is further used for one or several special
cellular functions. One might now ask, which gene is responsible for which cellular
function, but biology is not that easy, e.g., a special cellular function may only be
maintained if several proteins are present at the same time, or a protein may be used
to start an increase or decrease of the transcription of another gene. Thus, in systems
biology, we look at gene regulatory networks (GRNs), which are used to analyze the
mechanisms occurring in a cell from a systems point of view. GRNs represent a col-
lection of gene products, e.g., mRNAs or proteins, and their interactions. They have
been modeled in several ways. Basically, there are four classes of models [12,13]:

1. Logical models discretize gene expression data to describe GRNs qualitatively.
2. Correlation based models connect similarly expressed genes to describe GRNs

qualitatively.
3. Continuous models are deterministic models based on ordinary differential

equations (ODEs) which describe GRNs quantitatively.
4. Single-molecule models are stochastic models, i.e., starting with an initial point,

the underlying model will produce different trajectories according to a provided
probability, describing GRNs quantitatively.

All of these models contain parameters, which have to be specified either by
searching the literature, e.g., for reaction and/or degradation rates of molecules, or
by fitting the model to data, e.g., for abstract parameters not directly corresponding
to biology or for reaction rates not yet known.

In the next section we will describe the importance of Bayesian parameter learn-
ing in systems biology, motivated by the example of modeling GRNs. Furthermore,
we give the challenges that arise when using a Bayesian framework. In Sect. 3, we
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motivate Bayesian experimental design and give a promising approach of how it can
be performed efficiently.

2 Bayesian Parameter Estimation in Biological Systems

In the last years, Bayesian learning has become more and more important in the life
sciences. Here we only want to name a few recently published methods and software
tools available for systems biological purposes. As a first example, Wilkinson
recently reviewed Bayesian methods for heterogeneous biological systems [26].
Further, he summarized his work on stochastic kinetic models by using Bayesian
learning [25]. Girolami gave an introduction to Bayesian methodology applied to
models based on ODEs [7]. Furthermore, he and his colleague offer a software
tool called BioBayes, where one can import SBML descriptions of biochemical
models together with experimental data to perform Bayesian parameter learning
and compare models by calculating Bayes factors [23, 24]. For reverse engineering
of GRNs, we recently embedded a system of non-linear ODEs into a Bayesian
framework [16].

In Bayesian parameter estimation, one starts with data D D fd1; : : : ; dng and
a model M.!/ with parameters ! D .!1; : : : ; !k/. The idea is now to obtain a
posterior distribution of the model parameters ! given the data D. This is obtained
by using Bayes’ theorem:

p.! j D/ D p.D j !/p.!/

p.D/
; (1)

where p.D j !/ is the likelihood function giving a probability density of the
data given model parameters !, i.e., a density relating the model M.!/ with its
parameters to the given data. Further, p.!/ denotes a prior distribution on the model
parameters and p.D/ is a normalizing factor independent of the model parameters.
Thus, the posterior distribution according to (1) gives a trade-off between the
available prior knowledge and the knowledge about the model parameters being
inherent in the data. In other words:

The posterior distribution updates the knowledge of the model parameters ! according to
the measured data D.

For deterministic models, we can give a likelihood, which coincides with the
least squares approach usually used for parameter estimation problems. This is done
by assuming that every data point di , i 2 f1; : : : ; ng, is corrupted by mean zero
Gaussian noise "i with variance �2

i , i.e., "i � N .0; �2
i /. Let us further denote by �2

the vector containing all noise parameters �2
i , i.e., �2 D f�2

1 ; : : : ; �2
ng. With this we

obtain a likelihood:

p.D j !; �2/ D
nY

iD1

e
� 1

2�2
i

�
di �M.!/

�2

q
2��2

i

; (2)
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which is the probability density of the data given some parameters ! and �2. By
using a maximum likelihood approach one can now obtain the parameters which are
most likely to describe the data. This corresponds to the parameters obtained with a
least squares approach, as can be seen when taking the logarithm of p.D j !; �2/

and neglecting terms independent of !. However, a likelihood can also be created
for other noise models and can have, in general, any desired form which relates the
model parameters to the data.

2.1 Importance

This subsection deals with the question, why Bayesian parameter learning is
important in systems biology. Let us again look at the case of gene expression. The
rough sketch described in Sect. 1 only tells half of the story. The processes described
there correspond to biochemical reactions which, of course, can only occur if the
desired molecules are present at the same time and at the same place. Since this
cannot be guaranteed, reaction events are not predictable. We refer to this as intrinsic
noise in biological systems. In the gene expression case, intrinsic noise may arise,
for example because of the stochasticity of mRNA transcription or degradation, i.e.,
mRNA is decomposed into smaller chemical substances.

Another important noise type for parameter estimation is the measurement noise,
here called extrinsic noise. To measure gene expression, there are two common
methods: microarray and qPCR. The first one is a high-throughput method able to
give DNA abundance for the whole genome of a species. But it also provides a lot
of extrinsic noise. qPCR on the other hand, produces data with lower experimental
noise but is expensive to perform. Thus, the data available is either limited, or
contains a lot of (extrinsic and intrinsic) noise or, as in most cases, both.

To obtain now the desired quantitative models of a biological system, one
has to take into account the different kinds of noise present in the data. Single-
molecule models, as presented in the previous section, are suitable to capture the
intrinsic noise for the case where only a small number of cells are considered.
Although parameter estimation given stochastic models is difficult to perform and
an ongoing research topic far from being solved, Boys et al. [3] showed that a
Bayesian parameter estimation framework is capable of accomplishing this task.
Bear in mind, that for stochastic models, one cannot define a distance function
to use in optimization in an obvious way, as in the deterministic case described
above. Regarding a larger number of cells, the importance of the intrinsic noise
decreases, since the experimental data can be considered as the mean value over the
gene expression values for all the cells. In that case, deterministic models provide a
suitable approach.

Parameter estimation problems in systems biology have to deal with limited
data which contain a lot of noise. Thus, these parameter estimation problems pose
challenging tasks and are usually non-identifiable, i.e., different parameter sets may
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describe the given data in a similar way. The non-identifiability problem is of
special importance for gene regulatory networks, where different network structures
represent the same data. In that case, one wants to know all underlying networks to
investigate them further. Another difficulty arising in parameter estimation problems
in systems biology is sloppiness, which was recently argued to be present in systems
biological models [9]. Sloppiness means that the eigenvalues of the covariance
matrix around a point estimate span many decades and their eigenvectors are
skewed from their underlying parameter axes. Thus, even if we have only one mode
in the posterior distribution, a wide range of parameter values may describe the
experimental data in a similar way.

So we have seen that we have to deal with a lot of problems in parameter learning
for systems biological models. Bayesian parameter estimation is able to deal with
these difficulties and desires. In (2) we saw how noise inherent in the experimental
data is taken into account to obtain a probability density of the experimental
data, given the parameters of the underlying model. By using Bayes’ theorem, we
incorporate prior knowledge into the parameter estimation task to bound the search
space for the parameters which helps with the non-identifiability problem. Such
prior knowledge can be extracted from one of the numerous databases that exist for
qualitative descriptions of biological behavior. In cases where no prior knowledge
is available, one can use the uniform distribution over model parameters. The
most important advantage of Bayesian parameter learning is its ability to provide a
complete distribution over model parameters. Thus, one is able to look into, first, if
there are different parameter sets consistent with the data and, second, if so, look into
more detail at every one of them and rework the model, or measure additional data
if necessary. The distributions obtained in Bayesian approaches are highly useful to
design such additional experiments.

2.2 Challenges

Although we have seen, that Bayesian parameter learning is highly desirable and
important, we also have to deal with some problems in the efficient treatment
of Bayesian parameter learning algorithms, which has to be kept in mind when
using them.

First, one has to consider that since the posterior distribution (1) is analytically
tractable only in simple cases, e.g., for linear models, one has to approximate it.
Methods which can find out of a family of given distributions the one which can best
approximate the posterior distribution are: Laplace approximation (fits a Gaussian
distribution) or variational Bayesian methods (fit all kinds of distributions). Since
one usually does not know in advance, which distribution, or even if a standard
distribution will fit the desired posterior distribution, we will focus on Markov chain
Monte Carlo (MCMC) algorithms to obtain a set of samples from the posterior.
In MCMC algorithms one starts with a starting value for the parameters in the
model, and then creates a Markov chain which reaches the desired distribution, also
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called the stationary distribution, after a burn-in phase independent of the starting
value. Such a Markov chain is also called ergodic. Thus, in theory we will obtain
with infinitely many samples an excellent approximation of the desired distribution.
Since in practice we have to deal with finite samples, we need an efficient algorithm
which:

1. Converges fast to the stationary distribution.
2. Has a good mixing rate, i.e., the algorithm samples from the whole distribution

in an efficient way and does not get stuck in modes.

The Metropolis–Hastings (MH) algorithm [10, 17], one of the simpler MCMC
schemes, samples from the desired distribution �. � /. It requires a proposal dis-
tribution q.x; � /, also called transition kernel, to propose a new sample y which is
accepted with the probability

˛.x; y/ D min

�
1;

�.y/q.y; x/

�.x/q.x; y/

�
: (3)

Otherwise the chain stays at state x and a new sample is proposed. The MH
algorithm has the drawback that it samples only locally, and thus requires a large
number of steps to sample the full support of a distribution. Furthermore, it shows a
random walk behavior, such that the mixing rate is poor. This random walk behavior
can be circumvented by performing the steps in a more global way. To give one
example, the hybrid Monte Carlo algorithm [6] introduces momentum variables
� with associated energy K.�/, and then iteratively samples � from K.�/ and
follows the Hamiltonian dynamics of the system H. � ; �/ WD � ln �. � / C K.�/

to explore the whole state space. This algorithm is based on the physical fact that
a state is completely described by its position and its velocity, and the energy of
an unperturbed system is always constant and is the sum of the energy of the
position and the energy of the velocity. The Bayesian inference problem for model
parameters is then represented by an imaginary physical system in which the state
corresponds to the set of unknown parameters !. The energy of the positions, the
potential energy, is described by the distribution �. � / we are interested in. The
energy of the momentum variables K.�/, the kinetic energy, which describes the
velocity of the system, follows a multivariate Gaussian distribution, and thus is
easily sampled. A detailed analysis of the hybrid Monte Carlo algorithm can be
found in [18]. As a last remark, one has to mention that this algorithm is only usable,
provided derivatives of �. � / according to the parameters can be calculated.

Another approach is by using adaptive MCMC [1], where a combination of
parameterized proposal distributions qk;� are used and the parameters � are updated
during the sampling procedure to obtain an “optimal” (often a criteria expressed
by expectations of the stationary distributions reached with the considered Markov
chains) transition kernel which converges fast to the stationary distribution and
has a good mixing rate. The problem with adaptive MCMC is, that the ergodicity
constraint may be violated. This can be bypassed by stopping adaptation after one



The Importance and Challenges of Bayesian Parameter Learning in Systems Biology 151

is sure to have reached an optimal value of � . However, then one is going in circles
like Andrieu and Thoms [1] state:

. . . most criteria of interest [on the parameters � ] depend explicitly on features of � , which
can only be evaluated with. . . MCMC algorithms.

A further approach are population-based MCMC algorithms [11]. The idea is
to start several Markov chains with different densities �n, n 2 f1; : : : ; N g, and to
construct a valid MCMC algorithm which has

�� WD
NY

nD1

�n

as its invariant distribution where at least for one n, we have �n D � . The sequence
of distributions �n can be selected in such a way that they are easier to simulate
than � . Jasra et al. [11] suggest to use a combination of tempered and stratified
densities for ��. The first one introduces temperature variables �n 2 .0; 1� and
uses �n / Œ���n . The idea is that for high temperatures, i.e., �n close to zero, the
distributions are easily sampled and help to enlarge the mixing rate of the algorithm.
The objective of the second one is to take a partition of the parameter space and
provide an optimal kernel on each subpart. The chains in population-based MCMC
algorithms are started with different starting points, chosen from a distribution
which is over-dispersed compared to the desired distribution. On the chains then
one of the following three “genetic operators” is applied: mutation, crossover or
exchange. The mutation operator deals with the local exploration of the state space.
The crossover and the exchange operator deal with the global exploration of the
state space to exchange information between chains. To ensure that the ergodicity
constraint is fulfilled, the genetic operators are accepted according to (3).

Which of these MCMC algorithms is suitable for a special problem, cannot be
answered in general. This is a problem specific question. However, since models
in systems biology are usually nonlinear, as they should be able to describe com-
plex biological behavior, like oscillations or switch-like behavior, the underlying
posterior distribution may contain a lot of ridges and is multimodal. This is nicely
illustrated in [7] for a simple model of a Circadian Oscillator. In our opinion,
population-based MCMC algorithms are a good choice for complex biological
models.

Another problem often seen is that the posterior is flat in a particular coordinate
direction, indicating a model which is not identifiable. Recently, Gustafson [8]
and Xie and Carlin [27] gave some proposals as to how the informativeness of
data on Bayesian parameter estimates can be measured in non-identified models.
This may be even more relevant in the case where only limited amounts of and
vague biological prior knowledge is known. To obtain more informative data, an
experimental design framework for the Bayesian context is described in the next
section.
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3 Bayesian Experimental Design in Systems Biology

As described in the previous section, we usually have only a few data points to
use to reverse engineer the parameters of the model, which leads to identifiability
problems of the parameters. The incorporation of prior knowledge helps with this
shortcoming, but still the search space is typically very large and several regions in
the parameter space may describe the data and the biological system equally well.

In Fig. 2, a typical framework for the development of a mathematical model is
shown. First, from biological knowledge, a mathematical model is designed, which
is used to predict some biological behavior. If this prediction does not adequately
describe the biological behavior, experimental design has to be performed to
determine new wetlab experiments which will improve the mathematical model
and/or the parameter estimates of this model the most. If now the prediction of
this newly obtained model describes biology accurately, we have found a model of
interest. Since the uniqueness of such a model cannot be guaranteed, we can end up
with several indistinguishable models. To stick to one model at the end, Occam’s
razor can be used to find the “simplest” model which describes the biological
behavior of interest. However, since biological experiments take a lot of effort and
are very expensive, the experimental design step is a crucial one.

For a review of experimental design methods used in systems biology see [15].
Most often one “minimizes” the inverse of the Fisher information matrix F , which is
defined as the covariance matrix of the estimated parameters. Common scalar values
for the “minimization” of F �1 are the minimization of the determinant (D-optimal
design) or the minimization of the sum of eigenvalues (A-optimal design). These
classical alphabetic experimental designs were introduced by Kiefer in 1959 [14].
An application of an alphabetic optimal experimental design for the parameter
estimation of a cell signaling model is given in [2].

The whole motivation for Bayesian parameter estimation deals with the fact
that different parameter values may describe the given data in a similar way. Thus
classical alphabetical experimental designs are not appropriate, since they assume
that the estimated parameters are near to the true parameters, and therefore only
the covariance matrix around this point is considered. To deal with several possible
parameter values, one can use Bayesian experimental design (BED). For a detailed
introduction into BED, see [5].

Already in 1978, O’Hagan [19] stated concerning BED:

. . . I cannot see how one can realistically approach optimal design in any other way.

Now, we want to give the main idea of BED. As a first ingredient we need
the predictive distribution for future data d for experiments e of interest, e.g.,
concentrations of mRNA at different time points. With a model M.!/ at hand
and prior knowledge on the model’s parameter values !, we obtain as predictive
distribution

p.d j M / D
Z

p.d j !; M /p.!/ d!: (4)
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Fig. 2 General cycle of creating mathematical models in systems biology. Starting with a
mathematical model, some biological behavior is predicted. If this does not describe the biology,
experimental design is performed to determine optimal new wetlab experiments, which are then
used to improve the mathematical model. Once we obtained a model which predicts biological
behavior accurately, we are done

The next step now is to use Bayesian decision theory to decide which experiment to
perform next. For this purpose one needs a utility function U.d; e/ which depends
on the experiments we can perform and on the data these experiments will give us.
Since we do not know how the data will look like before the experiment is made,
the experiment of interest is where the expected utility

EU.e/ D
Z

U.d; e/p.d j M / dd (5)

is maximal. Most often, the information of the new posterior distribution is
used as the utility function for BED. For a continuous random variable X , with
corresponding density function f , the information I.X/ is defined as

I.X/ D
Z

f .x/ ln
�
f .x/

�
dx D � Ent.X/; (6)

where Ent.X/ denotes the entropy of X . The entropy of a random variable gives a
measure of the uncertainty of this random variable, i.e., high entropy contained in
X means low information contained in X , and vice versa. Lately, Busetto et al. [4]
showed that BED outperforms alphabetic experimental designs for models for the
TOR pathway of Saccharomyces cerevisiæ.

However, although there is a rich theory concerning BED, analytical solutions
are only available for linear models and assuming Gaussian distributions. Recently,
Steinke et al. [21] used Bayesian experimental design to identify gene regulatory
networks out of a linearized ODEs model together with perturbations of the steady
states. In the case of realistic biological models, i.e., non-linear models, BED
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has to be solved with sampling methods, i.e., with MCMC algorithms. This is
computationally intractable without further considerations, since triple integrals
over prior model parameters, data and posterior model parameters have to be
solved (for illustration simply set (4) and (6) into (5)). Shewry and Wynn [20]
introduced in 1987 Maximum Entropy Sampling (MES) for Bayesian experimental
design purposes. Recently, MES was applied by van den Berg et al. [22] on seismic
amplitude versus offset experiments. Thus far, to our knowledge, MES was not
applied in the field of systems biology.

The idea of MES in BED is to reformulate the computationally intractable
problem of finding the experiment, such that the new posterior distribution over
model parameters has maximal information. This is accomplished by finding the
experiment such that the distribution of the data generated with this experiment has
maximal entropy. In other words:

Perform the experiment where you know the least!

This strategy is numerically much simpler since we only need the predictive
distribution of the data generated from some specific experiment. Thus, we just have
to simulate data of the underlying model according to the distribution of the model
parameters obtained in a first run of Bayesian parameter estimation. Hence, we only
have to solve one integral over prior model parameters (see (4)).

4 Summary and Outlook

In this article we argue that, since there is only a small amount of biological data
available, which additionally contains a lot of noise, Bayesian parameter estimation
is important in the field of systems biology. This is due to the fact that Bayesian
parameter estimation procedures give probability distributions over models and
model parameters, and such provide the possibility to account for different possible
explanations for the underlying data. Additionally, prior biological knowledge can
be used to reduce the search space.

We also discussed the challenges concerning Bayesian parameter learning. Since
the desired posterior distributions are usually not of a simple form and contain a
lot of ridges and modes, we need an efficient MCMC algorithm to get the desired
samples. Several possibilities exist, such as the hybrid Monte Carlo algorithm,
adaptive MCMC algorithms or, as a very promising approach for complex biological
models, population-based MCMC algorithms.

In our opinion, a very important focus for future research will be the development
and implementation of efficient algorithms for Bayesian experimental design. Max-
imum entropy sampling offers a potent possibility to make this task computationally
feasible.
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Experiment Setups and Parameter Estimation
in Fluorescence Recovery After Photobleaching
Experiments: A Review of Current Practice

J. Beaudouin, Mario S. Mommer, Hans Georg Bock, and Roland Eils

Abstract Fluorescence Recovery After Photobleaching (FRAP) is a popular and
versatile family of methods used to estimate mobility and reaction parameters
in cellular systems. Part of an area containing a fluorescently labeled species is
bleached using a laser, and the effect of the perturbation of the spatial concentration
profile of the fluorescent species is monitored. Subsequently, the collected data is
reconciled with a model of the dynamics, thus yielding estimates for the parameters
of interest. While originally devised to elucidate transport parameters, it was soon
extended to the estimation of reaction rates, and is also used nowadays to answer a
variety of questions on the organization of cellular systems.
In this chapter, we review a variety of different approaches, classifying them
according to the sources of uncertainty that are addressed or ignored, and the type of
parameter that they attempt to estimate. We would like to highlight the importance
of the general methodology as a tool that can be widely applied to a large number
of situations.
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1 Introduction

Fluorescence recovery after photobleaching (FRAP) has become a method of choice
to investigate protein mobility in different media including living cells. The method
relies on the introduction of a fluorescent dye on a molecule of interest, on the
local perturbation of fluorescence distribution of the molecule population and on the
monitoring of fluorescence redistribution over time. The quantitative interpretation
of the kinetics of fluorescence redistribution can eventually lead to the identification
of the main processes that drive molecule mobility, and of their kinetic parameters,
and thus ultimately to a better understanding of intracellular processes.

The mathematical description of the general FRAP methodology can be stated as
follows. We start by considering a domain ˝ , usually representing the spatial extent
of a cell or an organelle.

Within this domain ˝ , we consider a fluid which includes the fluorescently
labelled species of interest. Transport within this fluid obeys, in the general case,
a reaction–diffusion–convection law (Anomalous diffusion can also be modelled
using reaction diffusion equations, see [15]). This law is parameterized by the quan-
tities of interest (reaction, diffusion, or convection coefficients) whose estimation is
the immediate objective of the FRAP experiment.

To achieve this objective, the experimenter perturbs the concentration profile
of the fluorescent component, and records the response of the system to that
perturbation. Finally, a model of the process is used to obtain the parameters, using
either optimization methods, or closed form expressions that have been derived for
some cases.

Essentially, we have the following setting. The transport of the set of species of
interest is given by a law of the general form

@u

@t
D D.p/4u C a.p/ � ru C f .u; p; v/ on ˝ (1)

together with boundary conditions

0 D F

�
u;

@u

@n

�
on @˝ (2)

where p captures the relevant parameters, and v is a time-dependent control
representing the bleaching process. The domain ˝ is in R

3, but is often considered
for modelling purposes to be in R

2, as discussed later.
To obtain measurement values y D Jq.u/ for the estimation of parameters,

there is an a measurement function Jq involved, that has its own parameters q,
which may or may not have to be estimated separately or together with the
quantities of interest, depending on the situation. Such additional parameters may
be physiological properties of the cell, as well as performance characteristics of the
microscope. In a FRAP experiment, the measurement function is always defined in
terms of spatial distribution of the fluorescence of the sample.
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It is important to note that the setting of (1) is not in general a feasible model for
parameter estimation, and we have to regard it as an idealized setting from where
to derive more practical models. The actual, physical domain ˝ in a cell under
study has a very complex geometry whose details remain hidden to the experimenter
under normal conditions. Additionally, including this complex geometry for the
analysis may not be trivial (see e.g. [19]). Likewise, (1) has a very complex form, if
considered in full, that includes many different types of interactions and additional
species.

Thus, to obtain the parameters of interest, the investigator must use a simplified
model for the estimation of the parameters. In it, a simplified geometry for ˝ is
chosen, and some of the terms in (1) are simplified using additional information
on what is relevant for the system. The FRAP family of techniques is notable
from a parameter estimation and experiment design perspective due to the richness
of possibilities in the choices of the experimental setup, measurement, modelling,
simulation, and parameter estimation techniques involved. The choices are driven
by the uncertainty present in the data, the particularities of the subject of study, as
well as by the limitations and capabilities of the wide range of instruments that can
be used.

In the following pages we will give an overview on how this setting occurs
in actual applications. Different quantitative analysis approaches proposed in the
literature over the last three decades will be presented, with a main focus on the
analysis of protein mobility in living cells. We will also discuss the assumptions and
the limitations of the methods, related to potential experimental artefacts, complex
geometries and parameter identifiability. We will observe that the freedom of choice
of ingredients mentioned in the previous paragraph is indeed an important practical
aspect of the methodology, and not simply a theoretical possibility. We will also be
able to appreciate the importance of the technique by noticing that many instances
of the methodology are developed and published alongside a study of a relevant
biological problem.

2 The FRAP Experiment

To perform a FRAP experiment in living cells, one must first fluorescently label
molecules, most of the time proteins, of interest. In the context of protein, this
step has been greatly facilitated by the introduction of fluorescent proteins as a
standard tool of molecular biology in the 1990s [10]. Many different variants of
fluorescent proteins have been developed, covering the whole range of visible light.
These fluorescent proteins can easily be fused to proteins of interest using standard
molecular biology approaches to clone genes that encode for such protein fusions
and transfection to bring these genes in living cells where they are eventually
expressed.

The experiment itself is performed by perturbing the fluorescence distribution of
the tagged proteins [14]. The standard experiment consists of using photobleaching.
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Fig. 1 FRAP experiment simulation. A population of green molecules (Prebleach) diffusing with
a diffusion coefficient of 6 �m2/s was locally bleached within the white circle for 1 s. Fluorescence
redistribution was simulated over time (Postbleach), and fluorescence recovery inside the bleached
region was measured and normalized with the total intensity of the molecule population. Scale
bar: 5 mm

Briefly, when a fluorescent molecule is brought from its ground to its first electronic
state by a photon of the right energy, it can emit a photon with a lower energy, a
process called fluorescence. Once in the excited state, there is also a probability that
the fluorescence molecule switches to states where it is not fluorescent anymore,
a process that we summarize as photobleaching. While this process occurs when
fluorescent molecules are observed, it can be enhanced by applying a strong exciting
light to pump as many molecules as possible in the excited states and to bring them
in the photobleached state.

To achieve the local perturbation of fluorescence distribution required for FRAP,
one needs to photobleach a pool of the fluorescent protein population. This is
typically achieved by using a laser at a wavelength that can excite the fluores-
cent protein. Such an experimental technique is now available in any laboratory
equipped with a confocal laser scanning microscope (CLSM). Such an instrument
is producing images of fluorescent samples by scanning them pixel-per-pixel and
measuring the fluorescence intensity of each pixel. The instrument is typically
equipped with an acousto-optical tunable filter that permits an almost instantaneous
switch from 0 to 100% of laser intensity from one pixel to the other during the
scanning process. This allows to perform the photobleaching in any desired region
within the fluorescent sample. Other microscopes used in biological laboratories
like wide-field or spinning disc microscopes may also be equipped for FRAP.

The typical setup of a FRAP experiment using a CLSM is as follows. Images
are acquired at a specific set of time points, not necessarily evenly spaced. During
the acquisition of one of those images, a local pool of fluorescent molecules is
bleached through an increase of intensity of the scanning laser. Images acquired
after this point are used to monitor the redistribution of fluorescence (see Fig. 1).
Photobleaching is typically kept as short as possible but easily requires hundreds of
milliseconds to achieve a good contrast between bleached and non-bleached regions.
The resulting perturbed concentration of fluorescently labeled proteins, also known
as the bleach profile, is used as an initial condition in the simulations needed for
parameter estimation.
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Due to the time constrains imposed by the fluorescent recovery, and technical
constraints of the equipment, in many cases images are acquired in two dimensions,
even if the sample is three-dimensional. For all the methods, we assume that the
chemical properties of molecules are not changed by bleaching and that the FRAP
is performed on population of molecules that remains in steady state over the
whole experiment.

3 Quantitative FRAP Analysis

The quantitative analysis of a FRAP experiment can be seen as a two-dimensional
process: it depends not only of the design of the experiment, but also on the type
of process that is being investigated. In the biological context, these processes are
limited to diffusion, chemical interactions and flow. In this section, we will mostly
focus on the type of analysis depending on the design of the experiment and cover
two processes that have raised interest in cell biology in the past years: diffusion
and interactions.

3.1 Spot Bleaching

The historically first FRAP approach to be used and quantitatively analyzed was the
so-called spot bleaching. It consists of bleaching a small 2D-isotropic area of the
fluorescent sample and monitoring the fluorescence recovery within this region.
The data that is used for estimating the parameters consists in the percentage
of prebleaching fluorescence intensity observed in the bleached area over time,
and is called the recovery curve. Most analysis proposed in the literature assume
instantaneous bleaching, or that molecules do not significantly move during the
time interval when the laser is bleaching. Axelrod et al. [1] proposed the first closed
solutions for the fluorescence recovery in the context of diffusion combined with
flow. The analysis covered two types of bleaching profile: Gaussian and circular.
Diffusion is mathematically modelled by the following differential equation,

@C

@t
.r; t/ D D4C.r; t/;

where C denotes the concentration of the species of interest and D is a number
representing the diffusion coefficient. In this case, for the Gaussian bleach profile,
the closed form solution for the recovery curve is

Fk.t/ D Fk�K��� .�/P.2Kj2�/;

where Fk is the intensity before bleaching, � is .1 C 8Dt=!2/, � .�/ is the
gamma function and P.2Kj2�/ the �2-probability distribution. The number ! is
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the half-width of the Gaussian at e�2 height, and K corresponds to the amount of
bleaching and can be determined from the intensity ratio of intensities before, Fk ,
and just after bleaching, Fk.0/:

Fk.0/

Fk

D 1 � e�K

K
:

The recovery solution has been extended to the case when only a fraction ˛ of the
fluorescent molecules is mobile [27],

Fk.t/

Fk

D ˛�K��� .�/P.2Kj2�/ C .1 � ˛/
Fk.0/

Fk

:

For the circular bleaching profile, Soumpasis [23] gave the following closed
solution that is independent of K ,

fk.t/ D e�2�D=t ŒI0.2�D=t/ C I1.2�D=t/� ;

where fk.t/ is the fractional recovery curve .Fk.t/�Fk.0//=.Fk�Fk.0// and where
I0 and I1 are modified Bessel functions of the first kind.

The spot bleaching analysis with a circular profile has been extended to the case
of reaction-diffusion models. Sprague et al. [25] analyzed the case of a diffusing
fluorescent molecule interacting with fixed binding sites homogeneously distributed.
A closed solution was given in the form of a Laplace transform,

f rap.p/ D 1

p
� Feq

p
.1 � 2K1.qw/I1.qw//

�
�

1 C k�
on

p C koff

�
� Ceq

p C koff
;

(3)

where I1 and K1 are modified Bessel functions of the first and second kind, p is the
Laplace variable, koff and k�

on are the off-rate and apparent on-rate of the interaction.
Also,

Feq D koff

k�
on C koff

and Ceq D k�
on

k�
on C koff

:

Equation (3) is inverted numerically to yield the average intensity on the bleach spot
as a function of time. This curve can then be fitted to data.

It is also possible to obtain fastly converging series expansions of the fluores-
cence in a bleach spot in terms of Fourier series. In Kumar et al. [13] this approach
is implemented for estimating the mobility of proteins in E. coli bacteria, yielding a
series expansion of the recovery of fluorescence over time,

R.t I D; L/ D
1X

j D0

hm
j u0

j exp

(
�t

�
j�

L

�2

D

)
:
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This form includes the Fourier coefficients of the characteristic function of the
measurement spot and idealized initial conditions, fhm

j g and fu0
j g, as well as the

length L of the cell. In this approach, only a few terms in the series are needed to
compute R to machine precision.

An interesting alternative to spot FRAP is the continuous bleaching approach first
proposed by Peters [16]. Instead of bleaching a spot and monitoring the recovery of
fluorescence, one can continuously bleach the spot and analyze the fluorescence
decay kinetics. The decay given by fixed fluorescent molecules corresponds to
their bleaching kinetics, but mobile molecules moving inside the volume induce a
slower decay that can be quantitatively interpreted. Wachsmuth et al. [28] proposed
solutions for reaction–diffusion systems with fixed binding sites, which followed
the following differential equation, which is a specialization of (1),

@cdiff.r; t/

@t
D D4cdiff.r; t/ C Q.r/cdiff.r; t/

� koncB.r/cdiff.r; t/ C koffcimmo.r; t/

where cdiff and cimmo correspond to diffusing and bound protein concentrations, cB

is the binding site distribution. Q.r/ is the bleaching profile, assumed to induce a
first-order fluorescence decay, and D, kon and koff are the diffusion coefficient, and
the on- and off-rates of the interactions.

3.2 Analysis on Raw Image Data

The spot bleaching approach has been extensively developed for different models
and bleaching profiles. While the approach did match the experimental setup when
the method was developed (e.g. [1]), which meant that image analysis could not be
performed reliably, most experiments are nowadays performed on laser scanning
microscopes, which provide not only temporal but also spatial information. Spot
bleaching analysis average this spatial information over the bleach region, while
it can actually be combined with the temporal information to fit models. The
approaches in this subsection use spatially resolved information directly to estimate
the parameters of interest.

FRAP experiments performed by bleaching a spot can be interpreted by measur-
ing the profile of fluorescence across the spot over time. If the fluorescence profile
is Gaussian and the system can be considered as infinite in size and if molecules
diffuse, then the profile remains Gaussian over time and the variance increases as
2Dt , D being the diffusion coefficient, independently of the initial conditions [7],

C.x; y; t/ D C0.t/ C ŒCU � C0.t/��
1 � exp

�
�fŒx � x0.t/�2 C Œy � y0.t/�2g

R2
0.0/ C 8Dt

��
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where x0.t/ and y0.t/ are the locations of the center of the Gaussian, R0.0/ is
the Gaussian width at time 0, C0.t/ and CU are the intensity at position 0 and
infinitely far from the center. This profile analysis can be extended to other bleach
profiles [12].

For fluorescent samples that are large enough, another approach to analyze
diffusion consists of bleaching a periodic pattern [22]. As high frequencies decay
faster than low ones, the decay of the amplitude of the bleached pattern rapidly tends
towards a single exponential with a characteristic time of P 2=.4D�2/, D being the
diffusion coefficient and P the period of the pattern.

Extending this method, one can also easily analyze post-bleach images in the
Fourier space, as each spatial frequency q gives an exponential decay over time
with a characteristic time of 1=.4D�2q2/ [3, 26].

Finally computers are now powerful enough to allow direct simulations of
fluorescence distribution over time and space. This was performed in Beaudouin
et al. to study nuclear protein dynamics in mammalian cells [2]. In this case, a
reaction–diffusion system was simulated using a finite difference approach taking
into account the real geometry of the nucleus.

4 Limitations Introduced by the Assumptions

4.1 Bleaching Duration and Initial Conditions

Original studies on spot bleaching approaches assumed instantaneous bleaching,
meaning that molecules do not significantly move during the bleaching. In practice
this means that bleach duration has to be much shorter than the characteristic time
of fluorescence recovery. The commonly used CLSM has the disadvantage of being
slow compared to a system like in Axelrod [1] where the laser is continuously
illuminating the same spot. This can lead to a first postbleach image spot that
is larger than expected due to movement of fluorescent molecules inside the
spot and photobleached molecules outside the spot during the bleach. Applying
the spot bleaching fitting functions can lead to a significant underestimation of
diffusion coefficients [5, 29]. This would notably happen for soluble proteins with
diffusion coefficients in the range of 10–100 �m2/s [11]. In this context, analysis
approaches that do not require information about the bleaching itself are more
appropriate.

The problem of molecule mobility during the bleaching is more complex in the
context of reaction–diffusion systems. If the fluorescent molecule interacts with
another molecule, the observed intensity corresponds to two populations: the free
and the bound molecules. As their mobility is different, their distribution on the
first postbleach image is also different. So far analysis methods, including the ones
independent of bleaching parameters, have neglected this effect and may lead to
wrong parameter estimates.
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4.2 Sample Geometry

Most analysis methods assume a cell of infinite spatial extent, which is reasonable
when the size of the bleach spot is much smaller than the cell under study. As a
consequence, when this assumption is necessary, the bleach region is typically kept
as small as possible in comparison to the size of the sample, which can limit the
signal-to-noise ratio and thus degrade the accuracy of the parameter estimates.

This can also lead to overestimation of immobile fraction when the normalization
is not performed accurately: bleaching leads to the depletion of a fluorescent
pool, therefore the recovery intensity cannot reach the initial intensity. One way
to compensate for this is to normalize with the total fluorescence intensity of the
sample over time (e.g. [2, 17]).

Models can also be designed to take into account the finite size of the sample.
This has been performed in the context of bacteria, where the elongated geometry
of the cell can be modelled as a one-dimensional interval [8, 13]. In both studies,
methods were based on the analysis of the Fourier transform of the images. This
was also applied for mammalian cell nucleus, where the system was assumed to
be a disk and where parameters were estimated numerically using a Gaussian spot
bleaching approach [6]. Numerical simulations of the partial differential equations
derived from reaction–diffusion models used in [2] take the real closed geometry of
the system into account, discretized in the finite difference grid.

While performing FRAP with CLSM is almost always limited to two dimen-
sions, living cells are three-dimensional samples. Nevertheless live cell imaging
experiments are often performed with adherent cells, so that samples are typically
thin. Therefore one strategy to circumvent the third dimension problem is to
use objectives of low numerical aperture that generate quasi cylindrical vertical
illumination at the scale of the sample [2], and consider the two dimensional
images as projections of the three-dimensional fluorescence distribution. One
can also consider some aspects of the third dimension, notably the point-spread
function (PSF) and the confocality of the CLSM, to build recovery models. This
was performed for the case of diffusion and circular bleaching by Braeckmans
et al. [4]. Finally, as images are the convolution product of the original object
with the PSF of the instrument, the easiest approach for this problem may be to
use the Fourier space: the Fourier transform of the fluorescence recovery images
are simply the product of the PSF Fourier transform and the one of the spatial
fluorescence distribution. Therefore the exponential decays described above remain
valid [3].

These approaches require samples that have constant or infinite depth. This
assumption was tested in the case of mammalian cell nucleus by simulating
FRAP with the real 3D geometry of the nucleus and simulating CLSM imaging
from this simulation [2]. In this case the quality of the fits was not affected,
but a parameter deviation of around 10% was observed between 3D and CLSM
simulations.
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4.3 Reversibility of Photobleaching

The use of fluorescent proteins considerably facilitates FRAP experiments in
living cells. One assumption of all the analysis methods is that photobleaching is
irreversible. This is nevertheless only an approximation as there is a probability that
fluorescent proteins in the excited states transiently switch to a dark state, on top of
the irreversible bleached state, before coming back to the ground state. As this is
a probabilistic process, the dark state is enriched during bleaching and is depleted
again during the postbleach acquisition when excitation is low. For the GFP mutant
S65T, the residency time in the dark state is 1.6s and the depletion of the dark
state during the first postbleach images can therefore interfere with fluorescence
recovery due to protein mobility [9]. This reversibility was also observed for other
fluorescent proteins [21]. This effect would affect all the analysis methods; its
correction is non-trivial and has not been performed so far. It would require a good
knowledge of the reversible process and its incorporation in the spatio-temporal
model of bleaching and recovery. Therefore it may be easier to implement it in
methods that already incorporate bleach duration and amplitude. An experimental
alternative would consist in using techniques that generate fluorescence, by pho-
toactivation/conversion/switching, instead of photobleaching it. Even if the process
is reversible or not instantaneous, one can easily normalize it by dividing local
intensities with the total one [2]. Such an approach can be improved nowadays
thanks to the development of such fluorescent proteins [20].

4.4 Model Choice and Parameter Identifiability

One of the difficulties in the field has been the generation of models to fit to the
data. Diffusion models have often been used even in cases where diffusion was not
the only process driving or limiting molecule mobility. On the other hand, other
studies have used interaction models neglecting diffusion while this assumption
was not justified (see [24]). Such studies were notably performed in the nucleus
of mammalian cells and the argument to justify this assumption was that the time of
fluorescence redistribution was long compared to the expected one if the protein of
interest was not interacting. The mistake in that case was that binding sites fill the
whole sample and can therefore generate fluorescence recoveries that are slow but
still limited by diffusion.

Inaccurate estimation of parameters may not only come from a wrong choice
of model but also from limited parameter identifiability. This is a typical problem
in reaction–diffusion systems. In the ideal case, one can estimate the diffusion
coefficient of the different species, an off-rate and an apparent on-rate of the
interaction. But often the system may reach the limit when the diffusion or the
interaction kinetics do not show any contribution [2, 6, 25]. In the first case where
diffusion is not contributing, one can use simple interaction models that lead to



A Review of FRAP Experiments 167

exponential fluorescence recovery [18]. In the second case where the reaction is
on faster timescales than diffusion, the system follows a diffusive model where the
diffusion coefficient is a linear combination of the one of the free molecule and
the one of the molecule complexed with its interacting partner. The coefficients of
the linear combination correspond to the percentage of free and bound molecules.
Determining which model is correct is not a trivial task, as a direct comparison of fits
of different models is not enough. A complex model typically gives better fits than
a simpler one containing less parameters, even if a simpler one is also correct. To
discriminate between the complete reaction-diffusion model and the simpler cases,
one can compare their capacity to fit the data using statistical tests that takes into
account the different amount of parameters of the different models.

5 Discussion and Conclusions

We believe that with this article we have made a case for considering FRAP as an
important and interesting experimental technique where many open fundamental
questions remain. We have seen that while the basic idea is simple, it presents a
great range of opportunities to make creative use of the physical and mathematical
characteristics of the underlying processes.

Thus, the choice of bleach profile is motivated by the properties of the laser, the
microscope used, and the mathematical description of the properties of diffusion–
convection–reaction phenomena. It can be of different shapes, and have different
temporal profiles, and thus lead to a variety of different parameter estimation
problems.

We have also demonstrated that the flexibility of the method is not just a
theoretical possibility, but a fundamental property of the methodology. It is this
adaptability that makes it such a great asset in practice. We also believe that there
is still a lot of potential in the methodology, as few studies have really looked at the
methodology as a whole and analyzed the popular choices from the point of view of
parameter estimation and experimental design as established disciplines. We hope
that by raising awareness on this issue, and through future work, we will be able
to contribute to change this state of affairs, and bring the FRAP approach closer to
realizing its full potential.
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Drug Resistance in Infectious Diseases:
Modeling, Parameter Estimation
and Numerical Simulation

Le Thi Thanh An and Willi Jäger

Abstract Infectious diseases are drawing our attention again. In recent years,
we have been confronted with SARS, bird-flu, swine-flu and many other severe
diseases. In addition, pathogens are getting resistant to drugs controlling them. In
this paper we establish a new population dynamical system of infectious diseases
including drug treatment. We take into account both sensitive and resistant parasites.
The unknown model parameters are fitted based on a set of data for malaria from
Cisse, Burkina Faso. The fitted model is used to investigate the influence of drug
treatment on drug resistance. Based on these investigations, treatment strategies to
reduce drug resistance can be elaborated.

Keywords Differential equation models • Drug resistance • Infectious diseases •
Vector-borne diseases

1 Introduction

This paper is organized as follows. In the first section we give a short overview on
the drug resistance models existing so far. In Section 2, we present a new model
describing the dynamics of pathogen, transmitter and human populations including
drug treatment. Section 3 is devoted to doing parameter estimation and simulation.
Estimation results and simulations with controllable factors are performed here. The
last section is reserved for discussion of the simulation results and conclusions.

As we know, infectious diseases were and are still being a big burden to every
country. For a long time a lot of scientists have been studying them intensively
[1, 8, 12]. Although being considered as classical field of mathematical modeling,
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it is now attracting a lot of attention again. Pathogens are getting more resistant
to drugs, infectious diseases can spread very fast and become a danger for the
populations. Including this effect in the model equations is an important condition
to meet reality in epidemics.

We are going to set up a mathematical model under general aspects, but we select
malaria as the central case, where we have a chance to obtain data to calibrate and
validate our model.

For the rest of this section, we mainly discuss modeling of drug resistance with
central focus on malaria. Historically, there has been a lot of research on this disease,
see [5,7,13] and references therein. However, up to now it is very difficult to obtain
satisfactory malaria models. In general, before modeling authors have their own
questions. They would then call a new model to be “good enough” if it is able to
answer their questions. One of the challenges with malaria is that it comes together
with Anopheles mosquitoes and parasites—Plasmodium falciparum, Plasmodium
vivax, Plasmodium ovale and Plasmodium malariae. Their organisms are much
more complex compared to other pathogens with single-cell or even simpler- such
as bacteria, archaea, viruses, etc. This can also partly explain why there are only few
mathematical models concerning drug treatment in malaria.

What may influence drug resistance?

– In most diseases, it takes long time to find out which factors may characterize
and reduce drug efficiency. Usually, there are many individuals of the pathogen
population which already have “resistant” mechanisms. They are naturally not
eliminated by drugs. When infected people take medicine, it reduces sensitive
parasites and makes good environment for resistance growth.

– In malaria, parasite organisms are very complex, they would either mutate or
adapt variously. They have a better chance to survive after natural selection and
maintain their best genetic system. Hence, their new generations are more “fit”
in a drug environment.

– Another important reason for drug resistance is that malaria is more widespread
in tropical countries, like in Africa, where it is difficult to have a global policy to
treat all patients in a proper way.

For the rest of this paper, we are more interested in mathematical malaria
modeling. In history, there were many valuable contributions by Ross, MacDonald,
May, Dietz, see [1, 5] and references therein. However, resistance was not well
investigated. Mathematicians have only recently started to pay attention to this
field. Two recent malaria models concerning drug resistance came from Aneke [2]
and Esteva et al. [6]. Here the authors described a model of hosts and vectors
dealing with both resistant and sensitive strains. In these papers and also some other
cases, authors focus on analyzing the models to establish positive equilibrium and
studying their stability under certain assumptions. Although in [6] the authors tried
numerical simulation, they said that the model needed to be validated using realistic
epidemiological data. So far there was very few data available to calibrate malaria
and other vector-borne disease models.
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In this paper, we derive a model which consists of differential equations including
all host and pathogen populations. Such models are complex to perform analysis,
and thus we are going to study them numerically. Since from experiments not all
parameters are known directly, we have to use parameter estimation techniques to
determine their values. After this, the model is used for computer experiments. We
obtain results on treatment strategies, some of which have been recently confirmed
by experimentalists after a lot of works in hospitals and laboratories [7, 13].

2 Modeling of Population Dynamics Including
Drug Treatment

We divide this part into two sub-sections: the first one introduces all model
compartments and their network, the second one presents model formulation.

2.1 The Network of Compartments

There are two main groups of infectious diseases: the first group (such as
HIV/AIDS, tuberculosis) can be transmitted directly from one person to another
and the second group (such as malaria, dengue hemorrhagic fever) is transmitted
only via an intermediate host. From the perspective of infectious diseases, vectors
are the transmitters of disease-causing organisms that carry the pathogens from one
host to another [14]. That’s why a disease belonging to the second group is called a
vector-borne disease.

As we discussed before, we would like to model dynamics of pathogen, vector
and human populations. We consider two hosts: number of humans denoted by H1

and vectors denoted by H2. The pathogens within human hosts are denoted by P .
Like in the classical case, there are three compartments for human hosts which
we call susceptible H1s , infected H1i , recovered H1r . We have two compartments
for vector hosts H2s , H2i —susceptible and infected. Since drugs are employed,
there are two compartments for pathogens, non-resistant and resistant Pn, Pr ,
respectively. All transmissions among the seven groups are described in Fig. 1.

2.2 Model Formulation

Now we give an overview of the modeled processes, as schematically indicated in
Fig. 1. Since our focus is drug treatment for humans, so the model may not include
some interference applying on vectors directly. We include the influence of drugs
on the host population and the subsequent effects on pathogen population.
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Fig. 1 Network for the
population dynamics with
drug treatment

Remark. During the course of our study, we discover that some parts of the
extracted data are not precise enough and can have some effect on parameter
estimation and simulation. We revise them and exclude the imprecise values. The
model is improved in parallel with this process. Despite the fact that the usable data
is less, we can obtain better fit compared to the first estimation, see Fig. 3.

2.2.1 Susceptible Human Population H1s

In vector-borne diseases, human hosts become infected only after coming in contact
with vectors, so there is often no vertical transmission, e.g. from parents to children.
Every new offspring goes to the susceptible class. Like other epidemic models,
we use common denotations for the natural birth rates of susceptible, infected,
recovered human classes b1s; b1i ; b1r . Also as convention, mortality rate of H1s

is denoted by m1s , infection rate by i1 and re-susceptibility rate by r (individuals
from recovered class H1r after a certain time come back to susceptible class H1s).
Values of m1s; i1 are given in the next section and r is an unknown parameter which
can be found after fitting the data. The dynamic equation of the susceptible human
population is the following:

dH1s

dt
D b1sH1s C b1i H1i C b1rH1r � i1

H2i

H2i C H2s

H1s C rH1r � m1sH1s: (1)

Notice that the infection term depends on
H2i

H2i C H2s

, which implies that there are

too many vectors so that they have to compete with each other to get successful
contact to humans (e.g., obtain a blood meal in case of malaria). This is a quite
usual situation in Africa, where the tropical climate is suitable for vector (mosquito)
development. Although mainly infected female Anopheles mosquitoes can transmit
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malaria, they still have to compete with other un-infected mosquitoes to get
blood meals. On the other hand, the size of the mosquito population induces a
corresponding protection force from human side.

Concerning additional details for parameter r , we are aware that different drugs
have different half-lives. They partly remain inside human bodies after treatment
and provide the same protection as immunity. Medically, we consider five times of
drug half-life equal to wash-out time. When drug is washed out and immunity is no
longer active, the person returns to the susceptible class. This process is modeled by
formula r D kr r0, where r0 D Œmax.T; d/��1, T is natural immune duration, d is
drug wash-out duration; kr is a scalar factor subject to estimation. After fitting, we
use this formula for control simulation, with the controllable parameter d .

2.2.2 Infected Human Population H1i

After susceptible individuals get infected with rate i1, they go to the infected class.
Here are two possibilities how they can move out of this class: either they recover
after treatment or they can not recover and die. The natural and disease-induced
mortality rate is denoted by m1i with value based on literature [11], and the recovery
rate � is unknown parameter.

dH1i

dt
D i1

H2i

H2i C H2s

H1s � �H1i � m1iH1i : (2)

Moreover, we foresee that the recovery rate � depends on the individual immunity,
the employed medical treatment and the way how the drug is administrated. We
are going to take the data from Cisse in Burkina Faso, a small and poor village.
We should notice that most of the local population does not have access to any
treatment easily. With support from a project between Heidelberg researchers and
local people, classical Chloroquine regimen was given to all patients and showed
good effect. That is why in simulation we can assume that drugs start with a good
efficacy. When one patient takes the full dose as recommended, all his/her sensitive
pathogens are killed at rate e. The proportion of people that follows proper treatment
is expressed by ˛.

In general, most of the patients carry both sensitive and resistant parasites. Drug
treatment strengthens the immunity and shortens the recovery process. In other
words, it helps to increase the recovery rate. We combine immune and treatment
effects in formula

� D kˇeˇ˛ C ˇ.1 � ˛/;

where ˇ is the rate of parasites which are eliminated by natural host immunity
without treatment, kˇe is the factor which expresses how drugs strengthen the
immunity in treated patients. The value of kˇ is subject to estimation.
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2.2.3 Recovered Human Population H1r

All recovered individuals from H1i go to the recovered class H1r . For a certain while
they have protection due to the retained drug and natural immunity. Depending on
different diseases they can or can not be reinfected again. With malaria, especially
in highly endemic areas, all recovered individuals eventually lose their immunity
and return to susceptible class. The process can be fast or slow depending on drug
wash-out duration and individual health. We have already explained the meaning of
r in the Sect. 2.2.1 above. We also call m1r mortality rate of recovered class H1r ,
the value of m1r is given in Table 1.

dH1r

dt
D �H1i � rH1r � m1rH1r : (3)

2.2.4 Susceptible Vector Population H2s

This compartment is similar to the susceptible human compartment. However, since
parasites do not influence vectors in the same way as they influence humans, there
is no recovery or re-susceptibility effect.

Let b2s; b2i be the unknown birth-rates of susceptible and infected vectors. In
addition, eggs from vectors (mosquitoes) are supposed to be able to hibernate over
unfavorable time spans and hatch to become new vectors when the season provides
better conditions. This process has an effect close to immigration and emigration,
modeled by parameter b2. Vectors become infected on contacting infected humans
in class H1i , this is modeled by rate i2. All of these four parameters are subject to
estimation. Mortality rate of vectors m2s is taken as in [11].

dH2s

dt
D b2sH2s C b2i H2i C b2 � i2

�
H1i

H1s C H1i C H1r

�
H2s � m2sH2s: (4)

2.2.5 Infected Vector Population H2i

Expectedly, the infected vector population and the infected human population have
similar dynamics. All infected individuals from susceptible class H2s go to H2i .
Since the life-cycle of vectors is not so long, in most cases parasites stay in vectors’
abdomen until they die. The mortality rate of vectors is denoted by m2i , its value is
given in Table 1.

dH2i

dt
D i2

�
H1i

H1s C H1i C H1r

�
H2s � m2iH2i : (5)
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2.2.6 Non-resistant Parasite Population Pn

Now we pay attention to parasite population in humans. They are supposed to
be inside the infected human class H1i , so naturally depend on H1i . Since this
dependence is likely reduced when the number of infected human becomes large, we

use Michaelis–Menten relation, involving
H1i

C C H1i

. We also assume that parasite

population growth follows the logistic rule governed by rate bpn; bpr and a maximal
capacity K .

Unlike the hosts, parasites usually clone themselves, so in some sense there is no
“death.” It practically applies for malaria parasites in humans, they only multiply
asexually inside human red blood cells. On the other hand, all parasites inside
infected hosts also die out due to the mortality of the infected hosts.

For a given treatment, there is the proportion ˛ of the infected human population
H1i , who received full doses. Immunity and drug can eliminate pathogens with rate
.� C ˛e/, e presents the rate at which (sensitive) parasites are eliminated by drug.

Also due to drug presence, some sensitive pathogens need to change themselves
to be able to increase their chances of survival, such as by mutation or adaptation.
This makes a certain ratio of sensitive pathogens become resistant, the process is
occurring with rate

s D s0 C kd

˛min.d; d0/

e
:

The rate s0 describes the mutation and the part kd ˛ min.d; d0/=e describes the
adaption rate. We assume that the adaption rate is directly increased in the same
time with the proportion ˛ of treatment and drug wash-out duration d , but inversely
proportional to the efficacy e of the given treatment. There is also a parameter d0,
an upper threshold of drug wash out duration d , which implies that above a certain
limit parasite adaptation rate would not increase considerably but rather stay the
same. Factor kd is an unknown subject to estimation.

dPn

dt
D bpn

H1i

C C H1i

�
1 � Pn C Pr

K

�
Pn � m1iPn � .� C ˛e/Pn � sPn: (6)

2.2.7 Resistant Parasite Population Pr

As we mentioned before, the resistant parasite population Pr grows with the rate
bpr . It decreases due to H1i -death rate m1i or is eliminated by host immunity �.
Since resistant parasite population is fitter in drug presence, it gains some new ones
from sensitive population sPn.

dPr

dt
D bpr

H1i

C C H1i

�
1 � Pn C Pr

K

�
Pr � m1iPr � �Pr C sPn: (7)
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Now we put together all the equations (1)–(7). We obtain one system which is
related to our network in Fig. 1. This shows clearly what is included in the dynamical
system:

dH1s

dt
D b1sH1s C b1i H1i C b1rH1r � i1

H2i

H2i C H2s

H1s C rH1r � m1sH1s;

dH1i

dt
D i1

H2i

H2i C H2s

H1s � �H1i � m1i H1i ;

dH1r

dt
D �H1i � rH1r � m1rH1r ;

dH2s

dt
D b2sH2s C b2i H2i C b2 � i2

H1i

H1s C H1i C H1r

H2s � m2sH2s;

dH2i

dt
D i2

H1i

H1s C H1i C H1r

H2s � m2i H2i ;

dPn

dt
D bpn

H1i

C C H1i

�
1 � Pn C Pr

K

�
Pn � m1iPn � .� C ˛e/Pn � sPn;

dPr

dt
D bpr

H1i

C C H1i

�
1 � Pn C Pr

K

�
Pr � m1i Pr � �Pr C sPn

(8)

where

r D krr0 D kr max�1.T; d/;

� D kˇeˇ˛ C ˇ.1 � ˛/;

s D s0 C kd ˛e�1min.d; d0/:

All initial conditions are given:

.H1s; H1i ; H1r ; H2s; H2i ; Pn; Pr /.t0/ D .H 0
1s; H 0

1i ; H 0
1r ; H 0

2s; H 0
2i ; P 0

n ; P 0
r / � 0;

especially the susceptible classes H 0
1s; H 0

2s > 0:

This is a non-linear differential equation system. The system is designed for
vector-borne diseases. Compared to the already established models concerning drug
resistance of vector-borne diseases, such as in [2,6], we add two new compartments
of parasites. They are either sensitive or resistant to the given drug. Drug treatment
can take effect on infected human hosts H1i , sensitive parasites Pn and partly on
resistant parasites Pr inside the infected humans.
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3 Parameter Estimation and Numerical Simulation

For numerical study, we often use finite interval. For short time periods, parameters
related to human hosts do not change very much in general. That is why we are
going to specify some factors, in order to reduce the complexity of the problem.

This section contains data extraction, all known and unknown parameters,
establish a parameter estimation problem and a simulation problem. Using the
software package VPLAN [9], we can solve the two problems. All the results are
presented in detail.

3.1 Data Extraction

Concerning observation data, they are mainly extracted from [11], a project which
have been done in Burkina Faso. We make the following assumptions:

– The study focused on children and all observations were generalized for the
whole town.

– In the period of study, most of the clinical malaria cases were treated so most of
the infected people recovered after treatment. Whole population was only slightly
decreased due to malaria.

– Given a certain drug, all parasites are either sensitive or resistant.

In addition, we assume that the observation errors are normally distributed and
can be approximated by 20% of the peak values of each variable measurement.

3.2 Parameter Values

Before simulation in the case of malaria in Burkina Faso, we have to specify all
parameters to meet the specific situation. We present all parameters in two tables:
the first one for known parameters and the second for unknown parameters. Our
time unit is 5 days.

After several discussions with experts in epidemiology, also based on the data
from literature, we take some factors as constants over the year of study (2004):
birth rate and mortality rate of human classes, mortality rate of vectors (mosquitoes),
etc. We also take into account the properties of the drugs that were given (mainly
Chloroquine) and its efficacy. We then obtain a list of the known parameters as given
in Table 1. Infection rate i1 is a piecewise linear function as in Fig. 2.

In Table 2 we present all unknown parameters. We plan to estimate them by
piecewise functions, each interval corresponds to 1 month. We state also some
constraints needed to analyze estimation results.
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Table 1 All known parameters

Parameter Meaning Value (unit) References

b1s Birth rate of susceptible humans 0.00063 (time�1) [11]
b1i Birth rate of infected humans 0.0005 (time�1) [11]
b1r Birth rate of recovered humans 0.00063 (time�1) [11]
T Natural immune duration in

humans
12 (time) [15]

d Drug wash-out duration 40 (time) [4]
m1s Mortality rate of susceptible

humans
0.000285 (time�1) [16]

˛ Proportion of full treatments 0.9 (dimensionless) [11]
ˇ Rate of parasites eliminated by

immunity
0.025 (time�1) [10]

e Elimination rate of sensitive
parasites by drug

0:7 (time�1) Assumed, [11]

m1i Mortality rate of infected humans 0.000613 (time�1) [11, 16]
m1r Mortality rate of recovered humans 0.000285 (time�1) [16]
m2s Mortality rate of susceptible

vectors
0.75 (time�1) [11]

m2i Mortality rate of infected vectors 0.75 (time�1) [11]
C Constant in Michaelis–Menten

formula
5 (dimensionless) Assumed,

K Parasite-holding capacity of
human hosts

25 � 106 (dimensionless) [11], scaled

s0 Parasite mutation rate (become
resistant)

7 � 10�7 (time�1) [7]

d0 Effective threshold of
drug-wash-out durations

73 (time) [4]

Fig. 2 Approximated
function of human infection
rate i1, based on [11] and
information about the
proportion of infected human
class

3.3 Setup of Parameter Estimation Problem and Simulation
Problem

In this part, we recall a classical problem concerning parameter estimation in
differential equations and specify our problems to be solved later. Interested readers
are referred to [3] and references therein for related information.
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Table 2 All unknown parameters for estimation

Parameter Meaning Unit Remark

kr Unknown factor, needed in re-susceptibility rate
in humans

dimensionless kr � 0

kˇ Unknown factor describing treatment effect time kˇ � 0

b2s Birth rate of susceptible vectors time�1 b2s � 0

b2i Birth rate of infected vectors time�1 b2i � 0

b2 Hibernated eggs contributing to susceptible vectors dimensionless b2 � 0

i2 Infection rate of susceptible vectors time�1 i2 � 0

bpn Relative birth rate of sensitive parasites time�1 bpn � 0

bpr Relative birth rate of resistant parasites time�1 bpr � 0

kd Unknown factor, needed in selection force time�3 kd � 0

For the rest of this section, without further notice, all variables are elements of
R

n. After the modeling section, we have established a population dynamics in form
of a differential equation system (8). Generalizing the system, we denote time by t ,
state variable by x.t/, unknown parameters by p, control parameters by q, control
functions by u.t/, the right hand side of system (8) by f , the constraints by g. We
have a problem:

Px.t/ D f .t; x.t/; p; q; u.t//; t 2 Œt0; tf �;

0 D g.x.t0/; p; q/:
(9)

For all parameter estimation problems, we need data. It is assumed that experi-
ments i; i D 1; : : : ; N have been carried out at the given times t j ; j D 1; : : : ; M ,
yielding measurements �ij . On the other hand, measurement errors are "ij and the
“true” model response corresponding to these measurements are bij :

�ij D bij .tj; x.tj /; p/ C "ij :

Parameter p is found by minimizing the deviation between data and model
response. Due to statistical reasons, some weights ��1

ij can be introduced, see
details in [3]. In addition, if we know in advance certain information about some
approximate value p0 of parameter p then we can add a regularization term
ı.p � p0/

2 to the objective function. Vector ı has the same dimension as vector
p and all components ıl are nonnegative.

Summing up, a general parameter estimation problem can be formulated as:

min.x;p/

2
4X

i;j

�
�ij � bij .tj; x.tj /; p/

�ij

�2

C
X

l

ıl .pl � pl
0/

2

3
5;

s.t. .x; p/ solves equation (9):

(10)
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In our case, we have one experiment (i D 1) with all observation data �j about
the state variables x.tj / and the weights �j . The unknown parameters are given in
Table 2

p D .kr ; kˇ; b2s; b2i ; b2; i2; bpn; bpr ; kd /:

The initial values for the state variables, which are implied by g, are given at
t D t0. In the parameter estimation problem, all the control factors are given, we
are interested in finding p.

After parameter estimation, values for the parameters are determined. Now we
can consider simulations. Unlike before, the control parameters (q) play the key
roles. They are the proportion of full treatment (˛), the drug wash-out duration (d )
and the treatment efficacy e. To each simulation, there is a fixed set of values. With
different values of control parameters, we need to solve the differential equation (8)
to compute the simulation.

For parameter estimation and simulations, we use software package VPLAN,
see [9] and references therein. VPLAN is a software package developed at the
Interdisciplinary Center for Scientific Computing (IWR), University of Heidelberg.

3.4 Result of Parameter Estimation

In this part we are going to present the estimation results. As mentioned before,
to minimize the residual, we take into account all parameters in form of piecewise
constant functions. We divide the domain into an appropriate number of intervals
and find parameter values in each interval. To be more specific, we solve problem
(10) in the first interval, then pass the last state variable values as the initial values
of the next intervals. This assures the continuity of the solutions. The results of p in
all intervals form piecewise constant functions, see Fig. 4.

In addition, we use multiple shooting [3] and maximize the usage of data
information to deliver a good fit, see Fig. 3. Since parasite populations are very
large compared to the host populations, we scale them by 1=1010.

As we can see in the Fig. 3, all the predicted populations (the dashed curves) are
in good agreement with data (the points) from Cisse, Burkina Faso. The different
scales between hosts and parasites were taken into account by using a weighted
least squares function. Due to technical reasons, in some place we use small
regularization factors (see the problem setup 3.3). When summing up, the overall
residual is very low.

For clear visibility, we show only half of the data points. The study was carried
out from the end of 2003 to the end of 2004. Since data at the beginning and closing
periods were not very good, so we only take the part from middle of January to
November 2004, around 300 days or 60 units of time. There are the peaks in
mosquitoes and parasites around August since the season becomes more suitable
for vector development. Notice that the eggs can survive through dry season and
hatch in rainy season to become larvae, pupae and then mosquitoes.
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Fig. 3 The observed (points) and predicted (dashed curves) populations. Data from middle of
January to November 2004, [11]. All together we use 427 measurement data. These data points are
plotted together with their error bars (20% of each peak measurements). Time unit is 5 days

All the parameters are presented in Fig. 4. It shows that most of the parameters
are not constant during the year, they vary a lot due to seasonal conditions, host
environments, interactions among different populations.

As expected, the rainy season creates the peaks of mosquito growth rates. There
are many more susceptible mosquitoes available compared to dry season. Through
the contact with infected humans, they also become infected by parasites. Due to
the weather condition, mosquitoes are much more active than in dry months. With
Human Land Capture method, volunteers caught many more mosquitoes in rainy
months while just a few in the other months [11].
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Fig. 4 The fitted parameters at the study time (2004). The horizontal axes are time axes, unit 5
days

In the same time, the value of kr has a big drop, indicating that there are almost
no recovered people that come back to susceptible class. In malaria, no recovery or
complete clearance is expected in a short period of time. We should also mention
that patients with low parasite densities sometime are not detected and can be
considered healthy. In fact, the parasite density develops slowly and symptoms
appear in patients after few weeks or much later than the exposure to mosquitoes.
This explains why the peak of selection force of resistance also comes later than the
intensive treatment period, this is expressed in the last parameter kd in Fig. 4.

3.5 Result of Simulation with Controllable Parameters

In this section, we simulate the model (8) using the set of fitted parameters. Here we
can control the proportion of full treatment ˛, the drug regimen corresponding to
drug wash-out duration d and the treatment efficacy e. Values of .˛; d; e/ are varied
within certain ranges. We also use VPLAN for solving the differential equation
system under different controls.
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3.5.1 Proportion of Infected Human Class with Full Treatment

In this part ˛ is our control parameter. This is the proportion of infected
human class with full treatment. In this case, two drugs are chosen with treatment
efficacy e D 0:7.time�1/, Chloroquine (CQ) with wash-out duration d D 40:0 and
Sulfadoxine-pyrimethamine (SP) with d D 6:0. Their results turn out to be quite
similar. As result of the treatment, the sensitive parasite population is changed much
faster than the resistant one.

Simulation in Fig. 5 shows that the proportion of infected humans receiving
full medical treatment is very essential in disease control. In addition, the figure
indicates that at least a certain proportion of the population needs to be treated
properly in order to avoid deadly clinical malaria in the case of very high density
of parasites. Recall that we have shown parasite populations with scale 1=1010 and
Cisse is only a small town with less than one thousand habitants. We can calculate
the average density of parasites in each patient accordingly.

Beside that, different levels of treatment strongly influence the fitness between
sensitive and resistant parasite populations. As we see in Fig. 6, full treatments give
resistant parasites a chance to better compete with sensitive parasites to invade the
environment.

3.5.2 Drug Regimens with Different Half-Lives

Using drug regimens with different half-life time would effect the picture of
sensitive and resistant parasite populations. This effects the initial ratios of sensitive
and resistant populations and also the number of parasites which become adapted
to the drug environment. In Cisse–Burkina Faso we do not have any data about
different drug usages and how parasites would resist to certain treatment. It is
necessary to run virtual simulations with different possible values of parameters d.
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Fig. 6 Simulations of resistant parasite population for different proportions of treatment. High
proportion of full treatment makes resistant parasite population increase faster than low proportion
of treatment in the later period. The dashed line represents 60% full treatment with Chloroquine
while the solid line represents only 1% Chloroquine full treatment. Time unit is 5 days
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Fig. 7 Simulations of resistant parasites for different drug half-lives. Switching between different
therapies leads to noticeable changes in the number of resistant parasites. Simulations are done
for Artesunate (ASU), Quinine (QN), Chloroquine (CQ) with approximated wash-out durations
dASU D 0:04, dQN D 0:5, dCQ D 40:0, based on their average half-lives given in [4]

For clear comparison, we use the same initial values for the seven populations and
keep the same treatment efficacy in all simulations. Assuming that all drug regimens
have the same efficacy e D 0:7.time�1/, 80% of infected human receiving full
treatment ˛ D 0:8, different therapies lead to noticeable changes in the resistant
parasite population, see Fig. 7.

According to our simulation, for long treatment periods using drugs with shorter
half-life gives better performance. However, in the first period of treatment, the
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Fig. 8 Simulations of
resistant parasites and
infected humans with
different drug treatment
policies. Time unit is 5 days

different is not much due to the fact that a large proportion of parasites is sensitive
to drugs. That is why in this period it does not matter which type of antimalarial
drugs are used. The effect shows later, indicated by the fast increase starting from
t D 30 in Fig. 7.

We also simulate the case when first Chloroquine is used and afterward switched
to Artesunate in the last 3 months of study. As expected, the resistant population
was reduced considerably fast, this opens a good chance for alternative treatments.

3.5.3 Different Treatment Policies: Combined Control of ˛ and d

With the setting similar to Burkina Faso, we begin with high efficacies for most
of the antimalarial drugs. We simulate here the case when we combine the two
mentioned controls, the proportion of full treatment ˛ and the drug type expressed
by d . Shortly speaking, we have combined advantages. We can keep both the
sensitive and resistant parasite populations under control. The resistant parasite
population is relatively small, as we see with Artesunate treatment in the lower
panel of Fig. 8. On the upper panel, combined control leads to noticeable change in
the infected human population.
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Fig. 9 Simulations of resistant parasites for different treatment efficacies. Simulations are done for
Chloroquine (CQ), Sunfadioxine-pyrimethamine (SP), Mefloquine (MQ), Artesunate (ASU) with
the values of e are 0:2; 0:4; 0:6; 0:6 respectively. The wash-out duration d of all drugs is based
on [4]: dASU D 0:04, dQN D 0:5, dMQ D 16:0, dCQ D 40:0. The time unit is 5 days

3.5.4 Extended Setting: Different Efficacies of Drug Treatments

In this part we consider the case in which all the infected people can afford
their necessary medication or the health care systems are good enough to cover
all the cost. So all patients can be treated and ˛ D 1:0. The treatment efficacy
e and drug d are our control parameters. Simulations are done for Chloroquine
(CQ), Sunfadioxine-pyrimethamine (SP), Mefloquine (MQ), Artesunate (ASU).
The treatment efficacies are close to the values of antimalarial drugs taken from
Asia, especially Vietnam. They are based on a report by WHO in [17]. Note that in
the Burkina Faso setting, most of the antimalarial medication would begin with high
efficacy—since most of the people living in the rural regions have had no access to
them before.

Figure 9 using logarithmic scale, lets us easily see that there are big differences
between Chloroquine, Sunfadioxine-pyrimethamine, Mefloquine and Artesunate.
In the first three drugs, parasite resistance levels in the last period are very high.
In contrast, with Artesunate or the similar Artemisinin Combination Therapy, the
regimens are still effective, they keep parasite resistance low.

4 Conclusions

We discuss the simulation results and summarize the works in this paper.
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4.1 Interpretation of the Simulation Results

The simulations which have been done with the fitted model lead to the following
interpretations:

– From our result, the use of medication do speed up the resistant parasite
populations. However, we need them avoid the high (sensitive) parasite density in
infected humans, e.g. to keep the average parasite density in human blood below
a specific level. Here our model can serve as the potential basis for the control
problems, providing an optimal strategy of treatment. We can optimize the
proportion (or number) of infected human population which need to be treated
with full doses.

– In case of malaria, our model simulations suggest that parasite mutation and
drug adaptation both play big roles in resistance. In quantitative sense, the
simulation shows that: when drug with long half-life is employed, drug adaption
is dominant. This is not the case with short half-life drugs. So the shorter the
drug half-life is, the fewer resistant parasites are newly created.

– For the first time of treatment, our simulations show that the outcome of different
drug treatments are quite similar. It is explained by the fact that in Burkina Faso,
not many people have access to treatment. Most of the drugs are too expensive
for the region, especially in a village like Cisse, where our data come from.

That is why in Burkina Faso or similar regions in Africa, treatment can start
with any drug and later switch to a new therapy when the resistant pathogens to
the old drugs become dominant. This shows clearly efficacy since most of the
parasites which resist to the old drug are sensitive to the new one.

– We also consider different regions with different drug usage. In Asia, antimalarial
drugs are sold openly and any person can buy them without prescription from
doctors. For most patients, treatment is not their first time. We observe in our
simulations that the drug therapies and their efficacies strongly influence the
overall treatment results.

By using a quantitative model, we can simulate a lot of scenarios in advance.
Depending on preferred criteria, such as keeping the total parasite density below
certain threshold or reducing the resistant parasite population, clinicians should be
able to choose the suitable therapies. In general, the model results are valid not
only for malaria but also for other infectious diseases whose biology are similar to
malaria. Based on these conclusions, treatment strategies to reduce drug resistance
can be elaborated.

4.2 Summary

To sum up, in this paper we have built a model describing the population dynamics
as they appear in vector-borne diseases. In comparison to most of the mathematical
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models before, our model has two new compartments for parasite populations and
includes parameters describing drug treatment.

With numerical study, we have solved parameter estimation and simulation
problems. We have obtained fitted parameters and a good agreement with the data in
Burkina Faso. We have also simulated the fitted model with controllable parameters.
Using the VPLAN package, we were able to solve the systems and to see the
influence of drug treatment not only on parasites but also on the host populations.
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Mathematical Models of Hematopoietic
Reconstitution After Stem Cell Transplantation

Anna Marciniak-Czochra and Thomas Stiehl

Abstract Transplantation of bone marrow stem cells is a widely used option to
treat leukemias and other diseases. Nevertheless this intervention is linked to life-
threatening complications. Numerous clinical trials have been performed to evaluate
various treatment options. Since there exist strong interindividual variations in
patients’ responses, results of clinical trials are hardly applicable to individual
patients. In this paper a mathematical model of hematopoiesis introduced by us
in (Marciniak-Czochra et al.: Stem Cells Dev. 18:377–85, 2009) is calibrated based
on clinical data and applied to study several aspects of short term reconstitution
after bone marrow transplantation. Parameter estimation is performed based on the
data of time evolution of leukocyte counts after chemotherapy and bone marrow
transplantation obtained for individual patients. The model allows to simulate
various treatment options for large groups of individual patients, to compare the
effects of the treatments on individual patients and to evaluate how the properties of
the transplant and cytokine treatment affect the time of reconstitution.

Keywords Differential equations • Hematopoiesis • Mathematical model • Stem
cell transplantation

1 Introduction

Stem cell research is an important field of life sciences with promising clinical
impacts. During last years an enormous amount of information on specific factors,
genes and cellular interactions involved in tissue homeostasis, cell differentiation
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and stem cell function has been collected. However, the precise mechanisms
regulating stem cell self-renewal, maintenance and differentiation in clinically
important scenarios are still poorly understood.

Mathematical modelling has evolved as an important tool in describing and
understanding of bio-medical processes. Such processes are characterised by a high
level of complexity. In most cases important sub-processes are poorly defined or not
known. This fact and the mathematical or computational complexity of resulting
models make it impossible and useless to include all involved processes into a
mathematical model. Nevertheless mathematical modelling is a powerful tool in
addressing specific biological questions or in comparing different well defined
hypotheses.

In higher organisms, a steady supply of somatic cells is accomplished by
proliferation of corresponding stem cells, which retain the capability for almost
indefinite self-renewal. Driven by hormonal signals from the organism, some stem
cells commit to differentiation and maturation into specialised lineages. Organs and
tissues of complex organisms, such as blood, consist of a large number of different
specialised (differentiated) cell types. Unspecialised cells that are able to give rise
to cells with different biological properties are called stem cells. Most tissues
contain small populations of specific tissue stem cells (adult stem cells) accounting
for homeostasis and tissue repair. The hematopoietic system is maintained by a
population of hematopoietic stem cells (HSC) that is able to give rise to blood cells
of all lineages (erythrocytes, leukocytes, platelets).

Understanding of the mechanisms governing hematopoiesis is of central interest
for stem cell biology, especially because of its clinical impact [1]. High regenerative
properties of hematopoietic stem cells are used to reconstitute blood structure of
patients after treatment with high-dose chemotherapy, which results in a rapid
decline of blood cell counts. Several diseases of blood and bone marrow, e.g.,
leukemias and other cancers, can be treated and sometimes cured using stem
cell transplantation, formerly known as bone marrow transplantation. Intravenous
administration of growth factors allows to mobilize HSC and early progenitor cells
into blood stream. From blood stream cells can be collected due to expression of
surface markers.

A transplantation is called autologous if donor and recipient are the same person,
otherwise it is called allogeneic. Stem cell transplantations allow application of
aggressive chemo-therapies with high marrow toxicity. After chemotherapy infusion
of the cryopreserved stem/progenitor cell graft allows repopulation of bone marrow
and recovery of blood cell counts. Until occurrence of blood cell recovery patients
are susceptible to infections due to impairment of immune function. For this
reason it is an important clinical goal to keep the period of aplasia as short as
possible.

A major advantage of autologous transplantation is the absence of mismatch
reactions. The major disadvantage of this approach is possible contamination of
the transplant by malignant cells. In case of allogeneic transplantations, malignant
cells are attacked and eliminated by graft cells. The major problems of allogeneic



Mathematical Models of Hematopoiesis 193

transplantation are the search of an adequate donator and control of possible acute
or chronic graft versus host reaction.

Because of relative facility in sampling blood or bone marrow, the hematopoietic
system is well suited for modelling and validation. Hematopoiesis involves complex
processes that can be examined at the level of genes, signal transduction proteins,
or the populations of diverse cell types. By viewing hematopoiesis as a dynamical
system and stress and disease as a perturbation of the system, the system biology
approach may contribute to a better understanding of physiological and pathological
states of hematopoiesis.

Depending on the specific scientific questions, different mathematical models
were developed to study hematopoiesis. One established method of modelling of
hierarchical cell systems is to use a discrete collection of ordinary differential
equations, each of which describes dynamics of cells at a single maturation stage.
In such framework, a range of mathematical results have been obtained, such as
stability and oscillation criteria, some of which are applicable to modelling of the
underlying biological systems, e.g., [2]. Another group of models addresses the
effects of stochasticity in the cell fate decisions [3] or in the regulation of cell
quiescence [4]. These models were designed to simulate the time dynamics of
blood reconstitution [5], spread of cancer stem cells [6] or the perturbations in the
blood dynamics in diseases such as e.g., myleoid leukemia [2, 6]. They provided
explanations of many observations and the model of erythroid production of Lasota
and Wazewska (as cited in [7]) was successfully validated in patients already in the
early 1980s.

In the following we describe a new approach to mathematical modelling of
the hematopoietic (blood-forming) system and possible applications to clinical
scenarios of stem cell transplantation. The starting point of our study are the
models of stem cell differentiation, which we have recently developed in a series
of papers [8–11]. The aim is to provide insights how different cellular properties
influence hematopoietic recovery after stem cell transplantation. In particular, the
role of the asymmetry of cell division is being investigated motivated by the recent
experimental observations [12].

In this paper we focus on the application of proposed models to clinical data.
The equations are calibrated based on the data obtained from patients with mul-
tiple myeloma after high-dose chemotherapy and stem cells transplantation. As a
practical application, the models are used to investigate the dependence of the recon-
stitution time on the size of transplant and its properties. With our approach it is
possible to compare the effect of various medical treatments on individual patients.

The paper is organised as follows. In Sect. 2 we recall the assumptions and
formulation of the basic model and present a specific choice of nonlinearities. In
Sect. 3 a link to a continuous maturation model is presented. Section 4 is devoted
to the clinical application of the proposed model. It includes model calibration,
application to large patient groups to enable comparison to clinical trials performed
on such groups, and application to some treatment scenarios. We conclude in Sect. 5
with some final comments and suggestions for further investigation.
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Fig. 1 Schematic illustration of the model assumptions concerning the increasing rate of prolif-
eration and decreasing fraction of self-renewal versus differentiation along the differentiation tree

2 Model of Hematopoiesis with Discrete Maturation

2.1 Assumptions

Our model is based on the traditional assumption that in each lineage of blood cell
precursors, there exists a discrete chain of maturation stages, which are sequentially
traversed [13]. Cell behaviour is characterised by the proliferative activity, the
probability to differentiate and the probability to die. We assume that the cell
properties change during the maturation process. For simplicity we restrict our
model to one cell lineage. This restriction is also motivated from a clinical point
of view. Most complications occurring shortly after stem cell transplantation are
caused by impaired immune function due to a lack of mature leukocytes [14].
For this reason, in a clinical applications of the model it is sufficient to consider
leukocytes.

We assume that cell behaviour is regulated by feedback signalling. This assump-
tion is based on experimental data, see, e.g., [15]. As an approximation of reality and
motivated by clinical data, we assume that feedback signalling depends only on the
level of mature cells [16]. For simplicity we focus on one kind of feedback signal,
e.g., G-CSF, which is the major regulator of granulopoiesis [15]. Model assumptions
and general stem cell properties are summarised in Fig. 1.

Equations for the cell numbers follow from an accepted model of cell cycle
that is treated as a well-mixed tank, from which cells may either enter division or
death and the length of cell cycle is equally distributed among individuals. Since
the hematopoietic system consists of large numbers of cells (of the order of 109

leukocytes per litre blood) differential equations are a suitable tool to describe the
processes of interest.



Mathematical Models of Hematopoiesis 195

2.2 Equations

Denote by ci .t/ the population density of cell type i at time t . The density of the
stem cell population at time t is denoted as c1.t/ and the concentration of signalling
molecules as s.t/. Time evolution of cell system is described by the following
system of ordinary differential equations,

dc1.t/

dt
D f1.s.t/; c1.t//;

dc2.t/

dt
D f2.s.t/; c2.t// C g1.s.t/; c1.t//;

:::
:::

:::

dcn.t/

dt
D fn.s.t/; cn.t// C gn�1.s.t/; cn�1.t//: (1)

gi .s.t/; ci .t// denotes a flux of cells from the maturation stage i to the maturation
stage i C 1 due to differentiation. Since we neglect any de-differentiation events we
assume that gi .s.t/; ci .t// is nonnegative. The term fi .s.t/; ci .t// denotes a change
of ci .t/ that is caused by processes taking place at the i th stage of maturation. If the
gain of cells caused by proliferation and self-renewal is stronger than the loss caused
by differentiation or death, then fi .s.t/; ci .t// is positive. Otherwise fi .s.t/; ci .t//

is negative. Since mature cells are postmitotic, i.e., they cannot proliferate, the term
fn.s.t/; cn.t// accounts only for cell death and is, therefore, negative. The whole
process is regulated by a single feedback mechanism based on the assumption that
there exist signalling molecules (cytokines) which regulate the differentiation or
proliferation process. The intensity of the signal is denoted by s.t/. Following [8]
we assume that it depends on the level of mature cells, s.t/ D s.cn.t//. A specific
choice of the function s is presented in the next section. A mathematical analysis of
this model and biological implications on the definitions of stem cells are described
in [9].

2.3 A Special Case

For understanding of clinical processes it is helpful to replace the general terms
fi and gi in the above model by explicit functions depending on quantitative cell
properties that are, at least in principle, accessible to experiments.

To model the differentiation process quantitatively we introduce the fraction of
self-renewal that describes which fraction of the progeny cells is identical to the
mother cells (i.e. does not differentiate). This parameter can be interpreted as the
probability that a daughter does not differentiate after cell division. The fraction of
self-renewal is a property defined on the scale of a whole population.
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Denote the proliferation rate of the subpopulation of type i at time t by pi.t/,
the fraction of self-renewal by ai .t/ and the death rate by di .t/. Then, the flux to
mitosis at time t is given by pi .t/ci .t/. The fraction ai .t/ of daughter cells stays
undifferentiated. Therefore, the influx to cell population i after cell division is given
by 2ai .t/pi .t/ci .t/ and the flux to the next cell compartment is given by 2.1 �
ai .t//pi .t/ci .t/. The flux to death at time t is given by di .t/ci .t/. Choice of

fi .t/ D .2ai .t/�1/pi.t/ci .t/ � di.t/ci .t/; for i < n;

gi .t/ D 2.1�ai�1.t//pi�1.t/ci�1.t/; for 1 < i < n;

fn.t/ D �dn.t/cn.t/:

leads to the model described in [8].

2.3.1 Signal Feedback

In this section we present a derivation of a specific form of the signalling feedback,
motivated by the observation that dynamics of signalling molecules takes place on
a faster time scale than the process of cell proliferation and differentiation [17, 18].

We assume that ai .t/ and pi.t/ depend solely on the feedback signal at time t ,
i.e., ai .t/ � ai .s.t// and pi .t/ � pi .s.t//.

Assuming that signal molecules are secreted by specialised cells at a constant rate
˛ and degraded proportional to the level of mature cells cn and at a constant rate �,
we obtain the following differential equation for the dynamics of the concentration
of signalling molecules, denoted by S.t/:

d

dt
S.t/ D ˛ � �S.T / � ˇS.t/cn.t/:

As discussed above a secretion of cytokines is very fast in comparison to cell
proliferation and differentiation and the level of cytokines approaches a quasi-steady
state. Applying a quasi-steady state approximation and substitution of s.t/ WD
�

˛
S.t/ and k WD ˇ

�
enables us to calculate signal intensity s as

s WD s.cn.t// D 1

1 C kcn.t/
;

which is between 0 and 1. Considering different plausible regulatory feedback
mechanisms leads to different types of nonlinearities in the model equations. In
particular, in [8] two hypotheses were tested. The Hypothesis 1 assumes that
differentiation is governed by enhancing the rate of proliferation only, while in the
Hypothesis 2 it is the ratio of the rate of self-renewal to the rate of differentiation
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that is regulated by external signals. Consequently, two different regulatory modes
were proposed:

(M1) constant pi and ai .s/ D ai;max

1Ckcn
,

(M2) pi .s/ D pi

1Ckcn
and constant ai .

Different approaches to model signal feedback are also possible. We checked
numerically that, for example, an exponential dependence of signal intensity on
mature cell counts, s.t/ D e�const � cn.t/, similar to that of the Lasota–Wazewska
model, leads to similar qualitative results.

Numerical simulations and analysis of the model solutions under both hypotheses
(each leading to a different mathematical model) demonstrate that the regulation
of self-renewal fractions is more efficient and can be achieved in the clinically
relevant time scale [8]. Regulation of the rates of proliferation (parameters pi ) is
not sufficient for that purpose.

Therefore, in the reminder of this paper we assume the proliferation rates to be
constant in time and self-renewal fractions to be controlled by the signal feedback,
ai .t/ � ai .s.cn.t/// D ai;max � s.cn.t//; where ai;max is the maximal fraction of
self-renewal. Furthermore, death rates are assumed to be constant in time. This
results in the following set of equations,

dc1

dt
D .2a1;maxs�1/p1c1 � d1c1;

� � �
dci

dt
D .2ai;maxs�1/pici C 2.1�ai�1;maxs/pi�1ci�1 � dici ; (2)

� � �
dcn

dt
D 2.1 � an�1;maxs/pn�1cn�1 � dncn;

s D 1

.1 C kcn/

The following, biologically relevant, assumptions are made for the model parame-
ters and initial data:

t 2 Œ0; 1/;

ci .0/ � 0; for i D 1 : : : n;

di � 0; for i D 1 : : : n�1;

dn > 0;

pi > 0; for i D 1 : : : n�1;

ai;max 2 Œ0; 1/ for i D 1 : : : n�1;

k > 0:
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3 Continuous Model of Hematopoiesis

One of the fundamental biological questions is whether cell differentiation is a
discrete or a continuous process and what is the measure of cell maturation?
Is the pace of maturation (commitment) dictated by successive divisions, or is
maturation a continuous process decoupled from proliferation that may take place
also between cell divisions? Consequently we approach the question how to choose
an appropriate model. To address these questions and to investigate the impact of
possible continuous transformations on the differentiation process, a new model
based on partial differential equations of transport type was introduced [11]. The
model consists of three differential equations of the following form,

dc1.t/

dt
D f1.s.t/; c1.t//;

@t c.x; t/ C @xŒg.x; s/c.x; t/� D f .s.t/; c.x; t//;

g.0; s/c.0; t/ D g1.s.t/; c1.t//; t > 0;

dc2.t/

dt
D f2.s.t/; c2.t// C g.s.t/; c.x�; t//: (3)

Here c1.t/ denotes the number of stem cells, c2.t/—the number of mature cells
and c.x; t/—the distribution density of progenitor cells structured with respect to
the maturity level x, so that

R x2

x1
c.x; t/dx is equal to the number of progenitors

with maturity between x1 and x2. This includes maturity stages between stem cells
and differentiated cells. We assume that x D x� denotes the last maturity level of
immature cells. Moreover, functions f1, f , f2, g1 and g are analogous to those in the
system (3). The specific form of this model corresponding to our choice of kinetic
functions was studied analytically and numerically in [11]. Among others, it was
shown that the discrete and continuous differentiation models are not equivalent.
However, it was also demonstrated that the models can exhibit exactly the same
dynamics for a suitable scaling of the maturation rate function g.x; s/ and under
assumptions on parameters which provide asymptotic convergence of solutions
to a unique positive stationary solution. The latest result indicates that having a
calibration of the discrete differentiation model based on the clinical data we can
easily fit the continuous model. Therefore, in the reminder of this paper we focus on
the discrete maturation model (2).

4 Simulation of Stem Cell Transplantation

In this paragraph we compare model simulations to clinical data obtained from
patients with multiple myeloma after high-dose chemotherapy and stem cell
transplantation, and discuss possible applications.
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4.1 Comparison of Simulations to Clinical Data

For simulations we choose 8 compartments, corresponding to the following maturity
stages of hematopoiesis: HSC, LTC-IC, CFU-GM, CFU-G, Myeloblast, Promyelo-
cyte, Myelocyte, Neutrophil Granulocyte [13]. We focused on neutrophils, since
they are the major part of leukocytes (about 50–75%)[13]. Parameter values of
proliferation rates and death rates as well as initial conditions have been assumed
based on the literature. Self-renewal fractions and the coefficient k, which cannot be
measured, were estimated in such way that steady state cell counts are in accordance
with literature. We assumed that self-renewal decreases from primitive to more
specialised cell types and that stem cells divide about two orders of magnitude
slower than most mature progenitors. In two parameter sets proliferation increases
strictly monotonous with maturity. These assumptions are in agreement with the
classical understanding of stem cell systems. The choice of three parameter sets
were done manually based on the patients data.

We simulate the model with three different parameter sets to investigate the
influence of interindividual differences on reconstitution kinetics. Steady state
population sizes increase from stem cells to most mature progenitors: stem cells of
order 102 per kg to 103 per kg, LTC-IC of order 105 per kg, CFU-GM of order 106

per kg, CFU-G of order 107 per kg, Myeloblasts, Promyelocytes and Myelocytes
of order 108 per kg. For initial conditions we assume that 0.1% of transplanted
cells are stem cells. The ratio of HSC:LTC-IC is assumed to be 1:10, the ratios
LTC-IC:CFU-GM and CFU-GM:CFU:G are assumed to be 1:3. Furthermore it is
assumed that the transplant does not contain any myeloblasts, promyelocytes nor
myelocytes.

Figure 2 compares evolution of leukocyte counts to clinical data. Figure 3 shows
post-transplant time evolution of all cell populations. Clinical data concerning
hematopoietic reconstitution on HSC transplantation are collected from a clinical
trial performed by Klaus and collegues [19] on patients with advanced multiple
myeloma. Median age is 44 (37–66 years). Treatment was performed at the
Department of Medicine V, University of Heidelberg using a myeloablative high-
dose chemotherapy (Melphalan 100 mg/m2 body surface) at days �3 and �2
followed by autografting of a unmanipulated HSC transplant (median of 3.6 (2.0–
10:3/ � 106 CD34+ cells/kg body weight) at day 0. The transplant has been harvested
in advance by leukapheresis from granulocyte colony-stimulating factor mobilised
peripheral blood.

Simulations show that our model is able to cover the observed range of
reconstitution patterns by slight variation of the model parameters. Since simulated
blood leukocyte counts are in reasonable agreement with reality we use the
model to investigate the dependence of time needed for recovery on transplant
size.
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Fig. 2 Clinical data of blood reconstitution following a bone marrow transplant, and simulated
solutions of the mathematical model for three different parameter sets. To calculate cells per kg
body weight, it was assumed that body weight is 70 kg and blood volume 5 l. The following
parameter values were used. Parameter Set 1: p1 D 0:0060, p2 D 0:0300, p3 D 0:1500,
p4 D 0:6000, p5 D 0:6500, p6 D 1:000, p7 D 1:5000, a1;max D 0:7350, a2;max D 0:7298,
a3;max D 0:7245, a4;max D 0:7140, a5;max D 0:5775, a6;max D 0:4725, a7;max D 0:3675,
d1 D � � � D d7 D 0, d8 D 2:7700, k D 1:2800 � 10�9. Parameter Set 2: p1 D 0:0060,
p2 D 0:0300, p3 D 0:1500, p4 D 0:6000, p5 D 0:6500, p6 D 1:000, p7 D 1:5000,
a1;max D 0:7700, a2;max D 0:7645, a3;max D 0:7590, a4;max D 0:7590, a5;max D 0:5500,
a6;max D 0:4400, a7;max D 0:3300, d1 D � � � D d7 D 0, d8 D 2:7700, k D 1:2800 � 10�9.
Parameter Set 3: p1 D 0:0057, p2 D 0:0297, p3 D 0:03, p4 D 0:4200, p5 D 0:4800, p6 D
1:0500, p7 D 1:5000, a1;max D 0:7000, a2;max D 0:6990, a3;max D 0:6690, a4;max D 0:6980,
a5;max D 0:5000, a6;max D 0:5000, a7;max D 0:5500, d1 D � � � D d7 D 0 , d8 D 2:7700,
k D 1:2800 � 10�9

4.2 Application to Large Patient Groups

The proposed model can be applied to large patient groups. To account for
interindividual variability we choose the fractions of self-renewal ai randomly
between 0 and 1 with the additional assumptions a1 > 0:5 and a1 > ai for
all i > 1. The last conditions are necessary for existence of a positive steady
state, for details see [9]. To exclude unrealistic parameter sets only choices with
steady state leukocyte values greater or equal 2 � 109=l are taken into account. In
Fig. 6 simulation results are compared to clinical data collected by Lowenthal and
colleagues [28]. Lowenthal defined hematopoietic recovery as exceedance of 5 � 108
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Fig. 3 Repopulation dynamics of compartments 1–8. Simulations based on parameter set 2
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Fig. 4 Simulation of blood cell recovery of a large population. The plot shows the percentage of
patients reaching 5 � 108 granulocytes (corresponding to 109 leukocytes) per litre blood at different
time points. Model results calculated in cells per kg body weight are compared to the clinical data
assuming using average body weight of 70 kg and blood volume of 5 l. Experimental data is taken
from [28]

neutrophil granulocytes per liter blood. Since neutrophil granulocytes account for
about 50% of peripheral leukocytes, we take a threshold of 109 leukocytes per
litre blood as the criterion for recovery. For simplicity all parameters besides ai are
chosen as in Parameter Set 2. Perturbing randomly other parameter values leads to
similar results. For the presented simulation we assume a transplant size of 9:5 � 106

CD34 positive cells per kg body weight, which corresponds to the median transplant
reported by Lowenthal [28]. Simulations are run for 200 parameter sets obtained by
a random choice of self-renewal fractions as described above. Simulation results
are in good agreement with clinical data. This demonstrates that our model is, in
principle, able to describe behaviour of large patient groups as they are assessed in
clinical trials (Fig. 4).

4.3 Application to Clinical Scenarios

Stem cell transplantation is an important clinical treatment option for hematologic
and non hematologic diseases. The clinical scenario of autologous transplantation
is summarised in Fig. 5. Reduction of the period of immune impairment is an
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Fig. 5 Autologous stem cell transplantation: collection, conservation and reinfusion of stem and
progenitor cells allows application of marrow toxic therapies

important clinical goal and has been addressed by different studies, e.g., [19].
Clinical results indicate that augmented transplant sizes lead to faster recovery.
Nevertheless, the qualitative shape of relationship between transplant size and time
needed for recovery has not yet been described. Due to occurring infections and
other complications it is difficult to establish such relationship based on clinical
data alone.

On the other hand it has been reported that cells with leukemia associated
mutations can be found in the marrow of healthy subjects [20,21] and it is speculated
that the host’s marrow can be supportive to proliferation of such cells after
transplantation [22]. To a certain extent bone marrow seems to serve as a threshold
of adult stem cells of various types that migrate to appropriate sites when there is
need [23–26]. A similar mechanism for cancer stem cells has not yet been evaluated
and cannot be excluded. If cancer stem cells behaved similar to their benign
counterparts, bone marrow could be a storage of cancer cells of different types.
If this was the case, excessive mobilisation of bone marrow derived cells could be
linked to a higher risk of donor derived diseases. For this reason it is necessary to
understand better the dependence of transplant size on reconstitution time.

We use the model to investigate qualitatively the dependence of time needed for
recovery on transplant size. We defined hematopoietic recovery as blood leukocyte
counts exceeding 109/l. Figure 6 shows the dependence of recovery time on the
number of transplanted cells for three different parameter sets. Simulation results
show that the benefit of additionally transplanted cells decreases with increasing
transplant size. For this reason it cannot be recommended to excessively increase
transplant sizes in case of autologous transplantations.

Since our model covers behaviour of large patient groups these results might be
considered as representative for qualitative dependencies in larger populations.

5 Discussion

In this paper we showed that the models of stem cell differentiation with cell self-
renewal regulated by a nonlinear signalling feedback can be applied to describe
the reconstitution pattern of patients after autologous stem cell transplantation.
We calibrated the model using proliferation rates and death rates reported in the
literature. The unknown parameters were estimated manually based on patients data
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Fig. 6 Reconstitution time depending on transplant size for three representative parameter sets.
The values of the parameters are given in Fig. 2

on the time dynamics of leukocyte counts, steady state values and the transplant
data. Model calibration using inverse numerical methods could help to obtain better
insight into dependence of model outcome on the specific parameters and accelerate
the modelling process. Numerical parameter estimation can be applied to identify
the parameters influencing the process of blood reconstitution critically.

Among others, the models were applied to get insights into the qualitative depen-
dence of recovery process after stem cell transplantation on transplant size. Our
models show that interindividual differences in cell properties (model parameters)
may account for interindividual differences observed in clinical practice.

The proposed models contain different simplifications, such as restriction to one
cell lineage, exclusive dependence of feedback on mature cells and incorporation
of only one feedback signal. These simplifications were adjusted based on clinical
data. The main problem of clinical applications is the lack of knowledge of in vivo
model parameters and of exact regulatory modes. The crosstalk between different
cytokines seems to be very complex and is not yet well understood from a biological
point of view [27]. Furthermore our model does not include immune reactions after
allogeneic transplantations for which underlying processes are not well defined.
Our approach focuses on modelling the impact of cellular properties on clinical
measurable results. The models are able to provide insights which parameters are
important to obtain fast clinical recovery. It may, therefore, be helpful for further
optimisation of transplantation strategies in areas where clinical experiments cannot
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be performed due to ethical reasons. Furthermore, since our model covers the
behaviour of large patient groups, it allows to perform clinical trials in silico and
enables to better compare simulation results with clinical data.
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Combustion Chemistry and Parameter
Estimation
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Abstract Combustion processes in practical systems are marked by an huge
complexity stemming from their multi-dimensional character, from the interaction
of physical processes (including diffusion, flow dynamics, thermodynamics and
heat transfer), and from the extremely complex chemistry potentially involving up
to hundreds of species and thousands of elementary reactions. The determination
of accurate parameters accounting for the chemical kinetics is an essential step
for predicting the behavior of practical combustion systems. This is usually done
by carrying out specific experiments in simplified systems whereby many of the
physical phenomenons mentioned above can be neglected. The present paper
aims at giving an overview over the approaches currently followed to estimate
kinetic parameters based on experimental data originating from these simplified
systems. The nature and mathematical description of such problems are presented
for homogeneous systems where all variables depend on time only. The techniques
for the identification of the most significant reactions (and hence parameters) are
shown along with methods for mechanism reduction considerably alleviating the
computational burden. As an application example, Mechacut, a CCC procedure
written by the authors is employed for the reduction of a detailed reaction mecha-
nism aiming at describing the combustion of methane CH4. In the following section,
the estimation of kinetic parameters is formulated as an optimization problem and
different approaches found in the current literature are examined.
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1 Introduction

Realistic simulations of combustion processes in the twenty-first century have
become primordial in view of the numerous challenges and problems that have
emerged during the past decades: global warming which requires more efficient
ways to convert energy while limiting the emissions of gas fostering the green house
effect, health concerns with regard to harmful pollutants (including nitric oxides
(NOx), photochemical pollutants inducing the formation of smog and particulate
matters having hazardous health effects) coupled with the growing influence of
emerging countries like China which increasingly exploits its fossil coal resources.
The intense research activities aiming at producing sustainable renewable fuels
show also that the importance of combustion is not going to be diminished by the
disappearance of traditional fossil fuels like oil. For all these reasons, an important
research effort has to be done in order to reach an accurate estimation of parameters
accounting for the reaction kinetics of combustion problems.

In the next part of this article, the simplified systems used for kinetic studies
are described. In the third part, the mathematical description and handling of the
associated problems are given and the methods used for solving them are evoked.
The fourth part is consecrated to the identification of the most important parameters
and to methods used in practice for reducing reaction mechanisms.

In the fifth part as an example, Mechacut, a C++ procedure developed recently,
is employed for the reduction of the GRI-mechanism aiming at describing the
oxidation of methane CH4. We then go into the practical problem of parameter
estimation in the sixth part by formulating it as an optimization problem and
examining the different approaches followed in the literature.

2 Description of Simplified Combustion Systems

Practical combustion systems hinge on a very large number of overlapping phe-
nomenons, which not only make realistic predictions hard to attain, but also
hinders researchers from deducing the values of parameters out of a class of
similar experiments. In effect, the behavior of these systems is extremely over-
determined in that many (if not an endless number of) combinations of physical
and chemical parameters can lead to the same simulation results (see [34] for an
example concerning chemical kinetics alone). To reduce the sources of uncertainty
and keeping focused on the chemistry, it is thus necessary to decouple the different
processes occurring by devising experiments where only a small part of them is
active. Homogeneous systems have turned out to be extremely useful for kinetic
studies of combustion problems.

Homogeneous systems are constrained in such a way that all variables (including
concentrations, temperature, pressure, and sometimes volume) are only time-
dependent. This means that the physical phenomenons may either be neglected or



Combustion Chemistry and Parameter Estimation 209

happen so fast that the evolution of the system is only driven by its chemistry. In
this case, a system of ordinary differential equations (see next section) has to be
solved and the simulations can be carried out with less resources than for other,
more complex types of systems.

Shock tubes have been shown to be appropriate for the investigation of high
temperature chemistry (usually for temperatures greater than 1,200 K) [9,18]. They
consist of tubes made up of two sections: a driver section at high pressures and
a driven section (containing the experimental mixture) at low pressure separated
by a membrane. At the beginning of an experiment, the aluminum membrane is
burst provoking a strong shock wave which after having been reflected will heat
up the mixture very quickly (in less than 1 �s). Close to the end flanks of the
tube, the temperature and pressure remain constant for several milliseconds, during
which the experimental measurements are made. The concentration values are
estimated through several techniques based on the emission/absorption properties of
molecules like mass spectrometry, gas chromatography and laser absorption [31].

Rapid compression machines are currently employed by many researchers all
over the world for the study of combustion reactions at lower temperatures (500–
950 K) [6, 9]. The gaseous mixture containing the reactants and possibly the inert
gas is compressed homogeneously and rapidly so as to reach predetermined reaction
conditions (pressure and temperature). Afterwards, the temporal evolution of the
system is followed with the same diagnostic techniques as those utilized for shock
tube studies.

A third kind of systems consists of plug flow reactors [9,27] for the investigation
of intermediate temperature regimes (900–1,300K). According to given tempera-
ture and possibly pressure profiles the reacting flow is steadily going through the
system which is assumed to be homogeneous in the plane perpendicular to the flow
direction. In such a way, the variables only depend on the distance from the inlet
point, which can be easily converted into the reaction time. The analysis of the
mixture can be done at several points of the flow using the methods evoked above.

Ignition delay times are often measured during experiments carried out in
either shock tubes or rapid compression machines. They are defined as the period
between the beginning of the reactions in the system and the sharp increase in the
concentration of free radicals resulting from the onset of chain reactions [10].

In every of the three cases described above, for so-called homogeneous systems
output profiles only hinge on initial conditions, kinetic parameters and thermody-
namic data.

3 Mathematical Modeling of Homogeneous Combustion
System

As mentioned earlier, homogeneous systems are characterized by a relatively
simple ensemble of mathematic equations when compared to spatially resolved
simulations. The chemistry is accounted for by ns species and n reactions and is
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Table 1 Reaction from the
H2–O2 system (see (2))

Reactions A n Ea

O2CHDOHCO 2.065EC14 �0.097 62.853
H2CODOHCH 3.818EC12 0.000 33.256
H2COHDH2OCH 2.168EC08 1.520 14.466
OHCOHDH2OCO 3.348EC04 2.420 �8.064

well illustrated by a part of the H2–O2 system [10], see Table 1. The following
species are involved: H2, O2, H, O, OH, and H2O.

Let us consider a given reaction R

˙
NRspe

kD1 vkSk D 0 (1)

where Sk is a participating species (either reactant or product), vk is the corre-
sponding stoichiometric coefficients being negative for a reactant and positive for a
product whereas NRspe D NRrea CNRpro is the total number of participating species,
that is the sum of the reactant and the product number.

Since detailed kinetic modeling aims at describing what really happens on the
molecular level, the number of products and reactants is usually not greater than
two except for pressure dependent reactions where collisions with other molecules
are described as a reaction with a third body M, bringing up the number of reactants
and products to three [10].

The rate constant of a reaction is given by

kR D AT ne
�Ea
RT (2)

where A, n and Ea are respectively the pre-exponential factor, the temperature
factor and the activation energy. The rate constant of the backward reaction kR;�1 is
given by

kR;�1 D kR

Kc

(3)

with Kc being the equilibrium constant. For gaseous reactions, the dependency of
Kc (in concentration units) is expressed by the following formula:

Kc D Kp.
p0

RT
/˙

NRspe
kD1 vk (4)

where Kp is the equilibrium constant in pressure units, p0 the standard pressure
which is equal to 1.013 bar, R the ideal gas constant and T the temperature. The
equilibrium constant Kp itself is calculated from the free enthalpies of all species
participating in the reaction as follows:

Kp D e
��G0

RT (5)
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where �G0 is the free enthalpy of the reaction, obtained by adding the free
enthalpies of all products and subtracting those of all reactants.

If the system is considered to be homogeneous, all variables only depend on the
reaction time t and chemistry is the only origin of the concentration changes.
Their derivatives are therefore given by the formula:

dci

dt
D ˙n

RD1vi;R kR ˘
j DNRrea

j D1 cj (6)

that is the sum of all stoichiometric coefficients multiplied by the reaction rates,
obtained by multiplying the rate constants with the concentrations of all reactants.
In this formula, n designates the number of reactions whereas NRrea is the number
of reactants which take part in the R-th reaction. A more detailed explanation can
be found in [32]. All these reactions form a set of coupled ordinary differential
equations which can be written as:

dci

dt
D fi .t; C; k/ and C.t D 0/ D C0; t 2 Œ0 te�; i D 1; 2; ::Nspe (7)

or
dC

dt
D f .t; C; k/ and C.t D 0/ D C0; t 2 Œ0 te� (8)

where k represents the rate constants of all reactions and C is the vector of species
concentrations.

For solving the system, it is necessary to introduce initial conditions for each
species, for the temperature and for the pressure.

One equation characterizing the evolution of the temperature T alongside another
one concerning the volume and/or pressure must also be added to uniquely
characterize the system.

For solving the system, it is necessary to introduce initial conditions for each
species, for the temperature and for the pressure.

The temperature T may either be constant (for isothermal systems) or, in the
case of adiabatic systems, evolve according to the heat released by the reactions
taking place. The heat itself can be calculated from the thermodynamic data about
the species involved in the reactions [32].

In every case, one obtains a system of differential equations which is typically
stiff due to many different chemical time scales inherent to the reaction system. This
kind of systems implies the use of implicit methods of numerical integrations like
DASAC [14] or the Cash–Karp Runge–Kutta and Bader–Deuflhard integrators [11]
to deal with it.

After having solved the system of differential equations for a fixed set of k values,
one gets more or less a good approximation of the temporal evolution of the species,
provided of course that the rate constants are correct from the very beginning. As
we will see in the Chap. 6, this is often not the case, so that the values of parameters
have to be adapted to the experimental measurements by some fitting procedure.



212 M. Fischer and U. Riedel

4 Sensitivity Analysis and Mechanism Reduction

The ultimate goal of detailed reaction kinetics is to give an accurate and complete
description of all what can take place on the molecular level. To describe the
pyrolysis and rich oxidation of simple fuels such as methane (CH4), acetylene
(C2H2) or ethylene (C2H4) or the lean oxidation of greater alcanes like iso-octane
(i-C8H18) under all possible pressure, temperature and concentration conditions,
several hundreds of species and thousands of reactions are necessary. However,
in almost every case, only a smaller number of them will play an important role
for the species concentrations or variables (like temperature or ignition delay time)
one is interested in. Thus, taking into account all species and reactions from the
mechanism for each simulation or iteration of a fitting algorithm requires a large
amount of unnecessary computational time since many of them have no significant
influence on the variables of interest. It is furthermore highly desirable to identify
the most important reactions since they are the ones underlying the whole chemical
behavior of the system under given conditions.

Sensitivity analysis are a common way to measure the strength of the influences
of parameters on a particular variable which could be either a concentration,
the temperature or possibly the ignition delay time. In most cases, sensitivity
coefficients of first order are computed according to an OAT (One-At-a-Time)
framework whereby the influence of one parameter on the output is evaluated while
all other parameters are fixed (see for example [10, 20, 33] ). The definition of the
sensitivity coefficients si is then straightforward and is based upon the derivative of
the interesting variable [A] with respect to the parameters pi :

si D ıŒA�

ıpi

: (9)

Usually, relative sensitivities are considered in chemistry. These are defined as
follows:

si D pi ıŒA�

ŒA�ıpi

D ılnŒA�

ılnpi

: (10)

Sensitivity coefficients for concentrations ccal
i as a function of time can generally

be computed simultaneously along the solution of the differential equation system
with some additional computational cost [32] according to the formula:

ı

ıt
.
ıccal

i

ıkj

/ D ı

ıkj

.
ıccal

i

ıt
/ D ı

ıkj

.fi .C
cal ; kj // (11)

and if one further develops :

ı

ıt
.
ıccal

i

ıkj

/ D
sDNspeX

sD1

ıfi

ıccal
s

.
ıccal

s

ıkj

/ C ıfi

ıkj

; (12)
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where f is the right hand-side function characterizing the system of differential
equations described in the previous section. ıfi

ıccal
s

form the Jacobian, defined as

the matrix of partial derivatives of f with respect to the concentrations. ıccal
s

ıkj
is the

sensitivity coefficient of the concentration ccal
s at time t with respect to the j-th

kinetic coefficient and ıfi

ıkj
is the derivative of the right hand-side term with respect

to the j-th coefficient. It is noteworthy that the differential equation system obtained
in such a way is always linear, regardless of the non-linearities characterizing the
concentrations.

The reliance upon first derivatives is however criticizable in that the correlated
effects of parameter variations is not at all considered although such non-linear
effects can often occur for complex reaction mechanisms such as those encountered
in combustion systems. To overcome this limitation, methods considering the
correlations between the parameters can be employed. Among them, the FAST
(Fourier Amplitude Sensitivity Test) [24] has shown promising successes.

In any case, sensitivity analysis allow for a particular situation to make a
distinction between the parameters which must be determined accurately (because
having a tremendous impact on the simulated variables due to high sensitivities) and
those whose knowledge may be less precise. It is nonetheless not sufficient to trust
sensitivity analysis alone for the identification of unimportant reactions because it
can often occur that fast reactions with low sensitivity coefficients play a critical
role. To see how this can happen, one has just to consider the simple (imaginary)
chain C2H6 !C2H5CH and C2H5 !C2H4CH with rate coefficients k1 and k2, if
k1 is much greater than k2, then the second reaction will be the limiting one whereas
the first one will be nearly infinitely fast from this perspective. Thus, to modify the
pre-exponential factor of the first reaction slightly (say 0.9 k1;0 or 1.1 k1;0 instead
of k1;0) would have very limited impact on the formation of the product so that the
sensitivity would be rather small. To exclude it from the reaction mechanism on the
ground of this criterion alone would however lead to the rather undesired result that
no more C2H4 would be produced at all! This thus shows the importance of also
considering the flow followed by the element C and H between C2H6 and C2H4.

Generally, for the atom sort a and the reactants i and j, the two following normed
flow parameters [29] are introduced: f a

ij , the flow of the atom a during the formation
of species i from species j relative to the global formation of i, whereas ca

ij is the
flow of the atom a during the consumption of species i for forming species j relative
to the global consumption of i:

f a
ij D

PkDn
kD1 rkv

0

jkv
00

ik

na
i

�na
kPkDn

kD1 v
00

ik rk

(13)

ca
ij D

PkDn
kD1 rkv

0

jkv
00

ik

na
i

�na
kPkDn

kD1 v
0

ik rk

: (14)
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n is the set of uni-directional reactions over which it is summed, rk is the reaction
rate of the k-th reaction, na

i is the number of atom a in the species i whereas v
00

ik and
v

0

jk are the stoichiometric coefficients of the species i and j in the k-th reaction.
The number of atoms na

i are normalized to the total number of atoms transported

in the k-th reaction: �na
k D PlDNRspe

lD1 v
0

lkna
l . Both normed flows take on values

between 0 and 1 which correspond to the flux part from, respectively, towards
species i with respect to species j.

In such a way, flow diagrams showing the relative importance of all forma-
tion/consumption pathways for an ensemble of species can be generated. They can
be defined either for particular points in time or the flows may be integrated over a
defined time interval. If a reaction has small sensitivities according to all variables of
interest and if its role in the reaction flow is negligible, then there are good grounds
for believing it can be excluded from the mechanism without consequences. The
thresholds for f a

ij and ca
ij to be respected depend however on the particular context.

Several methods have been developed for the practical reduction of kinetic
differential equation systems for a particular set of conditions. They may be divided
in two categories: those which preserve the structural integrity of the mechanism
and those which do not. According to Androulakis definition [2], we will say that a
reduced mechanism maintains the structural integrity of a detailed mechanism if all
species and reactions of the reduced mechanism were already present in the initial
one. This implies that the chemical description of the system in terms of reaction
flux remains the same over the whole reduction process, only those chemical species
and reactions which play no significant role for the desired output are removed.

An intuitive method [25] belonging to this class consists of the successive appli-
cation of a reaction flow analysis to distinguish between slow and fast reactions,
followed by a sensitivity analysis carried out only for the slow reactions to identify
those which are crucial for the variables of interest. The rapid reactions and the slow
reactions with high sensitivity values are then kept within the reduced mechanism.
Other methods imply the stepwise removals of a group of reactions followed by the
evaluation of the discrepancies introduced with respect to the original model.

For example, Petzold and Zhu [21] reformulated the mechanism reduction as
a non-linear integer-programming problem which was itself transformed into a
continuous optimization problem solved with a sequential quadratic programming
method. Androulakis [13] also formulated the mechanism reduction as a non-linear
integer-programming problem which he solved with the help of a branch and bound
algorithm.

The methods belonging to the second group modify the structure of the problem
either by lumping reactions and species or by resorting to algebraic simplification
of the differential equation system underlying the detailed kinetic scheme.

The most traditional approaches consist of applying the assumption of steady
state to very reactive radicals (which means that the temporal derivatives of
their concentrations have to remain close to zero over the whole interval) which
leads to algebraic relations allowing the simplification of the underlying system
of differential equations and the lumping of groups of species and reactions.
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This approach usually involve skillful kineticists and intuitions [21], although
Montgomery et al. [19] have proposed an automated procedure for doing this.
The system of differential equations can also be simplified by considering very
fast bidirectional reactions to be in equilibrium. These methods, which consist
in fact of a differentiation between slow and rapid modes of the differential
equation system, can be replaced by more general frameworks like the ILDM
(Intrinsic Low Dimensional Manifolds) [15] or the CSP (Computational Singular
Perturbation) [12] methods.

However, such methods can not be employed for parameter estimation since
they do not conserve the mathematical structure upon which the detailed chemistry
is based. Thus, only the first class of approaches is of interest for the parameter
estimation problem at hand. In the following section, an easily implementable
method maintaining the structural integrity of the reaction mechanism developed
recently will be presented and demonstrated as one concrete example concerning
the oxidation of methane CH4.

5 Mechacut, a Practical Tool for Simplifying Reaction
Mechanisms

For quickly obtaining a simplified mechanism accurately reproducing the variables
of interest resulting from the detailed mechanism, the tool Mechacut has been
developed by the authors. It relies on the software Homrea for the simulation of
homogeneous kinetic systems [10].

As input, it requires the following information:

– The conditions of all experiments considered.
– The reaction mechanism.
– The thermodynamic data.
– The target variables (concentrations or temperature) whose profiles must be

reproduced.
– The tolerance in terms of relative differences e (say e D 2%).

Like several methods cited above, it is based upon the fact that typically reactions
containing species with small concentrations tend to play a minor role for the whole
system.

In a first step, for each species k, k 2 Œ1; nS �, the greatest molar fraction
value over all experiments and time points Ck;max is determined. The use of
molar fractions instead of concentration units allows the simultaneous consideration
of experiments with different orders of magnitude of initial reactant and diluent
concentrations.

Then, for a given reaction R : ˙i viRi D ˙j vj Pj , the greatest molar fractions
Ck;max of all participating species are compared, and the species having the lowest
(in comparison with the other species of the reaction) value of the greatest molar
fractions is identified and the corresponding value is assigned to the reaction.
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The reactions are then sorted according to this characteristic value in a decreasing
order. Therefore, the reactions situated towards the end of the mechanism will typ-
ically contain some species having very low concentrations, whereas the reactions
located at the beginning will only have species with greater concentrations.

There may be however situations where small concentrations of some participat-
ing species does not necessarily entail the unimportance of the reaction, especially
in the case where the reactants or products include free radicals which usually have
low concentrations but do play a crucial role for the whole reaction system.

To discriminate important and unimportant reactions, it is therefore necessary to
proceed in a stepwise fashion, removing by way of trial a group of reactions and
accepting the change if the variations of the target variables are less than a pre-
defined threshold e.

To introduce flexibility, random numbers are employed to choose the first line
of the group to be suppressed n 2 Œ1; nreac � and the number of reactions m to
be deleted which is included in the interval Œ0; mmax�. m, the current number of
deletable lines, is generated according to an uniform distribution function, whereas
n follows a probability law strongly biased towards the end of the interval Œ1; nreac �,
so as to target most of the time the reactions with minor species.

The current maximum number of lines mmax is multiplied by a pre-defined factor
a ( a > 1 ) if the deletion could be accepted, otherwise (the deletion led to some
discrepancies greater than the tolerance) it is multiplied by an other pre-defined
factor b (0 < b < 1). The maximum number of lines mmax is however never allowed
to exceed the threshold mmax

max. A species is suppressed from the input file if it no
longer appears in the reaction mechanism either as reactant, product or third body.

In this manner, large numbers of reactions may be by way of trial deleted at the
beginning of the process, as long as unimportant reactions are considered. From
a certain point, the deletion of more influential reactions is tried out and rejected
what reduces the length of the interval. If the number of failures exceeds a given
threshold, the algorithm leaves the probabilistic mode and tries to delete each
reaction one by one.

In what follows, an application example is given to illustrate the algorithm and
its efficiency.

As will be presented in detail in the next chapter, the estimation or optimization of
kinetic parameters out of experimental data requires solving the differential equa-
tions systems underlying the simulated variables for many possible combinations
of parameters (several thousands of times for a dozen of adjustable parameters).
If several experiments are considered simultaneously for extracting the best set
of parameters matching the measurements, each simulation for fixed values of the
parameters may cost several minutes if the whole reaction mechanism is employed.
This situation is clearly not satisfying for practitioners who often have to consider
different combinations of adjustable parameters before finding the one which will
lead to acceptable discrepancies with the experiment: the optimization process will
then last more than 1 day before either the optimal solution will be found or it may
be concluded that the current mechanism is inconsistent with the data.

Reaction mechanism simplification techniques offer here an interesting option to
considerably reduce the time of each iteration (corresponding to the simulation of
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Table 2 Experimental
conditions considered Experiment [CH4] (%) [O2] (%) p T t

1 0.4 20 1.48 1,711 6.0e�04
2 0.5 10 1.53 1,752 6.0e�04
3 0.5 10 1.62 1,843 6.0e�04
4 0.4 5 1.57 1,821 6.0e�04

all measured variables), thereby leading to significantly shorter CPU time usage for
parameter optimization.

The GRI-mechanism 3.0 [28] is a compilation of elementary reactions along with
reaction rate values and thermodynamic parameters which aims at describing the
oxidation of methane (CH4). Without the chemistry involving nitrogen N, it contains
38 species and 422 (uni-directional) reactions and is valid over a wide range of
conditions for fuel lean to stoichiometric flames. This reaction mechanism has been
reduced using Mechacut for a set of experiments concerning the oxidation of CH4

whereby the temporal profiles of carbon monoxide CO and hydroxyl radicals OH
have been measured. These compounds have been considered as target species, that
is the reduced mechanism must reproduce the profiles from the detailed mechanism
within a given tolerance e. The conditions of the four chosen experiments are given
by Table 2. ŒCH4� and ŒO2� denote the molar fractions of methane and oxygen, T
the temperature in Kelvin, p the pressure in bar and t corresponds to the duration of
the experiment in seconds.

In what follows, the reaction mechanism has been reduced to reproduce the
concentration profiles of CO and OH within a tolerance of 2%. The parameters
had the following values: a D 2, b D 0:6 and mmax

max D 150.
After the end of the procedure, the reduced reaction mechanism contained 172

reactions and 31 species which amounts to a reduction of 59.24% and 18.42%
respectively. To illustrate the accuracy of the reduced model, two characteristic pro-
files were considered and a comparison between detailed and reduced mechanism
used in the simulation is given in Figs. 1 and 2.

The differences between the two profiles are extremely small and the results are
similar for the six remaining profiles.

A considerable reduction in terms of reactions could thus be reached, showing
that many reactions of the GRI-mechanism 3.0 play a negligible role for the
evolution of the species CO and OH during the combustion of methane under the
conditions considered here.

6 Parameter Estimation for Combustion Chemistry
as an Optimization Problem

After having identified the most important parameters and deleting as much
irrelevant reactions as possible, the parameter estimation problem for the given set of
experimental data can be formulated as an optimization problem whereby the goal is
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Fig. 1 Comparison between the detailed and reduced mechanisms for the CO profile of the second
experiment
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Fig. 2 Comparison between the detailed and reduced mechanisms for the OH profile of the second
experiment

to minimize the discrepancies between the results from experiments and those from
the model. Let us consider a set of n experiments, the i-th one having ni measured
variables with i 2 Œ1; n�. The standard estimators of the differences are the least
squares norm and the least absolute values norm which are respectively defined as
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d D
nX

iD1

niX

j D1

.ci;j � ei;j /2 (15)

and

d D
nX

iD1

niX

j D1

jci;j � ei;j j (16)

where ei;j and ci;j are the variables from the experiments and the model.
The last norm has been proven to be much more insensitive with respect to

outliers, that is experimental data lying outside of the expected range due to e.g.
measurement errors [1]. While being frequently used in combustion problems for
fitting parameters to one unique variable (like the concentration of a species), both
norms rapidly show their limits when confronted with variables having different
orders of magnitude. It is easy to envisage that by considering the simple case
where the temperature T (being more than 1,000 K) and the concentration of one
species (being around 1e�6) were measured at the same time: the discrepancies
between the simulated and experimental temperatures would completely dominate
the discrepancies of the concentration by several orders of magnitude so that
the minimization of each of the norm would only adapt the parameters to the
temperature profile and ignore the information contained in the concentration
profile.

This is the reason why weights must be assigned to all terms so that they may
receive the same importance in the evaluation of the total discrepancies. Usually,
this is done by minimizing the so-called Chi-squared function, which is defined as:

d D
iDnX

iD1

j DniX

j D1

.ci;j � ei;j /2

�2
i;j

(17)

whereby �i;j designate the standard deviations of the experimental variable ei;j .
In the vast majority of cases, these quantities are unfortunately not determined
experimentally, forcing the kineticist to find approximations.

To avoid this problem, the relative least squares and absolute values norms can
be considered. They are defined like the norms above except that the terms within
the sum are divided by the experimental values of the variable:

d D
iDnX

iD1

j DniX

j D1

.ci;j � ei;j /2

e2
i;j

(18)

and

d D
iDnX

iD1

j DniX

j D1

jci;j � ei;j j
ei;j

: (19)
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With these norms, the percentage errors are taken into account in such a way that
the relative discrepancies of variables as different as concentrations and temperature
have the same weight. Their use is akin to assuming that all standard deviations are
proportional to the experimental values. These norms are also particularly useful if
concentrations with different orders of magnitude have been measured.

Whatever norm d was chosen, the problem at hand now consists of minimizing
the value originating from it, determining in this manner the optimal coefficients.
The minimization problem may be generally formulated as :

min F.P / D d.E; C; P / (20)

under the conditions

dC

dt
D f .t; C; P; Q/ and C.t D 0/ D C0; t 2 Œ0 te� (21)

where E is the set of experimental measurements, C the set of modeled values, C0

the initial values of the concentrations, P the active set of all adjustable parameters
and Q the ensemble of fixed parameters. Constraints on the parameter values have
almost always to be taken into account, frequently via bound constraints:

li � pi � ui (22)

Often in chemical kinetics, global methods like simulated annealing or genetic
algorithms are employed for minimizing the function and they are extremely popular
due to their abilities to bypass local minima, which are sub-optimal minima of the
function surrounded by points of greater values.

Genetic algorithms were for instance employed by Masoori et al. [17] to
determine reaction parameters for the Fischer–Topsch synthesis, Polifke et al. [22]
used them for finding optimal values of coefficients for simplified mechanisms
whereas Elliott et al. [7] apply them to various chemical kinetic problems including
combustion.

Simulated annealing was recently employed by Mani et al. [16] for the determi-
nation of activation energies pertaining to the non-isothermal pyrolysis of lignin.

Nevertheless, as Tang et al. [30] pointed out, both global methods can be
extremely inefficient in that they ignore problem specific knowledge and rely on
randomness for finding better solutions. These authors proposed then a Physically
Bounded Gauss–Newton (PGN) method for solving optimization problems in
chemical kinetics. The derivatives required by the method are obtained through the
sensitivity coefficients, themselves gotten from an additional differential equation
solved along the system of differential equations (see Sects. 3 and 4). For a
perturbation ˚ of the n-parameter set P which is sufficiently small, the new value of
the model variable ci;j can be expressed according to a first-order approximation:

ci;j .t; P C ˚/ D ci;j .t; P / C .
ıci;j

ıp1

/�1 C .
ıci;j

ıp2

/�2 C : : : C .
ıci;j

ıpn

/�n: (23)



Combustion Chemistry and Parameter Estimation 221

The set of all concentrations resulting from the model can then be written as:

C.t; P C ˚/ D C.t; P / C S.t/˚ (24)

where S is the matrix of sensitivity coefficients. In case of a least square norm, a
local Gauss–Newton step can then be taken by solving the following constrained
linear least squares problem:

Minimize with respect to the perturbation ˚ ,

F.˚/ D d.E; C; P C ˚/ (25)

with li � pi C�i � ui . Unfortunately, as the same authors recognize, the successive
minimizations according to Gauss-Newton steps can only lead to the next local
minimum, which may not be sufficient for the problem at hand. In effect, contrarily
to global optimization methods, derivative based local optimization methods like
the PGN exploit efficiently the structure of the optimization problem, but the initial
values have to be located in a pretty narrow domain to guarantee convergence
towards the global minimum of interest.

Aware of this hurdle, Bock proposed a method reaching a compromise between
the mathematical efficiency of local methods and the robustness of global methods
by applying a multiple shooting method to the optimization problem [4]. Following
this approach, the initial value problem

dC

dt
D f .t; C; P; Q/ and C.t D 0/ D C0; t 2 Œ0 te� (26)

is divided into n initial value problems :

dCj

dt
D f .t; Cj ; P; Q/ and Cj .tj / D �j ; t 2 Œtj tj C1� (27)

with t1 D 0 , tnC1 D te . The set of optimizable parameters contains not only the
adjustable kinetic coefficients P but also the values of the concentrations at the n
nodes �1, �2, �3,. . . ,�n. The continuity constraints Cj .tj C1/ D Cj C1.tj C1/ D �j C1

have to be fulfilled by the final solution, ensuring thus its internal continuity.
An in-depth review and presentation of the technique may be found in [5].
Bock [4] demonstrated the advantages of the method on a kinetic parameter
estimation problem pertaining to the denitrogenation of pyridine: by considering
concentrations as variables, a close agreement with the experimental values may
be observed from early on and many local minima may be avoided. The method
requires however a good initial guess of the concentration values at all nodes for all
species, whereas only a small portion of them is measured for combustion problems,
thereby making the first estimation very hard. As a consequence, further work needs
to be done before this technique may be applied to combustion problems involving
large numbers of species and reactions.
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Until now, we have focused our attention on parameter fitting based on a given set
of experiments without yet considering the purpose of the overall process, namely
the construction of a reaction mechanism which has to be consistent with all known
data and not just a part of them. According to Frenklach [8, 23] one of the major
stumbling block of combustion kinetic lies in the fact that the adjustment of a
reaction mechanism to a new experimental set often involves the disappearance
of good agreements with previous experiments. This is the case because the
dependencies of species profiles measured under different experimental conditions
on the reaction parameters is very complex. The traditional cumulative approach
in combustion kinetic consists of first considering the simplest possible chemical
system (H2–O2), determining appropriate coefficients from the experimental data,
then fixing all the reactions and parameters, and considering the next complex
system (CO–O2) and the corresponding experimental data, only the parameters of
the newly introduced reactions involving C-species are allowed to change. In this
manner, the good agreement reached for (H2–O2) will not be destroyed since the
then determined parameters could not be changed and the new reactions of C species
have no influence on experiments including the system (H2–O2) alone. While this
logic remains sound for this particular trivial example, things become much more
unwarranted when the same method is applied to the hierarchical construction of
large reaction mechanism for species such as CH4, C2H2, C2H4, C2H6. C3H6, C3H8

and so on. This stems at least from three reasons:

– For obtaining good agreements with experiments pertaining to a certain com-
pound, it may often occur that changes of the parameters describing the lower
chemistry are necessary due to their own imprecision.

– The numbers of experiments concerning one single compound (for instance
CH4) can be extremely large so that it is practically impossible (because of
the limitations of current computers) to solve all associated differential equation
systems for the optimal determination of kinetic parameters. In reality, only a
small subset of the experiments can be used, not considering at all the huge
amount of information contained within the other ones.

– The roles of the chemistry of lower and higher compounds may be deeply
intertwined and cannot then be seen as a bottom-up dependency only. For
instance, reactions involving acetylene C2H2 may play an huge role for many
pyrolysis or rich oxidation experiments involving methane CH4 as reactant.
This means that after having adjusted methane reactions to fit profiles measured
during CH4 experiments, all the efforts may be spoiled by later modifying C2H2

reactions in order to better reproduce experiments involving acetylene.

To overcome these problems, Frenklach focused on the concept of feasible set of
parameters [8, 23] which he defined as the interrelated set of all possible parameter
values, given theoretical knowledge and information gained from all experiments:
the model has to agree with all experimental measurements within the limit of their
uncertainties. To allow the reproduction of experimental profiles without having
to solve each time a differential equation system, Frenklach et al. employ an
HDMR (High Dimensional Model Representation) technique (also called solution
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mapping) [26] which consists of expressing the modeled species profiles as an
algebraic function of the significant parameters. In this way, there is no longer a limit
to the quantity of experimental information which may be used to determine kinetic
parameters along their uncertainties. As the number of experimental data becomes
larger and larger, the unknown parameters have to satisfy an increasing number
of constraints (which are implicitly given by the fact that the simulated variables
have to reproduce the experimental ones within an interval corresponding to the
measurement uncertainties). In this manner, the uncertainties on the parameters
become smaller and smaller as new experimental data are taken into account because
the intervals of possible values are shrunk.

This approach seems promising since it is potentially able to exploit all kinetic
information stemming from simplified combustion systems and not just parts of it.
However, it faces considerable problems when applied to the optimization of large
reaction mechanisms. If such a model contains, say, 3,000 kinetic parameters, it
would be practically impossible to express all variables at every time point as a
polynomial function of the 3,000 coefficients. Instead, sensitivity analysis have to
be carried out so as to only retain the parameters having an influence on some of the
data points (e.g. species concentrations at given time points). As an illustration, let
us consider a kinetic model with n parameters p. Let us further suppose that a given
variable m.p/ can be well approximated by a polynomial function of one part of
the parameters pact whereas the sensitivities of the other parameters pinac are low
which leads to their exclusion from the function.

The problem now is that modifications of the values of the active parameters pact

often lead to changes of the sensitivities of the unconsidered parameters pinac which
are then no longer negligible. Indeed, the authors of the present article found this
was the case for reduced version of the GRI-mechanism (mentioned above) whereby
modifications of the coefficients of certain reactions considerably modified the
sensitivities of other for concentration profiles. The results of an optimization using
a simplified model (which may be a simplified mechanism or a polynomial function)
can therefore be misleading in that significant differences between complete and
reduced models may exist for many sets of parameter values. As a consequence, the
optimal solution for the reduced model may considerably differ from the optimal
solution for the complete model. Caution is therefore mandatory when using the
HDMR method or mechanism reduction methods for the optimization of complex
reaction mechanisms: the optimizable parameters must be varied within narrow
ranges in order that the reduction remains valid.

It is finally worth noting that all parameter estimation approaches aiming at
reducing the size of the confidence region of the parameters may take advantage
from the method of experimental design developed by Bock et al. [3]. Relying on the
exact mathematical description of the chemical kinetic through differential equation
systems, experimental settings such as temperature, pressure, initial concentrations
and measurement times are optimized in such a way that the uncertainty surrounding
targeted kinetics coefficients is reduced as much as possible through the information
brought up by these experiments.
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7 Conclusion

In this article, an overview has been given on the problem of parameter estimation
for combustion chemical kinetic. Homogeneous systems (where variables only
depend on the reaction time) are extremely useful to focus on the chemistry and
three common techniques, shock tubes, rapid compression machines and plug
flow reactors have been described. These systems are governed by a system of
differential equations typically exhibiting a huge stiffness which requires implicit
numerical methods to tackle it. For the identification of important reactions,
sensitivity analysis allow to find the kinetic parameters whose slight variations have
important consequences on the variables of interest, whereas reaction flow analysis
reveal the most significant pathways in terms of participating molecules. For large
reaction mechanisms, reduction of the size of the differential equation system
has been traditionally achieved by postulating steady states for free radicals and
equilibrium for fast reactions. Recently, methods directly reducing the number of
reactions and species have been developed. The program Mechacut presented here
is one such approach which has been applied to a problem pertaining to methane
oxidation. Afterwards, diverse optimization approaches found in the literature have
been presented and the challenges of global optimization and building of reaction
mechanisms consistent with all experimental data have been highlighted.
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Numerical Simulation of Catalytic Reactors
by Molecular-Based Models

Olaf Deutschmann and Steffen Tischer

Abstract Investigations in the field of high-temperature catalysis often reveal com-
plex interactions of heterogeneous, homogeneous, and radical chemistry coupled
with mass and heat transfer. The fundamental aspects as well as several applications
of high-temperature catalysis are covered in the light of these interactions. Benefits
of molecular-based numerical simulations are discussed. Furthermore, this chapter
looks at challenges associated with parameter estimation.

1 Background

Understanding and optimization of heterogeneously catalyzed reactive systems
require the knowledge of the physical and chemical processes on a molecular level.
In particular, at short contact times and high temperatures, at which reactions occur
on the catalyst and in the gas-phase, the interactions of transport and chemistry
become important.

High-temperature catalysis is not a new concept; the Oswald process for the
NO production by oxidation of ammonia over noble metal gauzes at temperatures
above 1,000ıC and residence times of less than a micro second has been technically
applied for decades; total oxidation of hydrogen and methane (catalytic combustion)
over platinum catalysts were even used before Berzelius proposed the term “catal-
ysis.” Recently, however, high-temperature catalysis has been extensively discussed
again, in particular in the light of the synthesis of basic chemicals and hydrogen,
and high-temperature fuel cells.
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Catalytic partial oxidation (CPOX) of natural gas over noble metal catalysts
at short contact times offers a promising route for the production of synthesis
gas [1,2], olefins [3,4], and hydrogen. For instance, synthesis gas, also catalytically
produced by steam and autothermal reforming, is needed in (gas-to-liquids) plants
for synthetic fuels, which are currently under development. CPOX of gasoline,
diesel, or alcohols to synthesis gas or hydrogen may soon play a significant role in
mobile applications for reduction of pollutant emissions and auxiliary power units.

For any fuel other than hydrogen, catalytic reactions are likely to occur in the
anode of a solid oxide fuel cell (SOFC) leading to a complex chemical composition
at the anode–electrolyte interface [5]. Primarily the products of the electrochemical
reactions, H2O and CO2, drive the catalytic chemistry in the anode. For the applica-
tion of hydrocarbon and alcohol containing fuels, the understanding of the catalytic
kinetics is vital for the precise prediction of fuel utilization and performance [6].
Coupling of the thermo catalytic reactions with the electrochemical processes and
mass and heat transport in the cell will exemplarily be discussed for an anode-
supported SOFC operated with methane containing fuels and a Ni/YSZ anode
structure.

2 Fundamentals

Catalytic reactors are generally characterized by the complex interaction of various
physical and chemical processes. Monolithic reactors can serve as example, in
which partial oxidation and reforming of hydrocarbons, combustion of natural gas,
and the reduction of pollutant emissions from automobiles are frequently carried
out. Figure 1 illustrates the physics and chemistry in a catalytic combustion monolith
that glows at a temperature of about 1,300 K due to the exothermic oxidation
reactions. In each channel of the monolith, the transport of momentum, energy,
and chemical species occurs not only in flow (axial) direction, but also in radial
direction. The reactants diffuse to the inner channel wall, which is coated with
the catalytic material, where the gaseous species adsorb and react on the surface.
The products and intermediates desorb and diffuse back into the bulk flow. Due to
the high temperatures, the chemical species may also react homogeneously in the
gas phase. In catalytic reactors, the catalyst material is often dispersed in porous
structures like washcoats or pellets. Mass transport in the fluid phase and chemical
reactions are then superimposed by diffusion of the species to the active catalytic
centers in the pores.

The temperature distribution depends on the interaction of heat convection and
conduction in the fluid, heat release due to chemical reactions, heat transport in the
solid material, and thermal radiation. If the feed conditions vary in time and space
and/or heat transfer occurs between the reactor and the ambience, a non-uniform
temperature distribution over the entire monolith will result, and the behavior will
differ from channel to channel [7].
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Fig. 1 Catalytic combustion monolith and physical and chemical process occurring in the single
monolith channel

Today, the challenge in catalysis is not only the development of new catalysts
to synthesize a desired product, but also the understanding of the interaction of the
catalyst with the surrounding reactive flow field. Sometimes, the exploitation of
these interactions can lead to the desired product selectivity and yield. A detailed
introductions into fluid dynamics and transport phenomena can be found in [8–12],
and into the coupling with heterogeneous reactions in [12, 13].

2.1 Heterogeneous Reaction Mechanisms

The development of a reliable surface reaction mechanism is a complex process.
A tentative reaction mechanism can be proposed based on experimental surface
science studies, on analogy to gas-phase kinetics and organo-metallic compounds,
and on theoretical studies, increasingly including DFT calculations. This mecha-
nism should include all possible paths for the formation of the chemical species
under consideration in order to be “elementary-like” and thus applicable over
a wide range of conditions. The mechanism idea then needs to be evaluated
by numerous experimentally derived data, which are compared with theoretical
predictions based on the mechanism. Here, the simulations of the laboratory reactors
require appropriate models for all significant processes in order to evaluate the
intrinsic kinetics. Sensitivity analysis leads to the crucial steps in the mechanism,
for which refined kinetic experiments and data may be needed.

Since the early 1990, many groups have developed surface reaction mechanisms
for high-temperature catalysis, following this concept, which has been adapted
from modeling homogeneous gas-phase reactions in particular in the fields of
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combustion [10] and pyrolysis [14] of hydrocarbons. Consequently, this concept
becomes handy when high-temperature processes in catalysis are considered,
in particular the radical interactions between the solid phase (catalyst) and the
surrounding gas-phase (fluid flow).

In this concept, the surface reaction rate is related to the size of the computational
cell in the flow field simulation assuming that the local state of the active surface
can be represented by mean values for this cell. Hence, this model assumes
randomly distributed adsorbates. The state of the catalytic surface is described by
the temperature T and a set of surface coverages �i . The surface temperature and
the coverages depend on time and the macroscopic position in the reactor, but are
averaged over microscopic local fluctuations. Under those assumptions the molar
net production rate Psi of a chemical species on the catalyst is given as

Psi D
KsX

kD1

�ikkf k

NgCNsCNbY

j D1

c
�0

jk

j : (1)

Here, Ks is the number of surface reactions, ci are the species concentrations,
which are given, e.g., in mol m�2 for the Ns adsorbed species and in, e.g., mol m�3

for the Ng and Nb gaseous and bulk species. According to the relation

�i D ci �i �
�1: (2)

where � is surface site density with a coordination number �i describing the
number of surface sites which are covered by the adsorbed species, the variations of
surface coverages follow

@�i

@t
D Psi �i

�
: (3)

Since the reactor temperature and concentrations of gaseous species depend on
the local position in the reactor, the set of surface coverages also varies with position.
However, no lateral interaction of the surface species between different locations on
the catalytic surface is modeled. This assumption is justified by the fact that the
computational cells in reactor simulations are usually much larger than the range of
lateral interactions of the surface processes.

Since the binding states of adsorption of all species vary with the surface
coverage, the expression for the rate coefficient kf k

is commonly extended by two
additional parameters, �i k and "i k [12, 15]:

kf k
D AkT ˇk exp

��Eak

RT

� NsY
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�
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�
"i k�i

RT

�
: (4)
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A crucial issue with many of the surface mechanisms published is thermody-
namic consistency [13]. Lately, optimization procedures enforcing overall thermo-
dynamic consistency have been applied to overcome this problem [16].

In particular oxidation reactions, in which radical interactions play a very
significant role, have been modeled extensively using this approach such as
oxidation of hydrogen [17–23], CO [24–26], and methane [27–32] and ethane
[4, 33–35] over Pt, formation of synthesis gas over Rh [32, 36]. Lately, mechanisms
have been established for more complex reaction systems, for instance, three-way
catalysts [37] or Chemical Vapor Deposition (CVD) reactors for the formation
of diamond [38, 39], silica [40], and nanotubes [41]. In most of these reactions,
adsorption and desorption of radicals is included and these steps are significant not
only for the heterogeneous reaction but also for homogeneous conversion in the
surrounding fluid. In most cases, the catalyst acts as sink for radicals produced in the
gas-phase, and hence radical adsorption inhibits gas-phase reactions as exemplarily
discussed below for oxy-dehydrogenation of alkanes by high-temperature catalysis.

2.2 Homogeneous Reactions

In many catalytic reactors, the reactions do not exclusively occur on the catalyst
surface but also in the fluid flow. In some reactors even the desired products are
mainly produced in the gas phase, for instance in the oxidative dehydrogenation of
paraffins to olefins over noble metals at short contact times and high temperature as
discussed below [4,35,42–47]. Such cases are dominated by the interaction between
gas-phase and surface kinetics and transport. Therefore, any reactor simulation
needs to include an appropriate model for the homogeneous kinetics along with the
flow models. With �0

ik , �00
ik being the stoichiometric coefficients and an Arrhenius-

like rate expression, the chemical source term of homogeneous reactions can be
expressed by

Rhom
i D Mi

KgX

kD1

.�00
ik � �0

ik/AkT ˇk exp

��Eak

RT

� NgY

j D1

�
Yj �

Mj

�ajk

: (5)

Here, Ak is the pre-exponential factor, ˇk is the temperature exponent, Eak is
the activation energy, and ajk is the order of reaction k related to the concentration
of species j , which itself is expressed in terms of mass fractions Yj , density �

and molar mass Mj . Various reliable sets of elementary reactions are available
for modeling homogeneous gas phase reactions, for instance for total [10] and
partial oxidation, and pyrolysis of hydrocarbons. The advantage of the application
of elementary reactions is that the reaction orders ajk in (5) equal the stoichiometric
coefficients �0

ik .
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2.3 Coupling of Chemistry and Mass and Heat Transport

The chemical processes at the surface can be coupled with the surrounding flow
field by boundary conditions for the species-continuity equations at the gas–surface
interface [12, 15]:

n.ji C �vStefYi / D Rhet
i : (6)

Here n is the outward-pointing unit vector normal to the surface, ji is the
diffusion mass flux of species i and Rhet

i is the heterogeneous surface reaction
rate, which is given per unit geometric surface area, corresponding to the reactor
geometry, in kg m�2 s�1. The Stefan velocity vStef occurs at the surface if there is
a net mass flux between the surface and the gas phase [27, 48]. The calculation of
Rhet

i requires the knowledge of the amount of catalytically active surface area in
relation to the geometric surface area, here denoted by Fcat=geo, at the gas–surface
interface:

Rhet
i D �Fcat=geoMi Psi : (7)

Here, Psi is the molar net production rate of gas phase species i , given in
mol m�2 s�1; the area now refers to the actual catalytically active surface area.
Fcat=geo can be determined experimentally, e.g. by chemisorption measurements.
The effect of internal mass transfer resistance for catalyst dispersed in a porous
media is included by the effectiveness factor � [11, 49]. For more detailed models
for transport in porous media it is referred to literature [50, 51].

Modeling the flow field in laminar and turbulent flows is discussed in many
textbooks [8, 10] and review articles we refer to. Even though the implementation
of (5)–(7) in those fluid flow models is straight forward, an additional highly
nonlinear coupling is introduced into the governing equations describing the flow
field (leading to considerable computational efforts. The nonlinearity, the large
number of chemical species, and the fact that chemical reactions exhibit a large
range of time scales, in particular when radicals are involved, make the solution of
those equation systems challenging. In particular for turbulent flows, but sometimes
even for laminar flows, the solution of the system is too CPU time-consuming with
current numerical algorithms and computer capacities. This calls for the application
of reduction algorithms for large reaction mechanisms, for instance by the extraction
of the intrinsic low dimensional manifolds of trajectories in chemical space [52],
which can be applied for heterogeneous reactions [53]. Another approach is to use
“as little chemistry as necessary.” In these so-called adaptive chemistry methods,
the construction of the reaction mechanism includes only steps relevant for the
application studied [54].
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Fig. 2 Structure of the code DETCHEMMONOLITH [57]

2.4 Monolithic Catalysts

As an example of a modeling a high-temperature catalyst, catalytically coated
monolithic structures as given in Fig. 1 are discussed. An efficient approach,
which still includes all fundamental aspects, is often used for modeling catalytic
monoliths, which is based on the combination of simulations of a representative
number of channels with the simulation of the temperature profiles of the solid
structure treating the latter one as continuum [55, 56]. This approach is the basis
for the computer code DETCHEMMONOLITH [57], which has been applied to
model the transient behavior of catalytic monoliths. The code combines a transient
three-dimensional simulation of a catalytic monolith with a 2D model of the single-
channel flow field based on the boundary layer approximation. It uses detailed
models for homogeneous gas-phase chemistry, heterogeneous surface chemistry,
and contains a model for the description of pore diffusion in washcoats.

The numerical procedure as sketched in Fig. 2 is based on the following ideas:
The residence time of the reactive gas in the monolith channels is much smaller
than the unsteadiness of the inlet conditions and the thermal response of the solid
monolith structure. Under these assumptions, the time scales of the channel flow are
decoupled from the temporal temperature variations of the solid, and the following
procedure can be applied: A transient multi-dimensional heat balance is solved for
the monolithic structure including the thermal insulation and reactor walls, which
are treated as porous continuum. This simulation of the heat balance provides the
temperature profiles along the channel walls. At each time step the reactive flow
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through a representative number of single channels is simulated including detailed
transport and chemistry models. These single-channel simulations also calculate the
heat flux from the fluid flow to the channel wall due to convective and conductive
heat transport in the gaseous flow and heat released by chemical reactions. Thus, at
each time step, the single-channel simulations provide the source terms for the heat
balance of the monolith structure while the simulation of the heat balance provides
the boundary condition (wall temperature) for the single-channel simulations. At
each time step, the inlet conditions may vary. This very efficient iterative procedure
enables a transient simulation of the entire monolith without sacrificing the details
of the transport and chemistry models, as long as the prerequisites for the time scales
remain valid. Furthermore, reactors with alternating channel properties such as flow
directions, catalyst materials, and loadings can be treated.

2.5 Experimental Evaluation of Models Describing Radical
Interactions

The coupling of several complex models introduces a large number of parameters
into the simulations. Hence, agreement between predicted and experimentally
observed overall conversion and selectivity alone is not sufficient to evaluate
individual sub models. Time and locally resolved profiles provide a more stringent
test for model evaluation. Useful data arise from the experimental resolution of local
velocity profiles by laser Doppler anemometry/velocimetry (LDA, LDV) [58, 59]
and of spatial and temporal species profiles by in situ, non-invasive methods such
as Raman and laser induced fluorescence (LIF) spectroscopy. For instance, an
optically accessible catalytic channel reactor can be used to evaluate models for
heterogeneous and homogeneous chemistry as well as transport by the simultaneous
detection of stable species by Raman measurements and OH radicals by Planar
laser-induced fluorescence (PLIF) [60, 61].

2.6 Mathematical Optimization of Reactor Conditions
and Catalyst Loading

In a chemical reactor, the initial and boundary conditions can be used to optimize the
performance of the reactor, i.e., maximize the conversion, the selectivity or the yield
of certain product species. In particular, at the inlet of the catalytic monolith, the
mass or molar fractions of the species, the initial velocity, or the initial temperature
can be controlled to optimize one product composition. Furthermore, it may be
possible to control the temperature profile Twall.z/ at the channel wall, and vary
the loading with catalyst along the channel, i.e., Fcat=geo.z/. Moreover, the length
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of the catalytic monolith zmax can be optimized. Recently, algorithms have been
established to not only optimize those control parameters but also to be applied
to achieve a better understanding of the interactions between heterogeneous and
homogeneous chemical reactions in catalytic reactors [62–64]. Radical interaction
may play a decisive role as shown in the example given below.

3 Applications

3.1 Synthesis Gas from Natural Gas by High-Temperature
Catalysis

A class of tube-like reactors is the monolith or honeycomb structure, which consists
of numerous passageways with diameters reaching from a tenth of a millimeter to
few millimeters. The flow field in the thin channels of this reactor type is usually
laminar. The catalytic material is mostly dispersed in a washcoat on the inner
channel wall. Monolith channels are manufactured with various cross-sectional
shapes, e.g., circular, hexagonal, square or sinusoidal. In the next sections, the
configuration of catalytic monolithic reactors will be used to discuss the interaction
of gas-phase and surface chemistry in high-temperature catalysis.

The high-temperature catalytic partial oxidation (CPO) of methane over Rh
based catalysts in short contact time (milliseconds) reactors has been intensively
studied, because it offers a promising route to convert natural gas into synthesis gas
(syngas, H2 and CO), which can subsequently be converted to higher alkanes or
methanol or be used in fuel cells [1,65,66]. The indirect route for syngas formation
has meanwhile been accepted; at the catalyst entrance total oxidation occurs to
form steam as long as oxygen is available at the surface, then methane is steam-
reformed to hydrogen. Basically no dry reforming occurs and the surface acts as
sink for radicals inhibiting significant gas-phase reactions at pressures below 10 bar
[67]. Also the transient behavior during light-off of the reaction has been revealed.
Exemplarily, Fig. 3 shows the time-resolved temperature and species profiles in
a single channel of a catalytic monolith for partial oxidation of methane for the
production of synthesis gas and the temperature distribution of the solid structure
during light-off [36].

Since natural gas contains higher alkanes and other minor components besides
methane, conversion and selectivity can be influenced by those other components.
Consequently, conversion of methane in steam reforming of pure methane and in
steam reforming of natural gas (North Sea H) differ as shown in Fig. 4. Here,
fuel/steam mixtures, molar steam to carbon ratio of 2.5 and 4, diluted by 75%
Ar, 10,000 h�1 space velocity, were fed into a furnace containing a Rh coated
honeycomb catalyst [68].
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Fig. 3 Simulation of light-off of a monolithic reactor coated with Rh for partial oxidation
of methane to synthesis gas [36]. Temperature of the solid structure (top) and gas-phase
temperature and species mole fractions in a single channel in the center of the monolith (below),
red = maximum, blue = minimum

3.2 Olefin Production by High-Temperature Oxidative
Dehydrogenation of Alkanes

While gas-phase reactions are not significant in CPOX of methane at atmospheric
pressure, CPOX of ethane to ethylene over platinum coated catalysts at short contact
times [69, 70] is characterized by complex interactions of homogeneous gas-phase
and heterogeneous surface reactions [4,44,71]. The principal picture of the reaction
process is shown in Fig. 5. At the catalyst entrance oxygen is completely consumed
at the surface within 1 mm primarily producing CO2 and H2O. This total combustion
of ethane leads to a rapid temperature increase from RT to 1,000ıC. The high
temperature drives the pyrolysis of ethane in the gas-phase. After a decade of
discussions on the reaction pathways, most studies today conclude that most of the
ethylene (desired product) is actually homogeneously produced in the gas-phase.
Further downstream, additionally, reforming and shift reactions occur.
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Fig. 5 General picture of oxy-dehydrogenation of ethane over Pt at millisecond contact times
and temperatures of �900ıC; inlet ethane/oxygen ratio �2. The upper and lower panel show
gas-phase and surface processes, respectively, adapted from Zerkle et al. [4]

Based on the molecular understanding of interaction of gas-phase and surface
chemistry in oxy-dehydrogenation of ethane over Pt [4], Minh et al. [62] used a
recently developed optimization code to find the optimal Pt catalyst loading on
along the flow direction in a Pt/Al2O3 coated honeycomb catalyst. The gas-phase
mechanism used consists of 25 reactive species (mainly C1 and C2 species) involved
in 131 reversible reactions and one irreversible reaction, and the surface reaction
mechanism consists of another 82 elementary-step like reactions involving another
19 surface species [4]. This mechanism was later also used to study on-line catalyst
addition effects [71]. The Pt coated monolith had a diameter of 18 mm and a
length of 10 mm. Each channel has a diameter of 0.5 mm. The monolith is fed with
ethane/oxygen/nitrogen mixture of varying C/O ratio at 5 standard liters per minute
leading to a residence time of few milliseconds.
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3.2.1 Formulation of an Optimal Control Problem

The initial and boundary conditions can be used to optimize the performance of
the reactor, i.e., maximize the conversion, the selectivity or the yield of certain
product species. In particular, at the inlet of the catalytic monolith, the mass or
molar fractions of the species, the initial velocity, or the initial temperature can be
controlled to optimize one product composition. Furthermore, it may be possible to
control the temperature profile Twall.z/ along the channel wall, and vary the loading
with catalyst along the channel, i.e., Fcat=geo.z/. Moreover, the length of the catalytic
monolith zmax can be optimized. Here, the objective function to be maximized is the
mass fraction of ethylene at the outlet of the channel. The control considered here
is the catalyst loading, expressed, which is a function of the axial coordinate z. For
practical reasons, there are often equality and inequality constraints on the control
and state variables, such as an upper and lower bounds for the catalyst loading and
the (trivial) fact that the sum of all mass fractions must be one.

In the case considered, the inlet gas temperature is Tgas D 600 K, and the
wall temperature Twall.z/ is kept fixed at 1,000 K. As constraint the Fcat=geo.z/
is required to be between 0, i.e., no catalyst, and 100, i.e., highly loaded. The
optimization was started with a constant Fcat=geo.z/ profile of 20.0 leading to an
objective value of 0.06. In the optimal solution the objective value is 0.19. Figure 6
shows the standard and optimal profiles of Fcat=geo.z/ and average mass fraction
profiles of ethylene. Figure 7 reveals the mass fraction profiles of ethane and
ethylene with the optimal profile of Fcat=geo.z/. Platinum is a very efficient catalyst
for the oxidation of ethane. In the first two mm of the catalyst, oxygen is almost
completely consumed by surface reactions (catalytic oxidation of ethane) leading
to the total oxidation products CO2 and H2O, ethylene, and some CO. Ethylene
however is substantially produced in the gas-phase as well. However, the conversion
in the gas-phase only occurs if a sufficiently large radical pool is build up, which
takes a certain time/distance (so-called ignition delay time). Furthermore, some of
the ethylene formed by surface reactions adsorb on the surface as well, where in
the region around 2 mm mainly reforming reactions occur but the total reaction
rate is much smaller than in the first mm of the catalyst where oxygen was still
available. Since the production of ethylene by gas-phase reactions really takes-off
further downstream (most of the ethylene is produced in the gas-phase) due to the
radicals available there and due to the fact that the surface is relatively inactive
in the region around 2 mm, a plateau appears in that region around 2 mm (Fig. 6)
due to the competition between ethylene production in the gas-phase and (partial)
oxidation on the surface, both at relatively low rates. The optimization of the catalyst
loading proposes a very low loading in this region, because here the catalyst does
not only oxidize ethylene but also adsorbs radicals from the gas-phase, which are
needed to initiate ethylene formation in the gas-phase. The optimization proposes
relatively low catalyst loading in the very active initial catalyst section, which
can be understood as follows: Within the first mm of the catalyst, where oxygen
is available, the process is limited by mass-transfer of ethane and even more of
oxygen to the surface. Here, primarily, oxidation of ethane occurs at a very high
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rate, the catalyst is very active. Consequently, catalyst is needed here but not at a
high loading; this effect has also been observed in several experiments.

The hydrocarbon/oxygen (C/O) ratio can easily be used to tune the product
selectivity in CPOX of alkanes. The group of L.D. Schmidt has studied a variety of
fuels and basically found the same trend as shown in Fig. 8 for CPOX of n-decane
at millisecond contact times over Rh catalysts [46]. At low C/O ratio, synthesis gas
is the primary product; actually its maximum is reached close to the point where
the reaction switches to total combustion, a flame is often formed in that transition
region. With increasing C/O ratio, more and more olefins are formed, primarily



240 O. Deutschmann and S. Tischer

C/O Feed

S
el

ec
tiv

ity
[%

]

0.7 1 1.3 1.6 1.9
0

20

40

60

80
H2

CO

Olefins
H2O

CO2

Fig. 8 Effect of the n-decane/oxygen feed ratio on the product selectivity in CPOX of n-decane
at millisecond contact times over Rh catalysts [46]

˛-olefins, but at higher C/O ratio a larger variety of other olefins as well, and
eventually acetylene, benzene, and PAH are formed at very low oxygen content.
Coking of the catalyst and formation of soot in the gas-phase quickly becomes a
technical problem. Those studies over noble metal based catalysts and at millisecond
contact times were recently extended to CPOX of biodiesel [72]. Also, autothermal
reforming of ethanol was realized at short contact times and high temperatures in a
two-stage reactor [73, 74]. A Rh—ceria catalyst on alumina foams/spheres served
as first stage for reforming with some oxygen addition. The second reactor stage
consists of Pt—ceria on alumina spheres to accelerate the water–gas shift reaction
for maximizing the hydrogen yield.

3.3 Hydrogen Production from Logistic Fuels
by High-Temperature Catalysis

The production of hydrogen and synthesis gas (syngas, H2 and CO) from logistic
fuels such as gasoline, diesel, and kerosene by catalytic partial oxidation (CPOX)
and steam reforming (SR) is currently in the focus of both academic and industrial
research. In contrast to the complex and costly supply of compressed and stored
hydrogen for mobile fuel cell application, CPOX of liquid fuels allows production
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and utilization of hydrogen through existing routes, which, in particular, is of inter-
est for on-board applications. At operating temperatures around 1,000 K and higher,
conversion of the fuel may not only occur on the solid catalyst but also in the gas-
phase. Heterogeneous and homogeneous reactions in CPOX of hydrocarbons are
coupled not only by adsorption and desorption of fuel and oxygen molecules and the
products, respectively, but also by adsorption and desorption of intermediates and
radicals. Therefore, mass transport of radicals and intermediates from/to the gaseous
bulk phase and the catalytically active channel wall, mainly by radial diffusion in the
small channels of the monolith being on the order of a quarter to one millimeter, is
crucial for the interaction of heterogeneous and homogeneous reactions in CPOX
reactors. Hartmann et al., for instance, studied the catalytic partial oxidation of
iso-octane over rhodium/alumina coated honeycomb monolith serving as gasoline
surrogate [75]. Very high hydrogen and carbon monoxide selectivity were found at
stoichiometric conditions (C/O = 1), while at lean conditions more total oxidation
occurs. At rich conditions (C/O > 1), homogeneous chemical conversion in the gas-
phase is responsible for the formation of by-products such as olefins shown in Fig. 9
that also have the potential for coke formation, which was observed experimentally
and numerically. This study also revealed that the chemical models applied—even
though the most detailed ones available (857 gas-phase and 17 adsorbed species in
over 7,000 elementary reactions) were used—need further improvement.
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Fig. 10 Numerically predicted profiles of molar fractions of reactants and major products in
the entrance region of the catalyst at C/O = 1.2 in CPOX of iso-octane over a Rh/alumina coated
monolith, taken from Hartmann et al. [75]. Flow direction is from left to right

Fig. 11 Numerically predicted profiles of molar fractions of minor products and radicals along
the entire catalyst at C/O = 1.2 in CPOX of iso-octane over a Rh/alumina coated monolith, taken
from Hartmann et al. [75]. Flow direction is from left to right

Nevertheless, this combined modeling and experimental study revealed the role
of surface, gas-phase, and radical chemistry in high-temperature oxidative catalytic
conversion of larger hydrocarbons. From Fig. 10, it can clearly be concluded that the
major products (syngas) are produced in the entrance region of the catalyst on the
catalytic surface; radial concentration profiles are caused by a mass-transfer limited
process. As soon as the oxygen is consumed on the catalytic surface—similar to
CPOX of natural gas—hydrogen formation increases due to steam reforming, the
major products are formed within few millimeters. At rich conditions (C/O > 1.0)
a second process, now in the gas-phase, begins in the downstream part as shown
in Fig. 11. The number of radicals in the gas-phase is sufficiently large to initiate
gas-phase pyrolysis of the remaining fuel and formation of coke-precursors such as
ethylene and propylene. In the experiment, the downstream part of the catalyst is
coked-up, here the Rh surface cannot act as sink for radical.
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Fig. 12 Survey of the methodology of the development of a surface reaction mechanism

4 Model Parameters

One of the major questions for detailed reaction mechanisms is the source and
the reliability of the kinetic parameters. Typically for molecular based models
there are several 10s–100s of gas-phase and surface species involved. The number
of reactions among them is even one order of magnitude higher. Thus it is
virtually impossible to determine the kinetic parameters of each elementary step
by direct experimental observation. The development of a reliable surface reaction
mechanism follows an iterative scheme given Fig. 12.

A tentative reaction mechanism can be proposed based on experimental surface
science studies, on analogy to gas-phase kinetics and organo-metallic compounds,
and on theoretical studies, such as first principle calculations using density func-
tional theory [76, 77]. This mechanism should include all possible paths for the
formation of the chemical species under consideration in order to be elementary-like
and thus be applicable over a wide range of conditions. The mechanism idea then
needs to be evaluated by numerous experimentally derived data, which are compared
with theoretical predictions based on the mechanism. Here, numerical simulations
of the laboratory reactors require appropriate models for all significant processes
in order to evaluate the intrinsic kinetics. Sensitivity analysis leads to information
about crucial steps in the mechanism, for which refined kinetic experiment and
data may be necessary. At the end of the iteration, an elementary-step reaction
mechanism must be applicable to simulations of different kinds of experimental
set-ups.
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All experimental measurements and first principle calculations result in kinetic
parameters with a comparatively small but significant error. Therefore, parameter
fine tuning will nonetheless be necessary in order to improve agreement between
experimental results and numerical simulation. The best way to do so is to solve
the optimal control problem with respect to the kinetic parameters, with the same
methods as described in Sect. 3.2 for reactor parameters. However, due to the large
variety of different reactor set-ups, computer program development for each type
of problem is very time consuming as long as there is no easy-to-use toolbox to
formulate optimal control problems in computational fluid dynamics. Thus, the
authors have chosen an approach where the numerical simulation is treated as a
black-box process.

The kinetic parameters form a high-dimensional vector x in parameter space.
Each component of this vector may be varied only within a limited range. The
simulations of one or more reactor set-ups map vector x onto a result vector ysim. We
only assume continuity of this mapping. The experimental results shall be denoted
by yexp. Thus the objective function subject to be minimized can be written as

F.x/ D
X

i

�
ysim

i � y
exp
i

di

�2

(8)

where di denote user-defined values for normalization of the different results yi ,
e.g. reference values or tolerances.

The steps taken into account during parameter fine-tuning are illustrated in
Fig. 13. The first generation of parameters is generated randomly from the whole
given parameter space (Fig. 13a). The point with lowest value of the objective
function F will be memorized. With increasing number of generations, the search
becomes more and more a random walk by searching preferably the vicinity of the
optimal solution. The deviation of each parameter from the best solution follows a
normal distribution with cut-off limits, where the variance decreases with increasing
number of generations (Fig. 13b). Finally, the optimization procedure searches for
improvements along the numerically computed gradient of F (Fig. 13c).

An example of achievements by this parameter fine-tuning is shown in Fig. 14.
Here, an elementary-step like reaction mechanism over platinum, that describes the
removal of pollutants from gasoline engines by three-way catalysis, was applied
to test-bench experiments with exhaust gas recycling. The original mechanism was
proposed by Chatterjee et al. [37]. The reaction mechanism consists of 30 reversible
and one irreversible surface reactions. Fifty-two kinetic parameters were varied for
fine-tuning. The remaining kinetic parameters have to be adjusted accordingly in
order to ensure thermodynamic consistency of the resulting mechanism. A total of
153 target data points (3 gas mixtures at 17 temperatures, 3 components analyzed)
have been selected for comparison of experiment and simulation. Thus, 51 different
experiments had to be simulated numerically in each iteration step. After more
than 10,000 iterations, agreement between experiment and simulation was improved
significantly (Fig. 14).
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The random-walk approach seems to be feasible only for relatively small
systems. The number iterations required to explore significant parts of the parameter
space increases with number of parameters. Of course, one could limit the search
to those parameters that exceed a given threshold in sensitivity analysis. Therefore,
even in a 52-dimensional parameter space, a sufficient number of parameter varia-
tions in the most sensitive 3 or 4 parameters should occur during a few thousands
of iterations. The crucial aspect of this kind of simulations is the computational
time needed for a simulation of a single experiment. Molecular-based models in
computational fluid dynamics usually result in time consuming simulations. Thus
it would be desirable to have algorithms to solve the simulation problem and
the optimal control problem at the same time without drastically increasing the
simulation time. The aim of detailed reaction mechanisms is to describe a large
variety of reactors with a large variety of operating conditions. Thus, the open
question remains how a numerical tool box should look like that allows solving
the optimal control problem to find the kinetic parameters given a large variety of
experimental data (Fig. 15).
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Fig. 15 A desired scheme for estimation of large sets of chemical parameters applicable to many
experiments.
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Model-Based Design of Experiments
for Estimating Heat-Transport Parameters
in Tubular Reactors

Alexander Badinski and Daniel Corbett

Abstract Heat-transport parameters in a two-dimensional heat-transport model are
estimated from temperature data of a tubular reactor with a fixed catalyst bed.
The reactor design is taken from Adler (Chem. Ing. Tech. 72:555–564, 2000).
Using model-based design of experiment (DoE), two experimental control variables,
the reactor wall temperature and the gas flow density, are optimized to yield
minimal parameter uncertainties. Previously in the literature (Bauer, Theoretis-
che und experimentelle Untersuchung zum Wärmetransport in gasdurchströmten
Festbettreaktoren, Dissertation, Martin-Luther-Universität, Halle-Wittenberg, 2001;
Grah, Entwicklung und Anwendung modularer Software zur Simulation und Param-
eterschätzung in gaskatalytischen Festbettreaktoren, Dissertation, Martin-Luther-
Universität, Halle-Wittenberg, 2004), it was suggested that transient heating of the
reactor wall (from Ï30 to Ï300°C) yields characteristics in the temperature data
that are relevant for estimating heat-transport parameters. It is shown in this work
that temperature data from stationary heating at maximum temperature gives much
lower parameter uncertainties as when compared to transient heating. This insight
allows a significant reduction in the experimental effort. Three to four experiments
were previously performed to gather information used to estimate the set of heat-
transport parameters for a specific catalyst bed. The number can be reduced down
to one experiment when the gas flow density is allowed to change over time. Also,
the time for a single experiment can further be reduced when the transient heating
period is omitted.
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1 Introduction

Heat transport plays an important role in the development process for the chemical
industry. Tubes that are randomly filled with catalyst particles (e.g. pellets, rings),
forming a fixed catalyst bed inside the tube, are often used as chemical reactors. In
these reactors, the activity of catalytic reactions is strongly temperature dependent
and hot-spots arising from exothermic reactions may lead to catalyst degradation
and loss of the catalyst performance. Therefore, a quantitative understanding of the
heat transport mechanisms is the basis for a rational design of such tubular reactors.

Different mathematical models may be used to model such tubular reactors
varying in computational effort. The simplest is the “quasi-homogeneous” model
where the gas and solid catalyst phases are considered in one continuously mixed
phase [12]. The “heterogeneous” model describes the gas and catalyst as separate
continuous phases [2]. The coupling between the two phases is done via some
volume averaged interface where properties of the catalyst particles, like surface and
shape, may effectively be considered. More elaborate models may be constructed
and solved in the context of fluid dynamics simulations. There, a fixed bed of
catalyst particles may generated virtually and interaction equations between the
different phases are calculated locally.

Both the quasi-homogeneous and heterogeneous models use the symmetry of
a tubular reactor which reduces the complexity to a two-dimensional problem.
The attraction of the quasi-homogeneous model is the simplicity stemming from
the fewest possible number of balance equations. The improvement of the hetero-
geneous model over the quasi-homogeneous model is evident when the dynamic
behavior of the two phases is different, characterized by the different heat capacity
of the phases. For example, this can be observed when the temperature of the gas
and particle phase differ substantially. In the heterogeneous model, the simulated
temperature profiles of the gas and catalyst phases correspond to the measured
temperature profiles. This correspondence does not hold in the quasi-homogeneous
model, where the simulated temperature profile is an effective temperature of the
mixed gas and catalyst phase. Therefore, the localization and quantification of
hot spots is limited with the quasi-homogeneous model. Another advantage of the
heterogeneous model is that the heat and material transport properties are fundamen-
tally founded. For the homogeneous model, these transport properties are effective
and can only be determined from fitting the model to experimental data. Both of
these models lack accuracy when the inhomogeneity of the fixed bed dominates
the processes. In this case, a three dimensional complex fluid dynamic model may
be used to directly describe the inhomogeneity of the fixed bed. However, the
combination of complex fluid dynamic simulations and state-of-the-art optimization
techniques is still held back by tremendous amount of required computer resources.

Since the scope of this work is to perform model-based DoE calculations
where the numerical effort scales quadratically with the number of time-dependent
state variables, we use the simplest quasi-homogeneous model and then carefully
investigate the validity of the model.
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The structure of this paper is as follows. The mathematical model of the tubular
reactor and its approximations are outlined in Sect. 2. The experimental setup
is briefly stated in Sect. 3. Computational details are presented in Sect. 4 and a
discussion of the results is found in Sect. 5. This paper closes with a summary and
future possible directions in Sect. 6.

2 Mathematical Model

2.1 Continuity Equations

The tubular reactor is fully described by the four state variables temperature T , gas
density �g , velocity v and pressure p. These four state variables can be specified by
the energy, mass and momentum balance equation as well as an equation of state.
Since the quasi-homogeneous model is used in this work, the rotational symmetry of
the reactor model allows for a reduction of the three-dimensional problem to a two-
dimensional one. All states are therefore functions of the two-dimensional reactor
space spanned with the reactor radius r and the reactor axis z. vr and vz are then the
gas velocities in the radial and axial directions, respectively, with the velocity vector
v D .vr ; vz/. It should be noted that throughout this work, T will correspond to an
effective temperature of the mixed phase as discussed in Sect. 1.

At the center of the quasi-homogeneous model is the definition of an effective
heat capacity,

� D �gcg" C �pcp.1 � "/; (1)

where " is the void volume fraction which is a measure of the porosity inside the
tubular reactor and varies between 0 and 1 (0 corresponds to 0% and 1 to 100% gas
volume in the reactor). " is assumed to be constant over the reactor space. �p is the
catalyst particle density, and cg and cp are the specific heat capacities of the gas and
the catalyst particles, respectively, at constant pressure.

For the mixed phase, the heat-balance equation is [12]
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; (2)

where �r and �z (W m�1 K�1) are the effective radial and axial heat conduction
coefficients, respectively. The radial heat conduction term in (2) includes (a) heat
conduction by molecular interaction of the gas molecules, (b) heat conduction
through the catalyst particles, and (c) heat conduction via gas-flow that is driven
by the cross-mixing of the gas flow perpendicular to the propagation direction along
the z axis. For the axial heat conduction term in (2), a similar interpretation holds.
The last term in (2) is the convective heat transport. Radiation can be neglected in
the heat balance since the temperature is below 350°C.
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The mass-balance equation is [11]
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where Dr and Dz (m2 s�1) are the radial and axial mass diffusion coefficients,
respectively.

The momentum-balance equation is [11]

�g @v
@t

D ��gvr � v � rp C �ggz � f
F

; (4)

where f F comprises all dissipative forces in the reactor and gz is the gravitational
constant. It is convenient to introduce the mass current density defined as G D �gv
(kg m�1 s�1).

2.2 Approximations to the Continuity Equations

In tubular reactors, the velocity of the gas is often considered only along the main
axis (i.e. vr D 0), where vz remains a function of r and z. This approximation is
justified as the axial velocity is generally much larger then the radial velocity of
the gas. This approximation can be used to simplify both convective terms in (2)
and (3).

The effective radial heat conduction �r in (2) can be parametrized in different
forms. In general, the heat conduction may change along the radius of the reactor.
Close to the reactor wall, the porosity increases as a result of the more spaced
packing of the catalyst particles. This reduces the gas-flow driven cross-mixing
perpendicular to the gas-flow propagation close to the wall and thereby reduces the
radial heat conduction of the gas. The simplest model is to assume that �r is constant
over the radius. More detailed models have been suggested for �r by specifying an
analytic expression for �r that changes over the radius in some empirical form.
Using literature studies as the basis [6], it is not straight forward to decide which of
the empirical forms is most suited for the considered tubular reactors. The simplest
model was therefore chosen in this work which assumes that �r is constant over r .
This choice can also be justified by an analysis of the heat transport parameters, as
further discussed in Sect. 5.3.

The mass-balance (3) can in principle be computed without approximations. In
tubular reactors, however, the propagation velocity of the density vz (or momentum
density) is generally much faster than the propagation velocity of the temperature
vT . This can be assessed by estimating vT for the considered reactor. To obtain an
expression for vT , the heat-balance (2) is divided by � and vT is defined as
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vT D "�gcgvz

�gcg" C �pcp.1 � "/
: (5)

With some representative values " D 0:4, �g D 1 kg m�3, cg D 1 kJ kg�1 K�,
�p D 2; 000 kg m�3 and cp D 1 kJ kg�1K�1, we find that vT � 10�3vz. This
justifies well the assumption that the density (obtained from the mass balance) is
in quasi steady-state when compared to the temperature (obtained from the energy
balance). A further approximation to the mass balance is possible when the mass
convection is much larger than the mass diffusion term. In this case, the mass
diffusion can be neglected. Since the ratio of the convection to the diffusion term (the
Peclet number vzL

Dz
) is between 102 and 104 for the considered reactor, neglecting the

mass diffusion term is well justified. With these approximations, the mass-balance
(3) simplifies to

@

@z
�gvz D 0; (6)

which implies that the mass current density Gz D �gvz is constant in the axial
direction. When Gz is specified, e.g. at the entrance of the reactor, then the product
of �g and vz is known throughout the reactor. It is worth noting that considering (6)
goes beyond the standard plug-flow approximation where the velocity is assumed to
be constant over r . In (6), however, the velocity vz may still vary over r .

The momentum-balance (4) can be solved when the dissipative forces are
specified for the reactor. This leads to the extended Brinkman equation [6] where
semi-empirical functions for the dissipative forces are specified. However, when the
pressure drop is neglected across the reactor, one can avoid solving the momentum-
balance equation altogether as the three remaining state variables can be determined
by the energy and mass balance equations as well as an equation of state.

2.3 Boundary Conditions

For the solution of the energy balance (2), the following initial and boundary
conditions are specified,

T .r; z; t D 0/ D T0.r; z/; (7)

T .r; z D 0; t/ D c1.t/ C c2.t/r2 C c3.t/r
3; (8)
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D 0: (10)
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Fig. 1 Schematic of the temperature profile over the radius inside the reactor tube. Left figure: the
temperature profile is plotted from the center of the reactor to the reactor wall. Center figure: when
Tw, �r and ˛w are specified, (11) defines an “auxiliary wall” at the radial position R � �r=˛w as
discussed in the text. Right figure: the temperature at the auxiliary wall Tw;aux is used as the new
boundary value temperature in the simulation

T0 in (7) is the initial temperature specified in Sect. 4.3. At the reactor entrance
(z D 0), T in (8) is approximated as a cubic function with zero slope at r D 0

and time-dependent coefficients ci , specified in Sect. 4.3. At the exit of the reactor
(z D L), no heat conduction along the z axis is assumed due to the ending reactor
bed, resulting in (9). At the reactor axis (r D 0), T is specified by the reactor
symmetry, which prohibits the heat transfer across the axis, leading to (10).
Following [12], at the reactor wall (r D R) T is described by the heat-transport
equation across the wall,

�r

@T

@r

ˇ̌̌
ˇ
rDR

D �˛w.T � Tw/jrDR: (11)

˛w (W m�2K�1) is the wall heat-transfer coefficient, and Tw (°C) is the wall
temperature. The left hand side of (11) is the energy flux into/out of the reactor
volume, and the right hand side of that equation is the energy flux through the wall
which is proportional to the difference of the temperature of the gas in contact with
the reactor wall and Tw. This equation has a geometric interpretation illustrated
in Fig. 1. When Tw, �r and ˛w are specified, this equation defines a new wall
temperature Tw;aux at a distance �r=˛w away from the reactor wall, as indicated
in Fig. 1. Following up an idea from [7], at this distance an “auxiliary wall” is
considered that reduces the reactor volume in the simulation and thereby cuts out
the volume of the reactor close to the wall. This leaves out the region where �r

is likely not to be constant. When the auxiliary wall is small as compared to the
remaining reactor volume (�r=˛w � R), the use of (11) is justified and the heat-
transfer coefficient has a well founded interpretation. In this work, (11) is used as a
boundary condition for the energy-balance equation at the reactor wall, where Tw is
specified in Sect. 4.3.
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2.4 Parameter Representation

Following [2], page 87–92, the transport parameters are written as linear functions
of the mass current density,

�r D L1 C L2Gz; (12)

�z D L3 C L4Gz; (13)

˛w D A1 C A2Gz; (14)

where Li and Ai are parameters. Bauer [2, 3] further suggested empirical functions
for Li and Ai with 11 parameters and varying porosity " and ratio R=d , where R

is radius of the reactor and d some characteristic length of the catalyst particle.
We have not followed this route in this work as neither R=d nor " are varied
in the experiment prohibiting a parameter estimation of all parameters. It is also
known that these empirical functions are inaccurate for small R=d ratios [2,6]. The
parameters L1 and L3 can be interpreted as the radial and axial heat conduction at no
gas flow dominated by particle-particle interaction in the gas and catalyst phase. L2

and L4 characterize the intensities of the gas-flow driven cross mixing perpendicular
to the propagation of the gas. A similar interpretation holds for parameters A1 and
A2. All parameters have an associated uncertainty, which will later on be estimated,
as well as minimized using DoE.

3 Experimental Setup

The reactor design used in this work was proposed by Adler [1]. A tube is randomly
filled with catalyst particles forming a fixed catalyst bed. A mass current density
enters this tubular reactor from above, travels through the catalyst bed of the reactor,
and leaves the reactor at the bottom. The temperature of the reactor wall can be
controlled with heated oil. The mass current density and the wall temperature are
both controlled by the experimentalist. Experiments have been performed for three
different designs of the catalyst particle shape. The different particle shapes are later
on referred to as A, B and C.

In total 24 thermoelements are used to measure the temperatures in the reactor:
at the reactor entrance five thermoelements are distributed along the radius, at the
reactor wall five thermoelements are distributed along the z axis, and inside the
reactor 14 thermoelements are distributed at three different levels on the z axis
at varying radial positions. At installation of these thermoelements, all axial and
radial positions are carefully measured. The novel idea of this reactor design is
that the temperature is measured not only inside the fixed reactor bed, but also at
the reactor entrance and at the reactor wall. This allows one to specify Dirichlet
boundary conditions when solving the mathematical model for the temperature,
further discussed in Sect. 2.3.
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4 Computational Details

4.1 Numerical Methods

All calculations are done with the program package VPLAN [8]. The parameter
estimation is based on the weighted least-square method using the generalized
Gauss–Newton type method as implemented in PARFIT [4]. The weighted sum of
squares

WSS D min
pj

X
i

r2
i (15)

with

ri D hi � mi

�i

(16)

is minimized over all parameters pj such that the balance equations of Sect. 2 are
satisfied. The sum in (15) is over all measured and simulated temperatures mi and
hi , respectively, and �i is the one-sigma standard error of the measured temperature.

The linearized parameter covariance matrix from the Gauß–Newton method is
also used for the sensitivity analysis of this work,

Cp D cov.pi ; pj / D .J T J /�1; (17)

where J is the Jacobian of the least squares term with elements Jij D @ri=@pj .
The model-based DoE calculations minimize a measure of the parameter covari-

ance matrix with respect to all experimental control variables such that the balance
equations of Sect. 2 are satisfied. In this work, four different measures of Cp are
considered [10],

�A D 1

n
traceCp (18)

�D D det Cp (19)

�E D maxf�i ; �i is eigenvalue of Cpg (20)

�M D maxfpCp;i i ; i D 1; : : : ; ng: (21)

To minimize the measure of Cp , the sequential programming method is used as
implemented in the program package SNOPT [5].

The heat-transport equation is solved using the standard method of lines based
on finite differences transforming the partial differential equation into ordinary
differential equations. To do so, the integration domain is discretized in the
radial (i D 1; : : : ; NR) and axial (j D 1; : : : ; NL) direction. The first derivatives are
written as one sided differences (upwind scheme [9]), and the second derivatives
are written as central differences. The resulting ordinary differential equations are
then solved as initial value problems using a backward differentiation formula
method [8].
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We find that using more than 18�18 grid points does not change the parameter
values by more than 0.2%. Since this is much less than the statistical errors of the
parameter values, we use this number of grid point for the results presented here.

To allow for a placement of the thermoelements inside the reactor independent of
the discretization grid, the temperature observable hi is calculated by interpolating
the temperature at that position with a two dimensional plane passing through three
of four adjacent temperature points.

4.2 Statistical Errors

Three main sources of statistical errors in the measured temperature profile are
identified: an error from the temperature measurement device, an error from the
uncertainty of the thermoelement position in the reactor, and an error from the
spatial anisotropy of the fixed bed around the rotational axis of the reactor. The rota-
tional anisotropy of the fixed bed causes the measured temperature profile to deviate
from the rotational symmetry. This deviation is estimated in this work by measuring
the temperature at eight different angles, all at a fixed axial and radial position in
the reactor. We find experimentally that these eight measured temperatures fluctuate
by about 5°C. This value holds approximately true for different temperature ranges
as well as different mass flow densities. In our calculations, the fluctuation of the
temperature around the rotational axis is assumed to be Gaussianly distributed with
a two-sigma value of 5°C. As the anisotropy effect dominates the statistical errors
of the measured temperature in the reactor, other statistical errors are neglected.

4.3 Initial and Boundary Values

The initial and boundary values for the temperature are stated in Sect. 2.3 and are
determined as follows. The polynomial coefficients from (8)are obtained from a fit
to five temperatures measured at the reactor entrance. Since the temperature changes
over time, also the ci change over time.When a polynomial of fourth order is used,
no significant influence is seen on the estimated parameters.

The wall temperature Tw varies along the z axis and is obtained by a linear
interpolation of five temperatures measured along the wall. As the five temperatures
change over time, also the linear interpolation changes. In Fig. 2, these boundary
values can be seen in a schematic plot of the simulated temperature profile at three
different time snapshots.

The initial temperature T0 at t0 D 0 in (7) is obtained with a homotopy method.
Before the simulation starts to model the experimental setup at t0 D 0, an extra
period of time is simulated where (2) is integrated using an initial temperature of
T0 D 20°C. During this extra period, the boundary conditions (8)–(10) are chosen
from the experimental setup at t D 0. The length of that extra period is chosen such
that (2) reaches a steady-state at t0 D 0.
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a b c

Fig. 2 The temperature profile plotted over the radius and z axis of the reactor for experimental
setup C. The left graph is at t D 1;000 s, the middle graph at t D 3;000 s and the right graph at
t D 5;000 s. The bottom left is the reactor entrance, the bottom right is the reactor wall, the top
right is the reactor exit, and the top left is the reactor axis. In this plot, the gas flow enters from the
bottom left and goes to the top right. The reactor wall is heated up over time

4.4 Influence of the Axial Heat Conduction

The heat-balance (2) describes the heat conduction in the axial and radial directions.
When all available experimental data for an experimental setup are considered, it is
found in each parameter estimation that the parameter covariance matrix is linearly
dependent. It is therefore not possible to simultaneously estimate the axial and
radial heat conduction parameters �r and �z from the given data. This problem was
observed previously [2]. One remedy is to only consider the radial heat transport at
a fixed axial position [2, 6]. This approach is problematic because the influence of
the temperature profile at the entrance of the reactor onto the temperature profile
at any axial position inside the reactor is neglected. In this work, the solution
proposed in [2] is used where �z is eliminated by �z D 0:1�r . In our simulations,
other relationships like �z D 0 or �z D 0:5�r have been investigated and do
not change the estimated parameters by more than 0.5% which is less than their
statistical errors. The advantage of including a non-zero axial heat conduction is the
well known observation that convection dominated solutions are stabilized by an
additional diffusion term [9].

5 Results

5.1 Intuitive Versus Optimal Design of Experiments

For the three experimental setups, Table 1 compares the intuitive with the optimal
experimental design. The two experimental control variables are considered: the
mass current density Gi and the wall temperature Tw. The intuitive design (ID) was
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Table 1 Experimental control variables used previously (intuitive design, ID) and obtained from
the optimal design of experiment calculations (calculated optimal design, COD)

G1 G2 G3 G4 Tw.t0/ Tw.tend/

Design (kgs�1 m�2) (kgs�1 1m�2) (kgs�1 m�2) (kgs�1 m�2) °C °C

A ID 0.000 0.917 1.833 3.667 23–47 334–346
COD 0.394 0.954 4 4 350 350

B ID 0 0.917 1.833 3.667 22–69 344–347
COD 0.442 1.012 4 4 350 350

C ID 0.917 1.833 3.667 – 20–36 324–342
COD 1.325 4 4 – 350 350

Gi is the mass current density for different experiments. Tw is the wall temperature at the beginning
of the experiment (at t0) and at the end of the experiment (at tend). In the experimental setup,
Tw changes approximately linearly in time between Tw.t0/ and Tw.tend/. In the simulation, the
measured values for Tw are used, which may deviate slightly from being linear in time

Table 2 Measures of the parameter covariance matrix evaluated for three catalysts

Design �A �D �E �M

A ID 0.00207 0.00034 0.00649 0.07059
COD 0.00072 0.00009 0.00240 0.04253

B ID 0.00149 0.00024 0.005406 0.06163
COD 0.00048 0.00007 0.00180 0.03598

C ID 0.00157 0.00028 0.00545 0.05362
COD 0.00031 0.00005 0.00036 0.01620
ROD 0.00114 0.00018 0.00405 0.04630

The second column specifies the type of experimental design: intuitive design (ID), calculated
optimal design (COD), and realized optimal design (ROD). The measures are defined in (18)–(21)

previously chosen by the experimentalists in such a way that Tw changes transiently
and approximately linear from Tw.t0/ � 20°C to Tw.tend/ � 350°C. The calculated
optimal design (COD) shows that Tw should be kept at the maximal possible wall
temperature during the whole experimentation time. The rationale of this finding
is that it is optimal for the parameter estimation to have huge variations in the
temperature profile across the reactor. These huge variations are realized when Tw

is maximal and when the temperature of the inflowing gas has room temperature.
From the optimal choice of the mass current densities Gi , as stated in Table 1,

three observations are made. First, it is optimal to choose Gi to be always larger
than zero. Secondly, at least one experiment should be done at a maximum rate of
Gi (in this work, the maximum rate is Gmax D 4 kgm�2s�1 is chosen). Thirdly, the
spacing between different Gi is not uniform.

Since the stationary heating is found optimal in this work, we propose that the
experiments done at different values for Gi can be put into a single experiment
where G varies over time. This allows to reduce the number of experiments from
about three to four down to one. This significantly reduces the experimentation time.

Table 2 summarizes the four different evaluated measures of the parameter
covariance matrix defined in (18)–(21). It can be seen that the computed optimal
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design (COD) reduces the different measures by a factor of 3–5 (�A), 3–6 (�D), 3–
14 (�E) and 2–5 (�M ) when compared to the intuitive design. All presented design
of experiment results are done by minimizing the �A measure. When one of the
other measures is minimized, both Tables 1 and 2 look very similar.

Due to time constraints in the project, only the third catalyst setup is experimen-
tally repeated with the proposed optimized design (one experiment with different Gi

rates). In Table 2, these results are denoted as realized optimal design (ROD). We
see that the measures of the parameter covariance matrix are substantially reduced
when comparing the realized with the intuitive design (ROD vs. ID in Table 2).
However, when comparing the ROD and COD, we find that the realized measures
are a bit higher then the previously computed measures. This deviation is due to the
fact that the inflowing gas is (accidentally) preheated by the inlet tube attached to the
reactor entrance. This results in a lowering of the temperature variation in the ROD
of the reactor. This preheating is not considered in the COD where the inflowing
gas is assumed to have room temperature resulting in larger temperature variations
in the reactor. In future reactor designs, a heat blocker between the gas inlet tube
and the reactor entrance should therefore be considered.

5.2 Heat-Transport Parameters

Table 3 gives the estimated heat-transport parameters and their statistical errors for
the three different catalysts. The statistical errors (two-sigma confidence intervals)
are less than 8% of the parameter value. For a better comparison between the differ-
ent catalysts, the total heat-transport coefficient � is considered which combines the
heat diffusion inside the reactor and the heat transport across the reactor wall [7],

1

�
D 1

˛w
C R

�r

(22)

D 1

A1 C A2Gz
C R

L1 C L2Gz
; (23)

where R is the radius of the tubular reactor. The results are stated in Table 4 for the
different catalyst, at a fixed mass current density of G D 1:83 kgm�2 s�1. We find
that � ranges by more than 20% between the different catalysts. As the statistical
uncertainties of the different � are less than 6%, we can conclude that catalyst A has
a significantly improved total heat transport when compared to the catalyst B and C.

5.3 Validation of the Model

To check the validity of the mathematical model, �2 tests are performed to
investigate whether the residuals (hi � mi in (15)) are Gaussian. With a confidence
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Table 4 The heat-transport parameters ˛w and
�r evaluated for G D 1:83 kg/m2s and the
derived total heat-transfer coefficient �

˛w �r ��
W

m2K

� �
W

mK

� �
W

m2K

�
A 198(3) 2.98(12) 108(4)
B 200(3) 2.32(9) 96(4)
C 220(6) 1.78(8) 86(5)

 Residual Histogram (All Exp.) 
 (model: vplan.ini ) 

residuals
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Fig. 3 Histogram plot of the normalized residuals for experiment A as defined in (16), using the
parameter values stated in Table 3. The blue line is a Gaussian distribution with a normalized width
of � D 1

level of 0.05, the �2 tests are accepted for the different experimental setups, with
the exception of the ROD of the experimental setup C. However, there the violation
of the �2 test is not very strong. This can be seen in Table 3, when comparing the
average WSS and the �2 value.

For the experimental setup C, as an example, Fig. 3 gives a histogram plot of
the 1,666 residuals (each residual corresponds to one data point) which are in
close agreement with a Gaussian shape. For the same setup, Fig. 4 compares the
temperature profile at two different axial positions.

Furthermore, z tests are performed to assess that the mean value of the residuals
is not significantly different from zero. Both, the �2 and the z test indicate that the
quasi-homogeneous model (together with the model for the statistical error) give a
good description of the experimental data.
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Fig. 4 Comparison between experimental and simulated temperature profiles at two different z
levels in the reactor for setup C. The used parameter values are those from Table 3. The left graph
is at t D 2;000 s and the right graph is at t D 4;000 s

5.4 Justification of ˛w Model

It was shown in Sect. 2.3, that the heat transport parameters ˛w and �r in the
considered mathematical model are fundamentally founded when �r=˛w � R.
From Table 4, we see that this relationship is not strictly obeyed in our simulations
as �r=˛w ranges between 0.008 and 0.015 m which is in the range of the reactor
radius. As a result of that, we need to be careful in giving the physical interpretation
of the heat transport parameters too much weight. However, in Sect. 5.3 it was
shown that the mathematical model describes well the experimental data and that
the parameters are well specified. Therefore, the parameters can still be used in
comparing the different catalysts.

6 Summary and Outlook

Model-based optimal experimental design calculations were performed for the
reactor proposed and designed by Adler to accurately determine heat-transport
parameters in catalyst beds. The main outcome of the optimized design is the
stationary heating of the reactor which allows to combine experiments at different
mass current densities. This insight allowed a reduction in the experimentation time
by a factor of about 3–4. In particular, the experimentation time which previously
lasted about 2–3 days could therefore be reduced to about 1 day. At the same
time, it was shown that the parameters can be determined even more accurately.
In this work, no reactions were assumed inside the reactor. However, the results of
this work can be transferred to systems where reactions takes place at the catalyst
surface.
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In this work, statistical uncertainties of the measured temperatures and hence
of the heat-transport parameters were fully taken into account. This allowed a
quantitative comparison of the heat-transport properties between different catalyst
particles. Although the simplest possible mathematical model was chosen, it was
shown that the model describes well the experimental data. At the same time, the
parameters have a statistical error which is less than 8%.

In future studies it may be interesting to refine the mathematical model. The
approximations made to the balance equations in Sect. 2.2 may be revisited, in
particular when evaluating the mass balance, or Navier–Stokes equations. Although
it was not found to be relevant for this work, it may still be appropriate to investigate
whether different parametrizations of the radial heat conduction coefficient can
be considered. Finally, the heat-transport parameters can be made dependent on
material data (e.g. the heat capacity of the gas) which would allow for a better
transferability of the obtained results, e.g. to different gases.
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Parameter Estimation for a Reconstructed
SOFC Mixed-Conducting LSCF-Cathode

Thomas Carraro and Jochen Joos

Abstract The performance of a solid oxide fuel cell (SOFC) is strongly affected
by electrode polarization losses, which are related to the composition and the
microstructure of the porous materials. A model that can decouple the effects asso-
ciated with the geometrical arrangement, shape, and size of the particles together
with material distribution on one side and the material properties on the other can
give a relevant improvement in the understanding of the underlying processes. A
porous mixed ionic-electronic conducting (MIEC) cathode was reconstructed by
focused ion beam tomography. The detailed geometry of the microstructure is used
for 3D calculations of the electrochemical processes in the electrode and to calibrate
a well-established reduced model obtained by averaging. We perform a model-
based estimation of the parameters describing the main processes and estimate their
confidence regions using the calibrated reduced model.

Keywords SOFC • Sensitivity • Parameter Estimation • 3D FEM model • 3D
Reconstruction

1 Introduction

The electrochemical performance of solid oxide fuel cells (SOFCs) mostly depends
on material composition and microstructure of the porous electrodes, which are
the determinant causes of polarization losses. In this work a three-dimensional
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reconstruction of a mixed conducting La0:58Sr0:4Co0:2Fe0:8O3�ı (LSCF)-cathode,
that provides a detailed microstructure approximation, is considered. Mixed conduc-
tors have both electronic and ionic conducting properties, thus allowing the active
zone of the electrodes to extend from the three phase boundary towards the inner
volume of the electrode. The mechanisms that allow such an extension are related to
oxygen ion diffusion within the MIEC and oxygen surface exchange at the interface
between MIEC and gas phase. In this work the exchange of oxygen with the gas
phase is described by the surface exchange coefficient kı and the transport of oxygen
ions by the chemical diffusion coefficient Dı as shown in [4, 18, 19].

In the last few years several groups have developed different methods for
the reconstruction of a porous electrode [7, 9, 11, 22, 26, 27] in order to study
the influence of the microstructure on the performance of the electrode. Two
tomography techniques are considered for the reconstruction of SOFC electrodes:
X-ray and focused ion beam (FIB). The latter is considered to be most suitable in
our case (particle size between 300 and 600 nm), as it allows a finer resolution.

So far the reconstruction was mainly used to calculate different microstructural
parameters: volume-specific surface area, volume/porosity fraction and tortuosity.
These characteristic parameters are used to calculate effective parameters for
homogenized models, which under some conditions [8] are adequate approxima-
tions of complex microstructures in case the quantity of interest has a macroscopic
character, as e.g. the area specific resistance ASRcat.

Simplified models are useful for homogeneous microstructures, but they are lim-
ited for microstructure optimization and are inadequate in case of inhomogeneous
microstructures or in case the microstructure scale is too large in comparison with
the scale of the electrode. In order to overcome these limitations, the development
of detailed 3D models for the simulation of the electrochemical processes in an
electrode is under investigation. Furthermore, the microstructure parameters used in
homogenized models need to be determined by complex geometry models.

Some groups have started to develop micro-scale models to compute the perfor-
mance of more general microstructures. For the anode side the lattice Boltzmann
(LB) method has been used in [14, 23] and the finite volume method (FVM)
in [21], while for the cathode side we have used the finite element method (FEM)
for 3D calculations based on a real microstructure [11, 12]. In [4, 11] we have
applied this model for electrochemical performance evaluation to a MIEC cathode
reconstructed by means of focused ion beam coupled with scanning electronic
microscope (FIB/SEM). In [5] we have done a sensitivity analysis with respect to
the most important parameters.

A relevant prerogative of the sensitivity analysis is the characterization of the
impact of different processes (gas diffusion, bulk diffusion, surface reaction) with
respect to a performance index, e.g. ASRcat. It is possible hence to distinguish based
on a quantitative approach which process is most important and which region of the
microstructure is relevant for the given process.

To perform a sensitivity analysis of a quantity of interest, the derivatives of
this quantity with respect to the model parameters are calculated. The sensitivities
are here used to estimate the confidence regions of the parameters as explained in
Sect. 4.
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Since in [5] we have shown that the sensitivities of the reduced model are a good
approximation of the sensitivities calculated with the 3D model, we study here the
parameter estimation problem using the calibrated reduced model.

The aim of this work is to study the possibility of estimating the parameters,
which describe the diffusion and the reaction processes, simultaneously from a
series of measurements of ASRcat at different working conditions in the stationary
case. An empirical functional dependence on temperature and oxygen partial
pressure of the two parameters kı and Dı leads to the estimation of five parameters
as shown in Sect. 4. To study the feasibility of the parameter estimation problem,
the essential approximation of the confidence region of the parameters is derived.

All the simulations are done by ParCell3D, a research finite element software
based on the deal.II library [2], developed to simulate electrochemical processes in
microstructures [4].

2 Model

We describe in this section the model and its parameters. The following processes
are considered determining:

• Gas diffusion of oxygen in the porous structure (including a Knudsen term).
• Surface exchange (oxygen reduction) at the interface MIEC/pores.
• Bulk diffusion of oxygen ions in the lattice.
• Charge transfer at the interface cathode/electrolyte.
• Ionic conduction in the electrolyte.

Few approximations are made for the case under study. Due to high electronic
conductivity of the cathode (e.g. at 800ıC the conductivity of LSCF is 8; 899 S/m),
a constant electrical potential is assumed. We also consider constant temperature
condition. Three material parameters, which describe a mixed ionic-electronic
conducting cathode as LSCF, are used in the model: (a) the surface exchange
coefficient kı, (b) the chemical diffusion coefficient Dı and (c) the oxygen ion
equilibrium concentration in the perovskite lattice. The oxygen ion equilibrium
concentration has been evaluated as a function of oxygen partial pressure for each
temperature from measured data [24] as shown in [17].

The cells used in experiments have a base area of 1 cm2 and a thickness of
30 �m. For the computations we take a representative volume element (RVE) of
the microstructure, as explained in [10, 11]. The RVE is divided in subregions
corresponding to different materials: ˝G is the corresponding region of the gas
phase, ˝M is the region of the bulk phase, while ˝E is the electrolyte. Between
these subregions we define the interfaces: �GM is the surface between MIEC and
gas, �ME is the interface between MIEC and electrolyte and �GE is the interface
between electrolyte and gas. Furthermore we use the notation �CC for the upper
face of the current collector, �EL for the bottom face of the electrolyte and �0 for
the side faces as shown in Fig. 1.
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Γ0

Γ0

ΓCC

ELΓ

Current collector (CC)

Cathode

Electrolyte (EL)

(MIEC/PORE)

Fig. 1 Definition of the
boundary surfaces for the
application of the boundary
conditions (10), (2d) and (7d)

2.1 Boundary Conditions

Four boundary conditions determine the working conditions of the cathode:

• Oxygen partial pressure on the cathode side pCG .
• Oxygen partial pressure on counter electrode side pCE .
• Potential of the cathode ˚MIEC .
• Potential of the counter electrode ˚CE .

Due to the high electronic conductivity of the porous LSCF-cathode analyzed in this
study a constant electrical potential ˚MIEC can be assumed. Its value is determined
by the following expression:

˚MIEC D UNernst.pCC; pCE/ C ˚CE � �Model; (1)

where UNernst.pCC; pCE/ is the difference of potentials between cathode and counter
electrode at equilibrium and �Model is the total voltage loss of the model, which is
given, while the current I is calculated by the model. The area specific resistance of
the model is calculated as ASRModel D �Model=I . Subtracting the specific resistance
of the electrolyte ASRE D LE=�E , where LE is the length of the electrolyte and
�E is the ionic conductivity coefficient of the electrolyte, we get the area specific
resistance of the cathode: ASRcat D ASRModel � ASRE .

In the next sections we describe the processes considered in the model.
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2.2 Gas Diffusion

In the pores (gas phase) we have diffusion and coupling between gas and MIEC
(GM)

�r � .DGruG/ D 0 in ˝GAS; (2a)

DG

@uG

@nG

D �kı

2
.f .uG/ � uM / on �GM; (2b)

@uG

@nG

D 0 on �0 [ �GE; (2c)

uG D NuG on �CC; (2d)

where uG and uM are respectively the oxygen and oxygen ions concentrations, DG

is the gas diffusion coefficient, kı is the surface reaction coefficient and f .uG/ is an
equilibrium value. Equation (2b) shows, hence, that the exchange between gas phase
and MIEC phase depends on the difference between the actual value of oxygen ions
in MIEC uM and its equilibrium value f .uG/, which depends on the concentration
of oxygen molecules in the gas phase.

The gas phase is considered as a binary mixture of oxygen and nitrogen. The
diffusion coefficient, which contains a binary diffusion term and a Knudsen term, is

DG D p

RT

"
1 � .1 � p

MO2=MN2/uG

DO2N2

C 1

Dk
O2

.dp/

#�1

; (3)

where uG is the oxygen concentration in the gas phase (pores), MO2 and MN2 are
respectively the atomic masses of the oxygen and nitrogen molecules, DO2N2 is the
binary diffusion coefficient and Dk

O2
.dp/ the Knudsen diffusion coefficient, dp is

the average diameter of the pores, p and T are pressure and temperature and R is
the ideal gas constant.

2.3 Bulk Diffusion

Since the electrical potential is assumed to be constant, we consider only diffusion
of ions in the MIEC:

�r � .DM ruM / D 0 in ˝M ; (4a)

DM

@uM

@nM

D kı .f .uG/ � uM / on �GM ; (4b)
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DM

@uM

@nM

D � 1

ASRCT
.g.uM / C uE/ on �ME; (4c)

@uM

@nM

D 0 on �0; (4d)

where uE is the electrical potential, DM is the bulk diffusion coefficient in the
MIEC, ASRCT is the area specific resistance of the interface and g.uM / is the
difference between the Nernst potential and the ionic potential of MIEC material.

2.4 Surface Exchange

Oxygen is exchanged through the boundary faces between gas phase and MIEC
material. This process is described empirically by fluxes calculated from a variation
of the concentration with respect to an equilibrium condition. This is described by
the boundary conditions (2b) and (4b), where f .uM / is the reference value for the
concentration of oxygen ions, which is detected experimentally [24]. The coefficient
kı is the surface reaction coefficient, that limits the oxygen reduction.

2.5 Charge Transfer

Oxygen ions are incorporated at the interface MIEC/electrolyte (ME). The local
charge transfer voltage depends on the local difference (�ct ) between the equilibrium
reduction potential (UNernst;ME) and the interfacial discontinuity between the
electronic potential of the electrolyte and ionic potential of the MIEC:

�ct D UNernst;ME � .˚M � uE;ME/ ; (5)

where

UNernst;ME D RT

2F
log

r
pM;ME

pCE
;

˚M is the potential in the MIEC, ˚E;ME is the potential in the electrolyte at the
interface ME , pM;ME is the local equilibrium partial pressure of oxygen ions in
MIEC at the interface ME and pCE is the oxygen partial pressure in the counter
electrode.

As both UNernst;ME and ˚M are functions of uM , we write relation (5) as

�ct D g.uM / C uE; (6)

which is used in the boundary conditions (4c) and (7b) to describe the flux of oxygen
ions at the interface ME. These fluxes depend on the interface parameter ASRCT .
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As we consider a LSCF/CGO interface, the effect of ASRCT is assumed negligible,
but for numerical purposes we need to impose a small value. We use the value
ASRCT D 10�4 �cm2. In [5] we have shown, as expected, that the choice of a small
ASRCT value makes this parameter negligible for the model sensitivities.

2.6 Ionic Current

A constant chemical potential determined by pCE (the oxygen partial pressure at
the counter electrode) is assumed in the electrolyte, since an ideal reversible counter
electrode is considered. The diffusion of oxygen ions in the electrolyte is induced
by a gradient of the electrical potential (Ohm’s law):

�r � .�EruE/ D 0 in ˝EL; (7a)

�E

@uE

@nE

D � 1

2F

1

ASRCT
.g.uM / C uE/ on �ME; (7b)

@uE

@nE

D 0 on �0 [ �GE; (7c)

uE D 0 on �EL; (7d)

where F is the Faraday constant.

2.7 Counter Electrode

An ideal reversible counter electrode (CE) with a constant potential is considered:

˚CE D 0 in ˝CE; (8)

and the following boundary conditions at the interface CE are taken:

˚E;CE D ˚CE on �E;CE;

pE;CE D pCE on �E;CE: (9)

2.8 Other Boundary Conditions

On the lateral boundaries of the RVE to close the problem we impose a no flux
condition (insulation):
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@uG

@nG

D 0 on �0;

@uM

@nM

D 0 on �0;

@uE

@nE

D 0 on �0; (10)

where �0 are the four lateral boundaries as depicted in Fig. 1.

3 Numerical Method

3.1 Weak Formulation

To solve the model defined in the previous section we consider the discretization by
the finite element method (FEM). The natural setting of the problem is thus the weak
formulation of the systems of equations (2), (4) and (7). To this aim we introduce
the following spaces

Y D H 1.˝G/ � H 1.˝M / � H 1.˝E/;

Y0 D H 1.˝G/ � H 1.˝M / � H 1.˝E/ \ f.'G; 'M ; 'E/ W 'Gj�CC
D 'E j�EL

D 0g;
Yg D H 1.˝G/ � H 1.˝M / � H 1.˝E/\

\ f.uG; uM ; uE/ W uGj�CC
D NuG and uEj�EL

D 0g;

and define .uG; uM ; uE/ 2 Yg as the solution of the weak formulation

Z
˝G

DG.uG/ruGr'G C kı

2

Z
�GM

.f .uG/ � uM / 'G D 0 (11a)

Z
˝M

DM ruM r'M � kı

Z
�ME

.f .uG/ � uM / 'M C

C 1

ASRCT

Z
�ME

.g.uM / C uE/ 'M D 0 (11b)

Z
˝E

�EruEr'E C
1

ASRCT

2F

Z
�ME

.g.uM / C uE/ 'E D 0 (11c)

8.'G; 'M ; 'E/ 2 Y0. The weak formulation is discretized by the finite element
method and the resulting discretized nonlinear problem is solved as explained in the
next section.
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3.2 Solver and Grid

The system of PDE that describes the complete coupled problem is discretized by
the method of finite elements and solved numerically by a CCC program, called
ParCell3D, which has been developed specifically to solve this problem [4]. The
program relies for the finite element discretization on the library deal.II [2].

The model considered here is described by a stiff nonlinear system of equations,
in which the stiffness intrinsically derives by the multiphysics nature of the problem.

The bad conditioning of the problems is due to the stiff coupling between the gas
phase and the MIEC independently of the method used to discretize the problem.
The high condition number of the matrix and the peculiar clustering of the eigen-
values demand hence for an iterative solver with an efficient preconditioner. At the
present state of the development we use the GMRES solver [20] preconditioned by
a domain decomposition method [15]. In the implemented domain decomposition
method the RVE is divided in subregions. Each piece of RVE is solved in parallel
using again a GMRES solver with a ILU [20] preconditioner.

The grid is created by segmentation of the 3D image obtained by the FIB/SEM
technique described in [11]. The reconstructed volume of the microstructure used
for the calculations is 5:25 � 5:25 � 30 �m3. This corresponds to 18 million voxels
and 23 million degrees of freedom using trilinear finite elements. As can be seen
in Figs. 3 and 4 the microstructure is active only in a region close to the three
phase boundary. We have shown in [11] that the calculated quantity of interest
(ASRcat) does not change cutting the microstructure above the active region to obtain
a smaller but still precise model. To save computational time we use almost half of
the total height (14 �m). The model used here has almost 12 million degrees of
freedom (Fig. 2).

3.3 Approximation of the RVE

At the lateral sides of the RVE (on �0) we impose a no flux condition. If the
dimension of the RVE is large enough, the ASRcat value (our quantity of interest)
is not affected by the boundary condition on the sides. A preliminary study of the
dimension of the RVE has been done [17] for an artificial structure. A more accurate
study with a larger reconstruction is planned, which is needed for such a study.

To save computational time we consider a model reduction by cutting the height
of the cathode. In [10] (using three different real microstructures) the influence on
ASRcat of the variation of the model height from 0:35 to 30 �m was studied. The
ASRcat value for the studied microstructures does not vary significantly for a height
larger than 3:5 �m. We have decided nevertheless to calculate a model of height
14 �m to be sure that we can neglect the influence of the cut.
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Fig. 2 Schematic
representation of the five
slices shown in Figs. 3 and 4.
The RVE is a volume of
dimensions
5:25 � 5:25 � 14 �m3

4 Parameter Estimation

4.1 Calibration of the Reduced Model

We have shown in [4] a comparison between our 3D model and a well established
simplified model from Adler, Lane and Steele [1], known as ALS model. For the
comparison we have calibrated the ALS model with the microstructure parameters
(porosity, volume-specific surface area and tortuosity) calculated with our 3D
model. For the calibration we need the values of the volume-specific surface area
and porosity, which are calculated as postprocessing of the reconstruction. The
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0 μm 1.31 μm 2.62 μm 3.94 μm 5.25 μm

-3.9e+11 3.02e+10

Fig. 3 Sensitivity of the solution ( mol s=m5) with respect to the parameter Dı at T D 800ıC

0 μm 1.31 μm 2.62 μm 3.94 μm 5.25 μm

-3.45e+4 2.02e+7

Fig. 4 Sensitivity of the solution ( mol s=m4) with respect to the parameter Dı at T D 800ıC

tortuosity on the contrary is not obtained by a simple postprocessing, it is calculated
in our work using the same 3D microstructure model through a FEM simulation as
explained in [11]. The results show that in case of homogeneous microstructures,
as the one considered in this work, the ALS model can be used for predictive
calculations of ASRcat. Furthermore, in Part 2 of that work [5] we have shown that
the derivatives of ASRcat with respect to the parameters Dı and kı differs 3–5%
compared to our 3D model.

Thus we consider in this work the calibrated reduced ALS model as accurate
enough to estimate the confidence regions of the fitted parameters. The use of this
model will accelerate the uncertainty analysis and can be used as a preliminary study
for a future optimal experimental design.
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From the work of Adler and coauthors we consider the results of their asymptotic
analysis, which gives a formula for the approximation of the total cell resistance
Rchem

Rchem D RT

2F 2

s
��2

.1 � "/ac2
mcD

ıkı
; (12)

where R is the ideal gas constant, T the temperature, F the Faraday constant, �

the thermodynamic factor, cmc the concentration of oxygen sites in the MIEC and
the microstructure parameters are the tortuosity � , the porosity " and the volume-
specific surface area a.

The ASRcat value can than be derived by (12), subtracting the contribution of
the electrolyte and dividing by two, since we consider only one electrode of the
symmetric cell

ASRcat D

�
Rchem � LE

�E

�
2

; (13)

where LE is the length of the electrolyte and �E is the ionic conductivity of the
electrolyte.

4.2 Least-Squares Problem

We have shown in [4] that the sensitivities of ASRcat with respect to Dı and kı have
the same dependence on the temperature as ASRcat itself. This means that it is not
possible to estimate both Dı and kı from measurements of ASRcat taken by varying
only the temperature.

It is known [3, 16, 24] nevertheless that kı and Dı depend both on T , while
only kı depends on pO2 in the range of pressure considered in our experiment
(1 � 21 kPa). An empirical dependence of the parameters kı and Dı on T and pO2

can be found in [24]. We use the following parametrization

kı D k0 exp

�
�Ea;k

RT

�
C p˛

O2
; (14)

Dı D D0 exp

�
�Ea;D

RT

�
; (15)

where Ea;k and Ea;D are the activation energies of kı and Dı respectively, R is the
gas constant, k0 and D0 are prefactors of the Arrhenius type of dependence on the
temperature and ˛ is an exponent for the dependence on pO2 of kı.

The five parameters to be estimated are thus D0; Ea;D; k0; Ea;k; ˛. We consider
hence the possibility to measure ASRcat at different temperatures T and different
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oxygen partial pressure pO2 . The cell is operated at constant voltage �model . From
current measurements we obtain values of ASRcat, which are used to make the fit of
the model.

We have planned ASRcat measurements for the cell under study using a symmetric
cell, but we use in this work preliminarily only a virtual experiment to test the
method. The virtual experiment consists of virtual measurements done by pertur-
bation of “true” ASRcat values with a random error ". The “true” values are obtained
by the model using reference values for the model parameters, as explained in [4].
We consider an error which is proportional to the measured value of the resistance:

ASRcat;meas D ASRcat;true.1 C "/; (16)

where " is a random error with zero mean and a given variance �meas.
ASRcat is a function of kı , Dı and several other material and microstructure

parameters, see (13) and (12). The conductivity of the electrolyte �E is assumed
to be known, as it can be measured with precision. The parameters ", � and a are
calculated, specifically for the microstructure here considered, using our 3D FEM
model. This is the most costly part of the procedure, but it is essential to permit the
use of a reduced model. The material parameters Cmc and � are calculated as in [4].

A least squares functional to be minimized by the Gauss–Newton method is
defined

J.q; 	/ D
X

ij

� fCD
�1=2

�
ASRcat.q; 	i;j / � ASRcat;meas.	i;j /

��2
; (17)

where q WD fk0; Ea;k; ˛; D0; Ea;Dg are the model parameters to be estimated and
	i;j WD fTi ; pO2;j g are design parameters to define the setup of the experiment.
We have used fCD D CD Z2 to approximate the covariance of the data, which
is a proper approximation in case of relative errors as shown in [28]. CD is the
covariance of the multiplicative error " and Z is the diagonal matrix with the model
values ASRcat. Oq; 	i;j / on the diagonal. The asymptotic properties of this estimator
can be found in [29].

The goal of this work is to study the feasibility of the parameter estimation
defined above. For this reason we estimate the confidence regions of the parameters.

4.3 Confidence Regions

The estimation of the confidence regions of the parameters reveals quantitatively
their correlation and the goodness of the fit.

For this purpose we estimate the linearized confidence region. This is an ellipsoid
centered at the estimated parameter Oq and defined by the symmetric positive definite
linearized covariance matrix [6]:

COV D �
GT fCD

�1G
��1

; (18)
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where G is the Jacobian of ASRcat with respect to q. In the estimation of the
covariance matrix we need in G and Z the estimated value of the parameter Oq
because the problem is nonlinear. A better approximation of the confidence regions
can be obtained by a sequential optimal experimental design as shown in [6].
We do not address this point here, since it goes beyond the scope of this work.
Considering uncorrelated measurements, CD is a diagonal matrix with diagonal
elements CD.i; i/ D �2

meas . To calculate the Jacobian G we need the sensitivities of
ASRcat with respect to the parameters.

The linearized confidence region is defined as

R L WD
n

Oq C ıq W ıqT COV�1ıq � 
2
.˛;�/

o
; (19)

where the confidence level is given by the 
2 value with � degrees of freedom
and ˛ significance level. The definition of the confidence level is motivated by the
following observation. In the least squares case, with a linear observation operator
and Gaussian random data, the fitted value is distributed as a 
2 function with
� D NQ degrees of freedom [25], where NQ is the number of parameters.

4.4 Experiments

We consider virtual experiments with 20 measurements, each defined by a pair
.T; pO2/ combining the temperature values 600, 650, 700, 750, 800ıC and the
oxygen partial pressure values 1; 2; 10; 21 kPa.

We assume that the measurements have a relative error of 0.1% with zero mean
and Gaussian distribution, so we use formula (16) with �meas D 0:001.

We compare our results with a Monte Carlo simulation with 10,000 sampling
points. Each point of the Monte Carlo simulation is the result of a parameter
estimation using the functional (17) and fitting 20 measurements of ASRcat. The
measurement error is taken from the Gaussian distribution defined above. Since the
errors are considered independent and identically distributed, we take 20 Gaussian
distributions, one for each measurement, sampled with 10,000 points each.

5 Numerical Results

Figures 3 and 4 show the sensitivity of uM with respect to the two parameters Dı and
kı . It can be noted that the microstructure is active only partially. The penetration
depth (i.e. the length of the active region) depends on the critical ratio Dı=kı , which
controls the performance of the cell. It is thus crucial to estimate the coefficients
which define these two important processes.

We use in this work a reduced model to calculate the confidence regions of the
parameters. We have thus calibrated the ALS model [1] with the microstructure
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Fig. 5 Confidence region in the parameter space projected onto the planes (a) k0�Ea;k , (b) k0�˛,
(c) Ea;k � ˛. The plot (d) shows a closeup of (c)

parameters (volume-specific surface area, porosity and tortuosity) calculated with
our 3D detailed FEM model. Since the sensitivities of the ALS model and the 3D
model are comparable [4], the use of the ALS model for a study of the parameters’
confidence regions is legitimate.

As can be seen in formula (12), we expect a strong correlation between kı and
Dı in the fitting of measured values of ASRcat, thus a bad conditioning of the fitting
problem. We first show that, in the case the fitting process is well behaving, the
linearized covariance matrix gives an appropriate approximation of the confidence
region. For this reason we consider a virtual experiment in which we estimate only
the three parameters that define kı , i.e. k0, Ea;k and ˛ from 20 measurements at
different T and pO2 as explained in Sect. 4.2. The value for the parameter Dı has to
be taken from literature or determined from an another experiment.

In Fig. 5 we report the 95% confidence regions of all pairs of parameters.
These are sections of the ellipsoidal three dimensional confidence region. As the
parameters have been normalized, the reference value for all the parameters is one.
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The linearized confidence regions are compared with values obtained by a Monte
Carlo simulation using 10,000 experiments as explained in Sect. 4.4. Furthermore,
we observe that the variance in the estimation of k0 is much larger than the variance
of the other two parameters Ea;k and ˛. An error in the data space is than amplified
50 times in the parameter space. We can also note that the linearized confidence
region gives a good approximation of the confidence region sampled by the Monte
Carlo method, which takes into account the nonlinearities.

If we consider the estimation of all five parameters, which define kı and Dı , the
covariance matrix has a condition number which is two orders of magnitude larger
than the case of fitting only kı . The fitting is bad conditioned, so we can not expect to
be able to approximate the confidence region using the linearized covariance matrix.

Figure 6 shows the correlations between k0 and D0 and between Ea;k and Ea;D .
It can be observed from the Monte Carlo sampling that the error of the parameters
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k0 and D0 is in the range between �50% and +200%, while Ea;k and Ea;D are
within 5%. The linearized confidence regions do not approximate the tail of the
distribution, which is clearly not Gaussian. This result was expected as the two
parameters kı and Dı appear in the formula (12) as a product. We want to show
nevertheless that the estimation of the covariance matrix (18) gives a quantitative
information on the well posedness of the parameter estimation problem and in
case of well behaving of the system it can give a very good approximation of the
uncertainty of the estimation, as shown in Fig. 5.

6 Conclusion

In previous works [4, 11] we have used a precise 3D reconstruction of a MIEC
cathode to calculate its performance. It has been shown in that work that for
homogeneous microstructures a simplified model as the ALS model can be used
instead of the 3D model to estimate a macroscopic quantity as the ASRcat. This is
possible if the simplified model is calibrated using data obtained by the detailed
3D model. For this calibration we need the values of the volume-specific surface
area, porosity and tortuosity as explained in Sect. 4. Furthermore we have shown in
another work [5] that the sensitivities of ASRcat calculated with the ALS model are
very close to the results of the 3D model. It is hence possible to use the calibrated
ALS model for the estimation of the parameters’ confidence regions.

In this work we have studied the possibility to estimate the parameters that define
the two most important processes, which are the bulk diffusion and the surface
reaction. These two processes have been parametrized with five parameters. We have
calculated an approximation of the confidence regions of the parameters, which have
shown that the strong correlation of the two processes leads to a bad conditioning
of the fitting procedure. The use of measurements of ASRcat at different temperature
and oxygen partial pressure in a range of T D 600–800ıC and pO2 D 1–21 kPa is
not enough to estimate both parameters kı and Dı , while if Dı is given, it is possible
to estimate kı within an error of 5% if the measurements have an error of 0.1%.

The estimation of both parameters is possible using a technique revealing the
time constants of the system, e.g. impedance measurements, as shown in [13].

The work done here will be extended with a study of optimal experimental design
following [6], both in the stationary and the time dependent case.
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sions and Dr. Bernd Rüger for helpful comments and discussions.

We are grateful to Dr. Holger Obermaier for his contribution on software optimization; Hartmut
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An Application of Robust Parameter Estimation
in Environmental Physics

Alexandra G. Herzog and Felix R. Vogel

Abstract This article presents a current research application of robust parameter
estimation for inverse problems in air–sea gas exchange. The first part illustrates the
interaction of measurements, analysis, and parameter estimation in the concept of
the modeling cycle: Typical measurement techniques are classified and discussed
with respect to application areas and reproducibility. Statistical analysis of the
assumed error distributions is presented as the link to parameter estimation via
choosing a suitable parameter estimator. In the case that the error distribution
cannot be determined definitely and appears to be highly non-Gaussian the use of
robust estimators is advised instead of the standard least-squares approach. Huber’s
M -estimator is used here as robust method. Reliable parameter reconstruction by the
chosen estimator closes the modeling cycle by validating model against experiment.

In the second part all previously presented theoretical aspects are applied to the
spectral reconstruction approach (SPERA), a special measurement technique for
determining water-sided gas concentration fields via Laser-induced fluorescence.
In this application the use of a robust estimator allows the reconstruction of local
gas concentration as the model parameters of an inverse problem, for which least-
squares methods failed. The article finishes with a brief outlook of applying optimal
experimental design techniques to measurements in environmental physics.

1 Introduction

Environmental physics aims at improving our understanding of the strongly cou-
pled non-linear system earth regarding intra- and inter-transport of the individual
subsystems, in recent time with special emphasis on influence of human-induced
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changes like increasing concentration of greenhouse gases in the atmosphere. The
key challenges can be subdivided roughly in two categories:

(a) On the one hand, new measurement techniques based on (mainly) well under-
stood processes are developed, that rely on measurements of easily accessible
quantities. Together with a reliable model description they allow the reconstruc-
tion of quantities of interest from estimated model parameters, for example
greenhouse gas concentration from DOAS measurements [44], soil water
content from radar backscatter [7], or paleotemperatures from concentrations
of dissolved noble gases in groundwater [1].

(b) On the other hand, typical research topics in environmental physics are
acquiring representative data sets that cover the range of the encountered multi-
scale processes, e.g. in turbulent transport phenomena, therefore demanding
profound screening of processes from smallest, intermediate up to global scale.
The immense amount of data necessary for a complete covering of encoun-
tered phenomena emphasizes the need for model descriptions of processes
at least on small to intermediate scales to reduce the required data density
to an acceptable level. These tasks typically combine a wide range of both
direct measurement methods (e.g. temperature, humidity) and indirect methods
described in (a) with modeling approaches. Moreover, several subdisciplines of
environmental physics may be involved in the same study. An example may be
the determination of global sea-air carbon dioxide flux [52]. Both categories
often lead to inverse problems, which form a significant part of experimental
analysis in environmental physics. Inverse problems explicitly consist of a
theoretical process model and a set of usually experimental data. On the basis
of these elements the model parameters are to be determined that show the
least deviation between model prediction and experimental realization under
the given conditions.

In this article, the application of techniques from model based parameter
estimation is discussed, especially with a view to inverse problems under non-
Gaussian error distributions of experimental data. Special emphasis is given to an
illustrative example from current research in environmental physics. The example
was chosen to represent a typical and often encountered type of problem that
may be easily adapted to other situations ranging from physics over biosciences
to economics.

The article is structured as following: The so-called “modeling cycle” is intro-
duced to illustrate the interaction of experimental data acquisition, modeling, and
model validation in combination with parameter estimation. The experimental
techniques used in environmental physics are presented, followed by a rough sketch
of theoretical aspects of inverse problems as far as necessary for the example
application from air–sea interaction, the Spectral Reconstruction Approach.
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Fig. 1 The basic modeling cycle: experiment as initial step, after analysis of the process model
candidates can be developed, these again are directly implemented in software or if necessary
implemented as an approximated model in software, here called “numerical model,” that allows
simulation of the real experimental conditions. Iterative review and revision of these steps by
physical and mathematical validation and verification finally leads to the desired model. Based
on a graphical idea by Oberkampf et al. [43]

2 The Modeling Cycle

Hardly understood processes are common in young research areas such as environ-
mental physics, chemical engineering, and biosciences.

Especially model development, comparison of model candidates, and evaluation
of single models need to be repeatedly discussed, see for example the assessment
of atmosphere-ocean general circulation models (AOGCM), by the IPCC expert
meeting, see [51]. The search for a suitable model for a certain (experimental)
problem is an iterative process of adapting, validating, and refining promising model
candidates. The main goal is to reproduce the experimental data of the regarded
(physical) processes satisfactorily and statistically significantly with respect to the
process uncertainties and—if possible—with a model that can be theoretically
deduced. This procedure can be illustrated in the so-called modeling cycle sketched
here in a reduced form in Fig. 1. Models are developed by analyzing discrepancies
of model predicted states and experimental measurements and by adapting the
respective model candidate for improvement.

The basic modeling cycle presented here is a formalization of this process
by implicitly including methods from parameter estimation for model validation.
Essential for using these methods is that the model is implemented in software.
Implemented models allow simulation of process states that can be compared to
measured experimental data by estimating the corresponding model parameters and
evaluating the residual in the solution. If a suitable model candidate is identified,
parameter estimation techniques allow to determine the model parameters for a
given set of data.

In the course of this article a specific problem from environmental physics is
treated as an example problem in the framework of the modeling cycle in Sect. 5. As
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a start, the next sections present physical background as well as the used techniques
as motivation and problem classification.

3 Experimental Challenges and Methods
in Environmental Physics

Modeling of a given problem and later estimation of the characteristic model param-
eters relies on a sound background in the specific area of research. Experiments from
environmental physics form the background of the studied application problem:
Environmental physics deals with the planet Earth, one of the most complex directly
explorable systems. Humankind as integral part of the system Earth affects the
system and is affected by the system itself [32]. Despite these mutual interactions,
knowledge of the system and the corresponding processes within is still very poor.
The system Earth is subdivided into the compartments atmosphere, biosphere,
lithosphere, cryosphere, and ocean. The arising dynamics are usually described by
highly non-linear partial differential equation systems both for processes within
the individual subsystems as well as for interactions of two or more subsystems.
Typically, it is intended to describe subsystems by models as simple as possible.
Herein, the identification of suitable model candidates and the dominating system
parameters are the most challenging tasks.

Usually, the (sub)systems are too large for classical experimental studies in
laboratories, for example the carbon cycle, especially the interaction and trends in
the uptake of CO2 in the terrestrial and marine biosphere [42] are extremely difficult
to be designed in the necessary complexity. However, there are some exceptions for
which the basic processes are still under investigation. An example here may be the
transport of gaseous tracers over a gaseous–liquid interface, that forms the basis for
understanding the transport of atmospheric gases across the air–sea interface under
turbulent conditions, especially in combination with waves. Up to now, a reliable
generalized transfer model has not been found [59].

Therefore, physical investigation in environmental physics has to adapt old
and invent new methods to deal with these complex situations. The methods for
investigation can be classified in the following four groups: (a) classic laboratory
studies, (b) measurements that combine field studies for local information with
lab analysis, and (c) remote sensing. The most recent group in this context is
(d) virtual experiments, that are actually detailed simulations in cases where the
elementary physics are already well understood and modeled, but for example the
effects causing macroscopic intermittency are still unknown.

3.1 Classic Laboratory Measurements

The oldest classical investigation is the laboratory study. Classical laboratory
experiments can be regarded as a physical simulation, with a simplified system and
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simplified boundary conditions. Under controlled and reproducible (environmental)
conditions (e.g. temperature, pressure, salinity) data of the process under investi-
gation are systematically collected to gain information about parameter dependent
quantities like temperature or pressure for model development. Examples from
current research at Heidelberg are soil column investigation [45], or determination
of vertical gas concentration profiles. The latter is used as an example for robust
parameter estimation in Sect. 5.

3.2 Field Studies with Discrete Sampling Points

Field studies aim at investigating a certain quantity, e.g. concentration or veloc-
ity fields, in large areas, volumes or timescales. Usually measurements of the
observed quantity are taken in discrete sample points. Sample point data is typically
interpolated to generate continuous approximations of the quantities of interest,
for example emission maps for anthropogenic CO2 emissions. These emission
estimates are part of the input for complex computer simulations. Yet, current
computer models are not able to fully reconstruct the typical variations of the CO2

concentration over Europe gained in point measurements, but the recent progress
is evident, see for example [24] and [2]. Besides, sampling points are typically
assumed to be representatives for specific conditions. Furthermore, these sampling
points may serve as references for alignment of data gained by remote sensing.

The obtained data are analyzed both in-situ and in detailed lab studies, that
may take several months up to years. Examples of large scale field studies are
measurements and analysis of ice cores [47], and sea sediments [39], as well as
oceanic observation cruises, see the cruises supported by SOPRAN, the German
sub-project of the International SOLAS project (www.solas-int.org) for studies of
e.g. local oceanic aerosol composition [4]. An additional category of field studies
is the investigation of spatially strongly localized phenomena e.g. cave drip water
[37], or measurements of trace gases in volcanic plumes [13].

Field measurement campaigns are usually very expensive due to the amount of
scientific equipment that has to be transported to the desired locations. A severe
problem in field studies are the given environmental conditions: Usually they cannot
be controlled and must be monitored in all possible detail.

3.3 Remote Sensing Techniques

In recent years remote sensing systems, e.g. satellite observation, have gained more
and more importance in the analysis of global processes, as they can usually cover
large areas with fine local discretization, though in some cases, they do not achieve
the precision of in-situ sample point measurements.
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Remote sensing comprises a huge variety of completely different methods.
Examples are the DOAS technique used for trace gas detection like HCHO with
GOME [40], or remote sensing of oceanic wind fields [15], and wave slope via
radar backscatter [58]. Another method is active microwave sensing that allows soil
water measurements in the topmost soil layer, see e.g. [7]. Moreover, remote sensing
is closely linked to image processing as data from remote sensing usually consists
of images, see e.g. [50]. In the last 20 years especially digital image processing has
evolved extremely rapidly, for a review on applications see for example the books
[16] and [34], for classification and statistical methods in image processing see e.g.
[20] and [12]. Also in laboratory studies such image-based techniques are used.
Examples are the determination of bubble distributions in ice cores [55], in air–
sea interaction, IR-imaging for measuring turbulent heat transfer [27, 28], as well
as Laser-induced fluorescence (LIF) or particle image velocimetry (PIV) studies in
fluid dynamics, see [29], and [10] in biomedical research.

Again it has to be noted, that remote sensing techniques like field studies are also
subject to the environmental conditions during observation and therefore need to
log these conditions as well. The most recent family of experiments is a product of
theoretical model descriptions and computing power: the virtual experiments.

3.4 Virtual Experiments: Direct Numerical Simulation
in Fluid Dynamics

Virtual experiments mark the current frontier of interaction of physical investigation
and computer science. Here, nature is simulated completely, both the process to
investigate and the measurement equipment are implemented in algorithms.

One representative of virtual experiments currently used in environmental
physics and in fluid dynamics is the so-called “Direct Numerical Simulation”
(DNS). The differential equation system for transport is used to determine the
dynamical behavior of the system in question using an initial guess and boundary
conditions. Such virtual experiments deliver full information on the flow fields
and scalar transport quantities where direct measurements are extremely difficult
if not impossible in this detail. In DNS, the transport equations are solved directly
without any specific model assumptions on a computational mesh as fine resolved
as necessary to cover all ranges of turbulence that are theoretically expected, see
for example [54] for channel, or [22] for pipe flow. With full information on the
turbulent scalar fields of transported quantities and vector flow fields, simplified
parametric models can be tested or newly developed for certain conditions. Up
to now, classical laboratory experiments have failed to deliver the necessary
detailed information for reliable parameter estimation. This gap is closed by virtual
experiments.
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3.5 Statistical Analysis: A Link from Measurements
to Parameter Estimation

Experimental studies and especially field studies have gained much from improved
storing devices and processing of data in modern computers. Furthermore, imple-
mentation of mathematical analysis techniques for time-series, e.g. periodograms,
FT- and wavelet analysis measurement [14], support research in environmental
physics. The same is true for statistical analysis techniques: ANOVA, or significance
tests like t- or F-test have facilitated determining estimates of the error distribu-
tion E of data sets. An identified error distribution sets the statistical framework
for parameter estimation, especially the choice of a suitable norm for evaluating
deviations of model prediction and measurements [51]. In more detail, this allows to
identify the best-suited parameter estimator and allows stochastically-representative
simulations. Even in the case of a linear model this is necessary, see for example
the textbook [41]. A suitable parameter estimator can be linked to the maximum
likelihood approach that determines the best matching norm for a given error
distribution, for example the popular least squares approach with l2-norm is the
maximum likelihood estimator for a Gaussian distribution, the absolute norm l1 for
a Laplacian error distribution, for details on maximum likelihood see the articles
[23] and [3].

A special problem are outliers in the data: If the error distribution differs from
the Gaussian assumption, especially if it is a heavy-tailed distribution, the number
of outliers from the Gaussian prediction increases. In the case of influential outliers,
they can prevent the solver from finding an adequate estimate of the desired
parameters. Possible solutions are presented in the following section. After this
detailed presentation of data sources and a short introduction to the influence of
error distributions the next section gives a short overview on parameter estimation
techniques necessary for the application in Sect. 5.

The topic modeling of processes is not discussed here, as it comprises theoretical
considerations and methods of vast range. Here, we refer the reader to discussions
and publications in the respective communities, some examples in environmental
physics are large scale modeling of global transport models in [51], and applications
on intermediate to small scales in soil physics, see for example [56] and [48].

It is important to note again, that inverse modeling requires a suitable process
model in advance, that allows a quantitative parametrization of the measured data
sets. In the following we assume that such a model exists.

4 Parameter Estimation from Experimental Data

Inverse modeling is used to determine an optimal parameter set of a theoretical
model with respect to given experimental observations. The model parameters
usually represent single physical system characteristics or comprise several physical
quantities.
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Analysis of tomographic data is a typical field of application for inverse
modeling. Current examples in environmental physics may be the tomographic
DOAS method, e.g. [35], the reconstruction of paleotemperature from the isotopic
composition of stalagmites [57], or the determination of soil parameters from
measurements of its electromagnetic properties [60].

In the current section we give a very brief summary on inverse problems as far
as necessary for Sect. 5. The term “inverse problem” is used here as a synonym
for ill-posed parameter estimation problems. Generally, a function or a vector of a
certain realization of the measurable quantities of interest, the so called states y, is
parametrized by a functional relation G, with parameters p and control variables q,

y D G.p; q/: (1)

Herein, the number of parameters is assumed to be finite. The control variables
q represent the environmental conditions such as temperature that influence the
states y, but can be controlled by the experimenter either directly (e.g. temperature
stabilization in lab studies) or indirectly (e.g. measuring only at certain conditions
in field studies). G as the model of the measurement process may implicitly contain
a system of ordinary (ODE) or partial differential equations (PDE), or a system
of differential algebraic equations (DAE). This is the so-called forward problem,
usually with a (locally) unique solution. The solution of the forward problem is
called “simulation”: G is determined for given p and q.

In an inverse problem, the parameters p of a given model are to be determined
from a vector of indirect observations, the measured states ymeas , by minimizing
the deviation of model and measurements by a suitable choice of parameters, e.g.
see the textbook [36]. The measured values ymeas are assumed to be an additive
composition of the model response ytrue and a random error �, that may depend on
the ytrue,

ymeas D G.ptrue; q/ C �.ytrue/: (2)

For a Gaussian distribution the relation is simplified to

ymeas
G D ytrue C �; (3)

with � D p
� as the standard deviation of a distribution with zero mean and

variance � .
The deviation of model prediction and measurements, is called residual r ,

ri .p/ WD ymeas
i � Gi .p; q/: (4)

The parameters of a local solution should decrease the residuals. In the best case,
the vector of residuals in a solution would correspond to the vector of measurement
errors. A local solution is gained by minimizing the sum of a criterion function �.r/,



An Application of Robust Parameter Estimation in Environmental Physics 295

e.g. the best suited lp-norm of the residuals r , with w as positive scale parameters
or weights

min
pi

nX

iD1

�

�
ri .p/

wi

�
; (5)

in the sense of a maximum likelihood-type estimation or M -estimation, a general-
ization of maximum likelihood estimators. In the least-squares approach the sum of
the squared residuals is minimized. The criterion function for this case is

�LS .r.p// WD r.p/2

2 w
: (6)

Here, the weights w correspond to the variance � or the squared standard deviation
of the Gaussian distribution. Typically the estimated measurement errors are used
as weighting factors. In that way the measurements with lowest error receive the
highest weight.

In the case that the error distribution shows deviations from the assumed one,
so-called robust estimators can be used. Robust estimators can be classified by the
definition of a breakdown point. The general idea of the breakdown point is the
smallest fraction of model-inconsistent observations to consistent ones, for which
the estimator can be expected to give correct results [6]. The fraction ranges from
0.0 to 0.5. The maximum possible breakdown point of 0.5 can be achieved by
the median. For details on breakdown point definition and outlier detection see for
example [17] and the textbook [46].

An example of a robust estimator is Huber’s M -estimator introduced in the
beginning of 1970s [31]. This estimator belongs to the class of iteratively reweighted
least squares (IRLS) methods that can exclude large outliers from minimization by
special criterion functions �. The criterion function for Huber’s M -estimator is

�H .r.p// WD
(

r.p/2=2; if jr j � � ;

� jr.p/j � �2=2; if jr j > � .
(7)

with � a constant. If � ! 1 Huber’s limit function is the least squares approach.
For an introduction to maximum likelihood estimators and an introduction to

robust estimators see for example the corresponding chapters in the textbook [41]
or in this collection the article of Kostina et al. [11].

In contrast to the forward problem of a simulation, in which the system response
to a given input parameter set is calculated, the inverse problem tries to determine
the parameters from a (measured) system response. Inverse problems are usually
“ill-conditioned” in a Hadamard sense, meaning that the solution needs neither to be
unique nor to exist [26]. Regularization strategies, like the Tikhonov regularization,
may be used to deal with ill-posed inverse problems by introducing restrictions on
the solution. The regularization may be achieved by adding a penalty term, e.g. for



296 Alexandra G. Herzog and Felix R. Vogel

smoothness, or by multiplying with a non-singular regularization matrix W . For
details on regularization strategies see for example the introductory chapters in the
textbooks [36] and [25]. An introduction to inverse problems for natural scientists
including regularization strategies is given for example in the textbook [53].

In the next section an example application is shown where the previously
discussed strategies are used. In that problem, Huber’s M -estimator allowed
determining the parameters of an inverse problem, while the least squares estimator
failed, implied by a strong non-Gaussian error distribution.

5 Application: The Spectral Reconstruction Approach

In this section the application of the modeling cycle framework is demonstrated
in an example from small scale air–sea interaction: The reconstruction of water-
sided depth-dependent gas concentrations from spectral measurements via inverse
modeling. This novel technique called SPERA (Spectral Reconstruction Approach)
has been developed at the Institute of Environmental Physics in the group of
Prof. B. Jähne at the University of Heidelberg. The image processing software has
been contributed by the Heidelberg Collaboratory for Imaging (HCI), while the
parameter estimation part has been provided by the Numerical Optimization group
of Prof. E. Kostina, University of Marburg.

In the combination of an experimental technique, image processing, and param-
eter estimation the resolution could be remarkably refined by a factor of five, giving
concentrations in five individual depth layers instead of only one from a purely
experimentally evaluated technique. First results have been presented in [30]. Small
Scale Air–Sea Interaction as a sub-discipline of environmental physics tries to find
simplified transport equations of heat, momentum, and mass, i.e. gas, especially
near the air–water interface, in and next to the boundary layers, where the main
resistance of transport is located. Important in this context is the determination of
the transport velocities of gases like oxygen and carbon dioxide. Good estimates of
these mass fluxes (commonly given as piston or transport velocities) under various
conditions are of high interest for climate modeling with respect to greenhouse
gases as they allow to predict quantitative gas transport from the atmosphere into
the oceans and vice versa. In that way for example, the ocean acts as the largest sink
of the greenhouse gas carbon dioxide, CO2. Up to 30–40% of man-made CO2 is
estimated to be transferred into the oceans [19].

5.1 Setup and Basic Concept

The Spectral Reconstruction Approach (SPERA) is a technique that tries to capture
2D turbulent concentration fields in a fluid by analyzing the spectral composition of
the integral fluorescence spectrum detected from above the investigated volume.
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Fig. 2 (a) Sketch of the spectral setup in side view for spanwise spectra. Flow direction from right
to left. (b) Integral spectrum taken in a setup sketched in (a). (c) Classical dynamic depth-dependent
concentration 2D-profile parallel to main flow direction at a mean wind speed of 3 ms�1 gained
by laser-induced fluorescence. Intensity marks local dissolved gas concentration. Image taken with
a camera system in side-view not in spectral view. For details see text. Wind direction from right
to left

The setup is shown in Fig. 2a. The water volume of interest is dyed with a combi-
nation of a fluorophore and an absorber dye. Fluorophore concentration is assumed
to be proportional to local gas concentration. Fluorescence is induced by laser
excitation that is coupled in via a dichroitic mirror. The detector system is located at
the top of the water surface. In a classical setup no absorber dye would be present. In
this standard side-setup concentration profiles are gained by a camera in side view,
where the pixel position in the image is correlated to water depth. There intensity
would correspond to local gas concentration. An image gained by this technique is
shown in Fig. 2c. In the presence of an absorber dye this is no longer possible.

In SPERA concentration gradients of dissolved gases in the aqueous mass
boundary layer are detected above the water surface by spectrally analyzing the
emitted integral fluorescence. The depth information is lost in the recorded image
as the spectrometer only sees a fluorescing line at the water surface, see Fig. 2b.

The lost depth information has to be extracted from the emitted spectrum by
means of an inverse parameter estimation. The depth-dependent concentrations
appear as the parameters of the inverse problem.

The technique does not give enough information in its basic setup to solve the
PDE system of transport in three dimensions, but allows to measure two dimensional
concentration fields. SPERA is based on a solely experimental technique developed
in [9] that allows to capture the concentration in the topmost fluid layer the thickness
of which is determined by the concentration of the added absorber dye.

In combination with robust parameter estimation techniques this experimental
method can decompose the boundary layer in finer sublayers to achieve a concentra-
tion resolution with depth in one single measurement. The method used is actually
a tomographic method with one significant alteration: the position of the detector
is fixed and is not varied over a whole range of radial positions. Here, the integral
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fluorescent spectrum is detected only at one position above the water surface with a
spectrometer. The integral spectrum is the overlay of spectra emitted at every depth
layer in the water sample below.

From that integral spectrum the individual spectra coming from different depth
layers can be reconstructed: In the structure of each spectrum the local concentration
at the corresponding depth z and the depth information z itself is coded like a
fingerprint, so each depth and each concentration has its own uniquely formed
fluorescence spectrum. This depth and concentration coding is achieved by the
combined usage of a fluorophore and a second dye that absorbs in the emission
band of the fluorophore. So the depth information can be regained by extracting
the individual depth spectra from the integral spectrum like a vector function is
expanded in its different vector components.

5.2 Measuring

Turbulent processes are unpredictable and have to be captured stochastically.
Therefore, one problem in environmental physics is to store the vast number of
data sets capturing smallest to largest timescales or spatial scales to identify the
dominating frequencies in the fluctuations and the dominating length scales so to
identify the quantities of importance. Especially for quantities that are transported
by a fluid like mass a suitable measurement technique has to be developed that
does not affect the flow field. Typical measurement techniques that have been used
are the so-called Laser-induced fluorescence (LIF) for measuring concentration
and temperature fields, and the Particle Image Velocimetry or PIV to obtain in-
situ velocity fields. These two techniques are commonly used in fluid mechanics
and even allow 3D measurements of the desired quantities without disturbing the
measured quantity. In SPERA, the integral fluorescence of a LIF measurement
plane is recorded with a spectrometer setup sketched in Fig. 2. The resolution of
the wavelength is about 1 nm, which is quite coarse, but the sensitivity of the
camera setup with a CMOS camera allows detection of lowest signal intensities
[33]. Usually the signal is so low that the Poisson statistic of the fluorescence is
dominating the signal fluctuations without additional averaging. In Fig. 3 depth-
dependent fluorescence spectra are plotted.

5.3 Modeling

In SPERA, the model function state represents a theoretical description of the
integral fluorescence intensity L measurable above the water surface. This con-
tinuous spectrum is discretized according to the discrete wavelength resolution of
the detecting spectrometer setup. The emission model of the dye-system gives the
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Fig. 3 Depth-dependent fluorescence spectra of a fluorophore combined with an absorber dye
measured by illumination with a single laser beam. Spectra normalized by intensity at the water
surface: (a) measured at the water surface, (b) spectra at water depth of 1 mm, 4 mm, and 16 mm.
Measurement device Ocean Optics Spectrometer 2000

following approximation of the fluorescence spectrum @L.z;�/

@z �z in a single depth
layer of thickness �z normalized to one degree of spatial angle:

@Lem.z; �/

@z
D 1

4�
˚qf .�/".�L/c.z/EL C O

�
.".�L/

Z z

0

c.z0/ d z0/2

�
: (8)

The factor 1=4� is the normalization constant of the spatial angle, ˚q is the
quantum yield of the fluorophore, f .�/ represents the normalized fluorescence
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spectrum, ".�L/ is the extinction coefficient of the fluorophore at laser wavelength
�L, c.z/ is the concentration of the fluorophore, EL the emittance of the laser. This
approximation is valid if the rest term in the last approximation can be neglected

".�L/

Z z

0

c.z0/ d z0 � 1: (9)

This can be achieved by reducing the concentration of the fluorophore accordingly.
A dye concentration satisfying this inequality guarantees a linear relation between
fluorescence intensity and absorption. In fluorescence spectroscopy this case can be
expected for most dyes up to an absorption of 0.05.

An additionally added absorber dye with extinction coefficient "A.�/ modi-
fies this relation in every layer by an exponential factor exp.�"A.�/cAz0/. The
fluorescence-absorption spectrum that can be measured at the water surface is
calculated as the integral of the fluorescence-absorption spectra of the individual
layers,

Lint.zI �/ D
Z z D 1

0

Labsem.z0I �/dz0 (10)

D
Z z D 1

0

@Lem.z0I �/

@z0 exp.�"A.�/cAz0/dz0: (11)

For the integral fluorescence spectrum this eventually leads to the discretized form
of an infinite sum,

Lint.z; �/
:D C f .�/ �

Z zD1

0

c.z0/ exp.�"A.�/cAz0/dz0 (12)

:D C f .�/ �
1X

iD0

c.zi / exp.�"A.�/cAzi /�zi ; (13)

with C WD 1
4�

˚q ".�L/ EL as summarizing constant; the maximum water depth is
assumed to be infinity. This infinite sum can be split up into summands,

Lint .�/ D
Z Oz

0

@L

@z
.�I z/ d z C

Z 1

Oz
@L

@z
.�I z/ dz; (14)

:D
O{X

iD0

�L

�z
.�I zi / �z C

1X

iDO{

�L

�z
.�I zi / �z: (15)

now the question remains from which discretized depth zi with i D O{ the rest term
can be neglected, or in other words, which depth no longer significantly contributes
to the integral spectrum. This is equivalent to the fact that the corresponding depth
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layer can no longer be resolved. The usual limit for influence on the result is a
proportion of the term of approximately p D1%, with respect to the value of the
total sum.

An estimation of the error term is shown here for an equal discretization
of the depth layers with �zi D �z D constant and zi D i � �z. Furthermore, a
homogeneous distribution of the concentration c of the fluorescent dye is assumed
for estimation: c D constant. As concentration changes are assumed to be small,
this approximation is acceptable for a rough estimation of the error term. All
constant terms are collected in the expression K WD c C f .�/�z. For calculation
of the error term the discretized infinite sum is rearranged. Herein, the expression
x.�/ WD exp.�"A.�/cA�z/ is used,

Lint .zI �/
:D

1X

iD0

c C f .�/ exp.�"A.�/cAzi /�zi (16)

:D K �
1X

iD0

exp.�"A.�/cA�z/i (17)

:D K �
1X

iD0

x.�/i : (18)

This is the geometric series. For jx.�/j < 1 8 � this infinite series is convergent.
Therefore, there exists a certain depth L after which the rest terms can be neglected,

L � ln.p/

ln.x.�//
: (19)

Since the absolute value of both p and x.�/ is smaller than one and both are positive
values, the logarithm is negative and therefore L always positive. Together with the
above made assumptions on the concentration of both fluorophore and absorber dye
this sum can be further approximated to,

Lint
j

�
�j

�
„ ƒ‚ …

DWLj

:D K �
X

i

c.zi /„ƒ‚…
DWci

ˇ̌
ˇ̌
ˇ̌
ˇ
f f luo.�j /
„ ƒ‚ …

DWfj

exp.� "A.�j /cA„ ƒ‚ …
DW˛j

zi /

ˇ̌
ˇ̌
ˇ̌
ˇ

„ ƒ‚ …
DWB.zi ;�j /

; (20)

This can be rewritten as a linear equation system,

0

B@
Lint

0 .�0/
:::

Lint
L�1.�L�1/

1

CA D K �

0

B@
B.z0; �0/ � � � B.zN �1; �0/

:::
:::

B.z0; �L�1/ � � � B.zN �1; �L�1/

1

CA

0

B@
c0

:::

cN �1

1

CA : (21)

This formulation forms the basic model for the simulation and the formulation of
the inverse problem.
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Fig. 4 Variance–mean plot for the measured data sets plotted as diamonds; theoretical distribu-
tions: dashed: Poisson distribution, dotted: Gaussian distribution; Measurement device: Varian
Eclipse Carrier, AG Herten, BioQuant, Heidelberg

5.4 Statistical Analysis of Experimental Error

As previously discussed, the actual distribution of errors is unknown a priori. This
is also the case in SPERA: The noise distribution of the measured data is expected
to show a strong Poisson-like characteristic due to fluorescence being subject to
Poisson distribution. Yet, due to detector influence this Poisson distribution is altered
by the intrinsic detector statistics. For more details on statistics in LIF measurements
see [18]. They showed that the actual distribution in LIF-signals is an overlay of the
statistics of all involved processes. If the compound error distribution is unknown,
a maximum likelihood estimator can not be determined. In Fig. 4, the variance–
mean plots of one of the tested spectrometers is shown. There the measured values
do support neither the Gaussian nor the Poisson assumptions, and do not seem to
fit a known probability distribution. Given such a case, using a robust estimator
seems appropriate, that can deal with a variety of long-tailed error distributions and
guarantees sufficient robustness against outliers.

5.5 Formulating the Parameter Estimation Problem

After the estimator, here Huber’s-M -estimator, has been chosen, the parameter
estimation problem can be set up,

min
ci

L�1X

iD0

Œ1=si 	 �Huber
��

Lint
model .�i ; ci / � Lint

meas .�i /
��

: (22)
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Table 1 Comparison of estimators for simulated data with errors from gamma distribution

Profile Estimator c0 c1 c2

(I) True values 1:0 � 10�5 5:0 � 10�6 1:0 � 10�7

Huber 1:00001 � 10�5 4:99972 � 10�6 1:00105 � 10�7

LS �88:2453 � 10�5 2515:35 � 10�6 �17176:6 � 10�7

(II) True values 1:0 � 10�7 5:0 � 10�6 1:0 � 10�5

Huber 1:00046 � 10�7 5:00003 � 10�6 0:99998 � 10�5

LS 7716:61 � 10�7 �1994:89 � 10�6 128:287 � 10�5

Table 2 Comparison of estimators for simulated data with errors from log-normal distribution

Profile Estimator c0 c1 c2

(I) True values 1:0 � 10�5 5:0 � 10�6 1:0 � 10�7

Huber 0:999999 � 10�5 5:00036 � 10�6 0:990427 � 10�7

LS 0:998000 � 10�5 6:12988 � 10�6 �0:185964 � 10�7

(II) True values 1:0 � 10�7 5:0 � 10�6 1:0 � 10�5

Huber 0:99402 � 10�7 5:00182 � 10�6 0:99987 � 10�5

LS 1:01200 � 10�7 5:01480 � 10�6 0:99806 � 10�5

The si represent estimates of the variance of the measurement errors and act as
scaling or weighting factors. Additional constraints on the solution are not used. For
implementation in software the linear parameter estimation problem is written in
matrix form:

min

2

664K �

0

BB@

1
�0

� � � 0

:
:
:

:
:
:

0 � � � 1
�L�1

1

CCA ��

0

BB@

0

BB@

B.z0; �0/ � � � B.zL�1; �0/

:
:
:

:
:
:

B.z0; �L�1/ � � � B.zL�1; �L�1/

1

CCA

0

BB@

c0

:
:
:

cL�1

1

CCA �

0

BB@

Lmeas
0 .�0/

:
:
:

Lmeas
L�1 .�L�1/

1

CCA

1

CCA

3

775 :

5.6 Results of the Parameter Estimation

The previously formulated parameter estimation problem has been solved with
both least squares estimator and Huber’s M -estimator. The results are shown in
Tables 1 and 2 for a three layer concentration reconstruction of simulated data sets
with known solution. Profiles I and II represent two typical cases, invasion and
evasion of a gaseous tracer. Gamma and log-normal distribution were used as error
distributions in simulations.

Least squares estimation failed three out of four data sets, presented here, while
Huber’s M -estimator succeeded in parameter reconstruction for all test cases.

This result is not a surprising one having the previous sections in mind. Even for
this relatively simple application the error distribution and therefore the appropriate
choice of an estimator has a remarkable effect on reconstructing the solution
successfully, in spite of correct model assumptions. Summarizing, robust estimators
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that respect heavy-tailed noise distributions are far better suited than the least
squares approach under such conditions.

For more details on results of the SPERA problem see [30].

5.7 Optimal Experimental Design as Extension
of the Modeling Cycle

Besides statistical analysis and parameter estimation, also “optimal experimental
design” or “optimal control” are techniques that may be used with SPERA. These
techniques are described in detail for example in [38] and are just mentioned here
briefly for completion of the modeling cycle.

Optimal experimental design focuses on maximizing the significance of param-
eters estimated from experimental data. This is accomplished by minimizing the
confidence ellipsoid of a parameter of interest, hence the error estimate of this
parameter. The confidence ellipsoid can be minimized by minimizing a criterion
function on the covariance matrix of the model-constraint system, for example
the largest eigenvalue of the covariance matrix. In that way optimal experimental
design corresponds to a non-linear optimization problem. The parameters to be
determined are the control parameters and functions q (measurement parameters
like temperature, pressure, humidity, etc.), the weights w, as well as the number
and spatial/temporal positioning of the measurements. The optimal solution of an
experimental design problem determines the best suited run of the controllable
parameters. This run is typically extremely difficult to find by experimental trial
and error. The potential of optimal experimental design has been demonstrated in
various applications in science and industry, see e.g. the articles [5, 8], or [49]. In
that respect, optimal experimental design can be regarded as an extension of the
modeling cycle as presented in Fig. 1, Sect. 2. It is a technique that uses simulated
virtual experiments on the basis of an available process model to predict optimal
experiments for determining the model parameters, e.g. with lowest errors. These
predicted experiments can now be validated by conducting real experiments accord-
ingly and analyzing deviations from prediction and actual realization. Therefore it
can be included as a part IV in the modeling cycle, see Fig. 5.

In laboratory studies optimized experiments can be realized relatively easy as
controllable environmental conditions are common. In field studies the situation is
more difficult: environmental conditions are almost impossible to control or repro-
duce. Nonetheless, there are approaches to choose at least conditions (e.g. times
when to take samples) under which measuring would be most preferable. Under
such terms, the application of optimal experimental design seems possible to a
certain degree. This has already been discussed for field studies, e.g. in [21]
20 years ago. Optimal experimental design for SPERA is also limited, yet possible:
In wind-wave tunnel experiments with their dynamics usually far away from
stationarity, controlling steering functions like temperature or pressure is difficult.
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Fig. 5 The iteration cycle of model development as basic concept extended with optimal
experimental design as part IV. For this extension a suitable model formulation is absolutely
required

However, for measurements in convection tanks in which pressure and temperature
can be controlled much more readily this problem is avoided. So for this special
configuration SPERA may be optimized to gain maximum information out of the
data sets.

Summarizing, whenever an experimental setup allows steering of control param-
eters or functions optimal experimental design can be applied.

6 Summary

The specific error distribution of a measurement technique can differ from the
standard assumption of a Gaussian distribution. This will affect the choice of an
appropriate estimator if these data sets are intended to determine model parameters
in an inverse problem. In the case of heavily tailed non-Gaussian error distribution
the use of robust estimators is indicated. Huber’s M -estimator is one example of
a robust iteratively reweighted least squares method, that may be applied to such a
problem.

In an example from current research in environmental physics, the spectral recon-
struction approach (SPERA), Huber’s M -estimator improved parameter reconstruc-
tion significantly: Previous tests with a least squares estimator failed. Simulated
data sets with known model parameters were used for a detailed illustration of this
problem for SPERA, see Table 2. Here, the basic combination of an experimental
method from air–sea interaction research and robust parameter estimation allowed
the successful reconstruction of the desired vertical concentration profiles.
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This article tried to present the basics concepts of robust parameter estimation
for practical applications especially in environmental physics including the effects
of error distributions on the choice of the estimator. Furthermore, an example
application from current research was provided using a robust estimator that is
widely available, e.g. in standard software packages like Matlab, so that the transfer
to the reader’s research problems is facilitated.
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G. Carboni, and R. Santaguida. Comparing atmospheric transport models for future regional
inversions over Europe. Part 1: Mapping the CO2 atmospheric signals. Atmos. Chem. Phys.
Discuss., 6:3709–3756, May 2006.

25. P. E. Gill, W. Murray, and M.H. Wright. Practical Optimization. Academic Press, INC, 1981.
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Parameter Estimation in Image Processing
and Computer Vision

Christoph S. Garbe and Björn Ommer

Abstract Parameter estimation plays a dominant role in a wide number of image
processing and computer vision tasks. In these settings, parameterizations can be
as diverse as the application areas. Examples of such parameters are the entries of
filter kernels optimized for a certain criterion, image features such as the velocity
field, or part descriptors or compositions thereof. Subsequently, approaches for
estimating these parameters encompass a wide range of techniques, often tuned to
the application, the underlying data and viable assumptions. Here, an overview of
parameter estimation in image processing and computer vision will be given. Due to
the wide and diverse areas in which parameter estimation is applicable, this review
does not claim completeness. Based on selected key topics in image processing and
computer vision we will discuss parameter estimation, its relevance, and give an
overview over the techniques involved.

1 Introduction

In most image processing and computer vision tasks, one starts off with visual data
such as an image or a sequence thereof. Of course, more general modalities are
also becoming increasingly more common. These include spectral image sequences
for example in satellite remote sensing or volumetric or even spectral volumetric
time series, for example in state-of-the-art medical imaging devices. Cheap con-
sumer devices are also transitioning beyond simple 2D capturing apparatuses. The
Microsoft Kinect device, which captures intensity images and the scene depth at the
same time, is an example of this. Also, first consumer grade cameras that capture
light fields are on the horizon. All of these devices require adapted image processing
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and computer vision algorithms. Common to all of them is the classical inverse
problem they lead to: n-dimensional data is acquired and some model parameters
need to be estimated to best describe the data. Of course, the model will strongly
depend on the application, as will the metric in which ”best” is described by some
sort of optimality condition. In this contribution, some common problems in image
processing and computer vision will be described. Common methodologies for
solving the resulting parameter estimation problem are presented.

This article is organized into two main parts, the first focusing on parameter
estimation in low-level image processing, the second on high-level computer
vision. In Sect. 2.1, parameter optimization for filter kernels will be introduced.
The estimation of image motion or optical flow is outlined in Sect. 2.2. The
reconstruction of images and optical flow fields is discussed in Sects. 2.4 and 2.5
respectively. The estimation of confidence and situation measures for optical flows is
presented in Sect. 2.3. The segmentation of images based on their underlying motion
is touched upon in Sect. 2.6. A combination of such approaches in a single functional
is presented in Sect. 2.7 which is concerned with joint estimation of optical flow,
segmentation and denoising of image sequences.

Parameter estimation in high level computer vision is presented in Sect. 3.
Central to the analysis are key modeling decisions which are explained in Sect. 3.1.
In Sect. 3.2 a compositional approach to object categorization is presented. The
problem of object detection in cluttered scenes is discussed in Sect. 3.3.

2 Low-Level Image Processing

2.1 Optimization of Filter Kernels

A fundamental operation in image processing represents the filtering of intensity
images. Such filtering is used for computing derivative filters of first order for
motion estimating and for edge detection, and second or higher order for feature
extraction of curvature information. Filter design is a well-established area in time-
series signal processing and subject of standard textbooks [103, 107, 113]. The
extension from 1-D signal processing to image processing is not trivial, however.
This is largely due to uncertainty of design criteria for higher-dimensional signals
and much more involved mathematical problems.

For edge detection and motion estimation, the computation of precise gradients
of image intensities is vital. It can be show that the highly accurate computation
of both, orientation and magnitude of gradients, are not feasible. Therefore, design
choices have to be made. Very often, subspace problems, which are orthogonal to
the gradient directions have to solved. Hence the precise direction of the gradients
is more important that their magnitude. Making such a design choice leads to the
formulation of a optimization problem, yielding the appropriate filter kernels. These
filters are discretized by finite differences using convolution kernels optimized with
respect to the model assumptions, scales and/or noise present in the data.
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2.2 Optical Flow Estimation

For the estimation of motion from digital image sequences, a number of differ-
ent techniques has been proposed. Generally, they can be categorized into four
groups:

1. The class of gradient based techniques relies on computing spatio-temporal
derivatives of image intensity, which can either be of first order [46,65] or second
order [93, 115].

2. Region-based matching may be employed when under certain circumstances
(aliasing, small number of frames, etc.) it is inappropriate to compute derivatives
of grey-values. In this approach the velocity is defined as a shift giving the best
fit between image regions at different times [7, 55, 80].

3. The energy-based methods rely on the output energy of velocity-tuned filters.
These methods are often referred to as frequency-based methods owing to their
design in the Fourier domain [1, 50, 62].

4. Another class of methods is called phase-based, because velocity is defined in
terms of phase behavior of band-pass filter output and phase information is used
to estimate the optical flow [51, 122].

Overviews of these estimators including error analysis can be found in [11,
12, 60]. One widely used technique to estimate the local optical flow v.t; x/

corresponding to an image sequence u W Œ0; 1� � ˝ ! R on an image domain
˝ � R

n (n D 2; 3) is the first order gradient based approach [46,65]. Together with
phase based techniques [51], this approach offers the best performance with respect
to accuracy [11,53]. Here, constancy of gray values u.t; x.t// along trajectories x.t/

is assumed, leading to the constraint equation

0 D d

dt
u.t; x.t// D ru.t; x.t// � v.1; x.t// C @t u.t; x/ : (1)

This constraint equation is generally known as the brightness change constraint
equation (BCCE). The BCCE gives us one constraint for two unknowns for image
sequences or three unknowns for volume sequences. Thus it is an ill posed problem,
which is also known as the aperture problem and only the component of the velocity
orthogonal to gray-value structures can be computed from (1). Let us assume that v
is at least locally constant. One approach to solve the aperture problem for locally
constant v was presented by Guichard [59]. The aperture problem can also be
solved locally with the Lucas–Kanade approach [82,83] or with the structure tensor
approach [21] which minimizes the local energy functional

Z 1

0

Z
˝

w.x � y; t � s/ .ru.s; y/ � v.s; y/ C @t u.s; y//2 dy ds : (2)

Here w. � ; � / is a window function, indicating the local spatio-temporal neighbor-
hood. These local approaches offer relatively high robustness with respect to noise
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Fig. 1 On a traffic scene plotted motion vectors indicate regions, where a local flow estimater
achieves reliable results. For significantly large regions the velocity can not be computed

and allow for a computation of confidence and type measures, which characterize
the quality of estimates. Generally, they do not lead to dense flow fields (cf. Fig. 1).
However, global variational estimators as discussed below lead by design to fully
dense flow fields but are known to be more sensitive to noise.

2.2.1 Global, Variational Methods for Optical Flow Estimation

The study of variational methods in optical flow estimation started with the classical
work of Horn and Schunk in 1984 [65]. They considered minimizers of the energy
functional

EŒv� D
Z

˝

Œ.@t u; ru/ � .1; v/�2 C ˛jrvj2ıx (3)

acting on image intensities u W Œ0; 1� � ˝ ! R at decoupled time steps t 2 Œ0; 1�.
Thereby they implicitly assume the optical flow field v W Œ0; 1� � ˝ ! R

n to be
spatially smooth. Here, the scalar ˛ denotes the constant weighting parameter of
the regularizer. Nagel and Enkelmann [94] replaced the second, regularizing term
˛jrvj2 by a quadratic form

Z
˝

rv � J � Œu�rvıx (4)

which involves the local structure tensor J � Œu� of the image (� indicates the involved
filter width) and allows for a significant change in v across image edges indicated
by steep image gradients. Alternatively, one can replace the quadratic regularization
by a BV type regularization

R
˝ jrujıx as presented by Cohen [36] or other convex

regularizers as considered by Weickert and Schnörr [123]. Connections to shape
optimization have been exploited by Schnörr [108]. Weickert et al. [26] proposed a
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combination of local flow estimation and global variational techniques to combine
the benefits of robustness and dense field representation, respectively. A broader
comparison of different regularization techniques involving quasi-convex function-
als has been given by Hinterberger et al. [63]. In particular they consider W 1;p-
approximation or BV type functionals. Applying multi-grid methods in the solution
of the Euler Lagrange equations for the above combined global-local method was
presented by Bruhn et al. [25]. In all these approaches the choice of the regulariza-
tion terms basically determines the class of admissible flow fields. A rigorous anal-
ysis of assumptions on the flow field under which global minimizers of the non reg-
ularized variational problem can be found was given by Lefébure and Cohen [76].

In general, numerical algorithms for the minimization tend to get stuck in local
minima. Alvarez et al. [84] proposed to consider a scale space approach to solve
this problem. Starting to correlate coarse representations of subsequent images in
an image sequence via an optical flow field or a deformation, one proceeds on suc-
cessively finer representation until the actual fine scale images are properly matched.

2.3 Confidence and Situation Measures for Optical Flows

In order to detect artifacts and erroneous flow vectors in optical flow fields, one
can analyze confidence and situation measures. Confidence measures are used to
estimate the correctness of flow fields, based on information derived from the image
sequence and/or the displacement field. Based on proposed techniques, two kinds
of confidence measures can be distinguish: situation and confidence measures.
Situation measures are used to detect locations, where the optical flow cannot be
estimated unambiguously. This is contrasted by confidence measures, which are
suited for evaluating the degree of accuracy of the flow field based. Situation mea-
sures can be applied e.g., in image reconstruction [87], to derive dense reliable flow
fields [110] or to choose the strength of the smoothness parameter in global methods
(e.g., indirectly mentioned in [72]). Confidence measures are important for quanti-
fying the accuracy of the estimated optical flow fields. A successful way to obtain
robustness to noise in situation and confidence measures is also discussed in [70].

Confidence measures employed are generally chosen as innate to the flow
estimation technique. By combining flow methods with non-inherent confidence
measures [70] were able to show considerable improvements for confidence and
situation measures. Altogether the results of the known measures are only partially
satisfactory as many errors remain undetected and a large number of false positive
error detections have been observed. Based on a derived optimal confidence map
they obtain the results in Fig. 2 for Lynn Quam’s Yosemite sequence [61], and the
Street [90] test sequences.

For variational methods, the inverse of the energy after optimization has been
proposed as a general confidence measure in [27]. For methods not relying on
global smoothness assumptions, e.g., local methods, a new confidence measure
based on linear subspace projections was proposed in [69]. The idea is to derive a
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Fig. 2 Comparison of optimal confidence measure (left) to best known confidence measure (right)
for Yosemite and Street sequences

spatio-temporal model of typical flow field patches using e.g., principal component
analysis (PCA). Using temporal information the resulting eigenflows represent
complex temporal phenomena such as a direction change, a moving motion
discontinuity or a moving divergence. Then the reconstruction error of the flow
vector is used to define a confidence measure.

2.4 Image Restoration

An active field of research is the restoration of damaged paintings or, in case
of digital images, the reconstruction of blank image regions based on image
information outside this area. It was first proposed by Masnou and Morel [87] and
named “disocclusion.” The term “inpainting” was introduced by Bertalmio et al.
[17], Ballester et al. [9] proposed a variational approach based on the continuation
of contours of equal luminance in the image, also called isophote lines. A variational
approach based on level set perimeter and mean curvature was presented by
Ambrosio and Masnou in [3]. Other approaches have been proposed for image
inpainting, e.g., TV-inpainting and curvature-driven diffusion inpainting suggested
by Chan and Shen [34, 35].

In general the problem of inpainting is stated as follows: Given an image u0 W
˝ ! R and an inpainting domain D � ˝ , one asks for a restored image intensity
u W ˝ ! R, such that uj˝nD D u0 and ujD is a suitable and regular extension of
the image intensity u0 outside D. The simplest inpainting model is based on the
construction of a harmonic function u on D with boundary data u D u0 on @D.
This model is equivalent to the minimization of the Dirichlet functions EharmonŒu� D
1
2

R
Dkruk2ıx for given boundary data, as can be derived from Dirichlet’s principle.

Due to standard elliptic regularity the resulting intensity function u is smooth
inside D. This means that edge information present on the boundary will not be
restored in the inpainted area. An overview on first order variational functionals
related to this problem has been given by Chan and Shen [31, 32]. To resolve this
shortcoming, TV-type inpainting models have been proposed [29, 30]. They are
based on the functional ETVŒu� D 1

2

R
Dkrukıx, which allows for steep transitions

on some edge contour. The resulting image intensity is a Bounded Variation (BV)
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function and thus characterized by jumps along rectifiable edge contours. In a weak
sense, it solves the geometric PDE h D 0 with Neumann boundary conditions,
where h D div .kruk�1ru/ is the mean curvature on level sets or edge contours.
Thus the resulting edges will be straight lines.

This issue of straight lines has been overcome in later work by [30,33]. Here, the
functional of the energy is based on the curvature of the intensity level curves. This
enforces a smooth transition between the level curves. The equations obtained from
such models are highly nonlinear and of higher (fourth) order. Recently, Bredies
et al. [24] proposed an approach for higher order TV which significantly improves
on stair-casing effects often found in TV regularization. Such an approach has been
applied to denoising depth images of Time-of-Flight (ToF) imagers [78].

In many applications the assumption of a sharp boundary @D of the corrupted
region turns out to be a significant restriction. In fact the reliability of the given
image intensity gradually deteriorates from the outside to the inside of the inpainted
region. This can be reflected by a relaxed formulation of the variational problem.
One considers the functional

e�Œu� D
Z

˝

ju � u0j H� C �.1 � H�/krukpıx ; (5)

where � > 0, p D 1 or 2, and H� is a convoluted characteristic function �D and
� > 0 indicates the width of the convolution kernel.

Frequently, one aims for a better continuation of image structures from outside
the destroyed region. Mumford [92] phrased this problem in terms of a minimization
of elastic energy of curves or surfaces M treated as elastic rods or shells and C 1

continuity conditions on @D. Morel and Masnou [86, 88] have further exploited the
relation to a minimization of the Willmore functional

EŒ M � D 1

2

Z
M

h2 da; (6)

where h is the mean curvature of the manifold M . They explicitly construct
continuations of level lines in an occluded image region D as parameterized
minimizers of the Willmore energy. Ambrosio and Masnou [4] revisited this
problem in the context of geometric measure theory and derived minimizers of an
implicit formulation of the Willmore energy

EŒu� D
Z

D

div

� ru

jruj
�2

jrujıx: (7)

General properties of such variational problems have been discussed by Bellettini
et al. in [13]. Chen et al. [35] presented a finite difference relaxation algorithm for
this Willmore functional and applied it to image inpainting. Esedoglu and Shen
[44] proposed a phase field approximation of the Willmore energy and used a
parabolic relaxation in their concrete minimization algorithm. Bertalmio et al. [16]
and Ballester et al. [9] relaxed the Willmore functional and studied the simultaneous
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extension of the image’s normal field � D ru
jruj and the intensity u. This resulted to

the minimization of the energy

EŒ�; u� D
Z

D

.jr.t;x/uj � � � ru/ C .div �/p.a C bjrG � uj/ıx ; (8)

where G is a Gaussian smoothing kernel. For � they impose the constraint j� j � 1.
Obviously, the first energy integrant is zero if � coincides with the image normal.
Thus, for p D 2 the second term approximates the Willmore energy on the ensemble
of level sets on D. Dirichlet boundary conditions for u and � are assumed.

A different approach has been considered by Bertalmio, Bertozzi and Sapiro
[18] connecting fluid dynamics and image inpainting. A vorticity formulation of
the stationary Navier–Stokes equations with zero viscosity can be written in terms
of the stream function �

r?� � r	� D 0 ; (9)

where r? denotes the orthogonal gradient and v D r?� the velocity field of the
flow. The connection to image processing is drawn by replacing � by the image
intensity u. One tries to find a solutions of the above equation under boundary
conditions for the intensity u and the direction of level lines r?u. In terms of
physics, this can be thought of as the solution to the transport of the outside
image into the hole D which solves the stationary Navier–Stokes equations. The
corresponding algorithm is based on a third order, parabolic relaxation

@t u � r?u � r	u D 0 : (10)

Recently, texture inpainting has attracted attention. Bertalmio et al. [19] proposed
a technique to first decomposed the image into texture and structure and then prop-
agated into the inpainting domain both these classes in different ways. This idea to
decompose texture and structure is also applied in [58]. Some statistical approaches
have been presented in [40] to perform a texture synthesis and structure propagation.

2.5 Optical Flow Reconstruction

In Sect. 2.2 a number of different approaches for estimating optical flow have been
presented. Even the most advanced techniques cannot accurately estimate correct
flow fields under all conditions. A powerful tool for detecting and removing incor-
rect flow vectors from the flow field are confidence measures [27, 70]. Discarting
erroneous flow vectors results in accurate but sparse motion fields. However, many
applications require dense flow fields. This reconstruction of missing vectors in
optical flow fields is based on information from the surrounding areas is addressed
in this section. The tasks is similar to that addresses in the previous section for image
reconstruction, where it was called “inpainting.”
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The reconstruction of motion fields has lately been proposed in the field of video
completion. In case of large holes with complicated texture previously used methods
are often not suitable to obtain good results. Instead of reconstructing the frame itself
by means of inpainting, the reconstruction of the underlying motion field allows for
the subsequent restoration of the corrupted region even in difficult cases.

Hence, the reconstruction of motion fields called “motion inpainting” was first
introduced for video stabilization by Matsushita et al. in [89]. The idea is to continue
the central motion field to the edges of the image sequence where the field is lost
due to camera shaking. This is done by a basic interpolation scheme between four
neighboring vectors and a fast marching method. An extension of inpainting to
higher dimensional surfaces has also been presented [10].

The reconstruction of optical flow fields can be accomplished by a simple
extension of these inpainting functionals for images, e.g., TV-inpainting on two
dimensional vector fields. However, these methods sometimes fail in situations
where the course of the motion boundary is unclear, e.g., if round motion boundaries
or junctions occur. Since image edges often correspond to motion edges the
information drawn from the image sequence can be important for the reconstruction,
especially in such cases where the damaged vector field does not contain enough
information to uniquely determine the optical flow of motion boundaries.

Hence, in the special case of optical flow, the image sequence provides a source
of information in addition to the corrupted vector field, which can be used to guide
the reconstruction process in ambiguous cases. Optical flow fields have been used
for the reconstruction of images in [15]. The resulting functional is nonlinear and
can be minimized by means of the finite elements method. This techniques compares
favorably to diffusion based and TV inpainting methods, see Fig. 3.

2.6 Motion Segmentation

A common task in image processing is the segmentation of images. Image segmen-
tation in its typical form is the process of assigning a label to every image pixel
in a way that pixels with the same label share certain visual characteristics. Image
segmentation is closely related to the task of classification. For classification, one
tries to assign to each pixel in the image a label or object class, where the classes are
agreed in advance. These labels can also be probabilities of the pixel to belonging
to certain objects. Depending on the cues that distinguish the object of interest from
the background, segmentation can be based on features such as edge information,
intensity, color, texture or motion. Well known approaches are:

• Variational Approach (Mumford and Shah functional [91], Geodesic active
contours [68], Segmentation from motion[37–39]).

• Multi-resolution techniques (Pyramid linking [104], Wavelet coefficient analysis
[73, 79, 116]).

The segmentation from motion can be achieved by iterative algorithms based on
interleafed motion estimation steps and segmentation steps [111]. Well known
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Fig. 3 Comparison of the proposed inpainting algorithm to diffusion and TV inpainting; the
numbers indicate the average angular error within the corrupted regions after reconstruction;
(a) Original corrupted Marble sequence, (b) Reconstruction result of diffusion based motion
inpainting, (c) Reconstruction result of TV based motion inpainting, (d) Reconstruction result of
image based motion inpainting. Taken from [15]

techniques are furthermore a layered representation of image sequences [119–
121], variational approaches, for instance motion competition [38], and other
techniques such as tensor voting [95,96] or algebraic methods for multi-body motion
models [117]. The iterative algorithm introduced by [111] describes a probabilistic
relaxation framework for robust multiple motion estimation and segmentation.
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[119–121] present a set of techniques for segmenting images into coherently moving
regions in a layered representation. Cremers and Soatto [38, 39] gave an extension
of the Mumford and Shah functional from intensity segmentation to motion based
segmentation in terms of a probabilistic framework implemented by level sets. The
geometric prior favors motion boundaries of minimal length and the likelihood
term takes into account the orthogonality between the spatio-temporal gradient and
the velocity vector. The classical pyramid linking segmentation, as discussed in
[28, 105], is based on the Gaussian pyramid of the image. Several improvements
were introduced by [104]. Instead of using a Gaussian pyramid, they propose a
continuous scale-space. The segmentation by clustering in the feature space has
been described by [116]. The feature extraction is based on local variance estimates
of the wavelet coefficients of the image.

2.7 Joint Estimation of Optical Flow, Segmentation
and Denoising

Rather than denoising images, computing optical flow and performing a segmen-
tation step, all separately, all these components can be combined and computed
concurrently [106, 114]. This approach is based on an extension of the well known
Mumford–Shah functional which originally was proposed for the joint denoising
and segmentation of still images. Given a noisy initial image sequence u0 W D ! R

on the space-time domain D D Œ0; T � � ˝ the following energy is considered

EMSoptŒu; w; S� D
Z

D

�u

2
.u � u0/

2 d L C
Z

DnS

�w

2

�
w � r.t;x/u

�2
d L

C
Z

DnS


u

2
kr.t;x/uk2 d L C

Z
DnS


w

2
kPıŒ��r.t;x/wk2 d L C� H d .S/

for a piecewise smooth de-noised image sequence u W D ! R, and a piecewise
smooth motion field w D .1; v/ and a set S � D of discontinuities of u and w. �u

and �w are the weighting factors for the fidelity terms of u and w, while 
u and 
w

are those for the smoothness terms respectively. The first term models the fidelity
of the denoised image-sequence u, the second term represents the fidelity of the
flow field w in terms of the optical flow equation (1). The smoothness of u and w
is required on DnS and finally, the last term is the Hausdorff measure of the set S .
A suitable choice of the projection PıŒ�� leads to an anisotropic smoothing of the
flow field along the edges indicated by � [106].

The model is implemented in [106,114] using a phase-field approximation in the
spirit of Ambrosio and Tortorelli’s approach [5]. Thereby the edge set S is replaced
by a phase-field function � W D ! R such that � D 0 on S and � � 1 far from
S . As in the original Ambrosio–Tortorelli model, a scale parameter � controls the
thickness of the region with small phase field values. The Euler–Lagrange equations
of the corresponding parameters yield a system of three partial differential equations
for the image-sequence u, the optical flow field v and the phase field �:
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Fig. 4 Noisy test sequence: From top to bottom frames 9 and 10 are shown. (a) original image
sequence, (b) smoothed images, (c) phase field, (d) estimated motion (color coded). Taken from
[114]

Fig. 5 Pedestrian video: frames from original sequence (left); phase field (middle); optical flow,
color coded (right) [114]

�div.t;x/

�

u

�u
.�2Ck�/r.t;x/u C �w

�u
w.r.t;x/u�w/

�
Cu D u0

��	.t;x/� C
�

1

4�
C 
u

2�
kr.t;x/uk2

�
� D 1

4�

�
w

�w
div.t;x/

�
PıŒ��r.t;x/v

� C .r.t;x/u � v/r.x/u D 0

(11)

Neumann boundary conditions are considered in this application. For details on this
approximation and its discretization, we refer to [106].

In Fig. 4 we show results from this model on a noisy test-sequence where one
frame is completely missing. But this does not hamper the restoration of the correct
optical flow field shown in the fourth column, because of the anisotropic smoothing
of information from the surrounding frames into the destroyed frame.

Furthermore, in Fig. 5 we consider a complex, higher resolution video sequence
showing a group of walking pedestrians. The human silhouettes are well extracted
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and captured by the phase field. The color–coded optical flow plot shows how the
method is able to extract the moving limbs of the pedestrians.

3 High-Level Computer Vision

Object recognition in images and videos poses one of the long standing key
challenges of computer vision. The problem itself is twofold since recognition
involves localizing instances of an object class in novel, cluttered scenes (detection)
and classifying these instances as belonging to one of several potential classes (cate-
gorization). Developing appropriate object models, which represent the appearance
and geometry of each object class and thereby help to distinguish objects from
another, constitutes the central problem of recognition. It is common practice to
automatically learn these models from unsegmented training images [47, 56, 99],
from bounding box segmentations [85, 100], from segmented training images [77],
or from manually annotated training images [45]. Since the complexity of object
models has to scale with the complexity of object classes, object detection and
categorization become particularly challenging when object categories are featuring
large intra-class variability. Additionally, the complexity of this problem depends on
several other factors, such as the level of supervision during training, the between-
class similarity, and the constraints that can be imposed on scenes (e.g., constraints
on variation in scale or viewpoint).

3.1 Key Modeling Decisions

Visual recognition can be pursued on different levels of semantic granularity.
One extreme strategy is exemplar detection (e.g., [81]), where exactly the same
query object is sought in scenes with different environmental conditions such as
background, lighting, occlusion, viewpoint etc. The other extreme is category-
level object recognition where all instances of a category are to be recognized.
Therefore, the granularity of the set of categories controls the complexity of the
recognition task as it defines the within-class variability. Influential papers such
as [6, 47] have focused research in the field of category-level object recognition
on principled probabilistic object models with semi-local feature descriptors. The
general goal is to represent objects by learning local appearance features and their
spatial configuration and comprising both in a common model. Within this coarse
fundamental modeling framework, the current approaches to object categorization
can be characterized by the core modeling decisions they make.

1. Local Descriptors: A classical way to capture image region information are
appearance patches, i.e., subsampled image patches that are vector quantized
into a large codebook (e.g.,[2,47,77]). Complex edge histogram features such as
SIFT features [81] are another popular choice. In [98] we have proposed a low
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dimensional representation of image patches that is based on compact local edge
and color histograms of subpatches. Another popular descriptor is geometric
blur [14]. This feature weights edge orientations around a feature point using
a spatially varying kernel. Moreover, edge contour based methods have been
proposed in [48, 102]. Opelt et al. [102] extract curve fragments from training
images and they apply Adaboost to learn strong object detectors.

2. Spatial Model: A second choice concerns the model that combines all local
features with their spatial distribution to represent object shape. It should be
emphasized that this notion of shape is not based on the object boundary but on
the geometry of object parts that are distributed all over the object. Object models
have to deal with two problems, simultaneously. On the one hand individual
local appearance descriptors in a test image are to be matched against those
from a learned model. On the other hand the co-occurrence and the spatial
relations between individual features have to be taken into account to represent
the global object geometry. The simplest approach is, therefore, to histogram
over all local descriptors found in an image (e.g., [41]) and to categorize the
image directly based on the overall feature frequencies. On the one hand such
bag of features methods offer robustness with respect to alteration of individual
parts of an object (e.g., due to occlusion) at low computational costs. On the other
hand they fail to capture any spatial relations between local image patches and
they often adapt to background features. By making the restricting assumption
that the spatial structure of objects is limited in its variation with respect to
the image, Lazebnik et al. [75] can improve the performance of the bag of
features approach using a spatially fixed grid of feature bags. At the other end
of the modeling spectrum we find constellation models: Originally, Fischler
and Elschlager [49] have proposed a spring model for coupling local features.
Inspired by the Dynamic Link Architecture for cognitive processes, Lades et al.
[71] followed the same fundamental idea when proposing their face recognizer.
Lately increasingly complex models for capturing part constellations have been
proposed [47]. However the complexity of such a joint model of all parts causes
only small numbers of parts to be feasible. To incorporate larger numbers of
parts, [2, 77] use a simpler object model and a comparably large codebook
of distinctive parts. Leibe and Schiele [77] use a probabilistic Hough voting
strategy to distinguish one category from the background. In [99] we advance
the idea of large numbers of parts by grouping parts prior to spatially coupling
the resulting compositions in a graphical model. Conflicting categorization
hypotheses proposed by compositions and the spatial model are then reconciled
using probabilistic inference in the underlying Bayesian network. The processing
pipeline for this automatic scene analysis is presented in Fig. 6. Finally, Berg
et al. [14] describe and regularize the spatial distortion resulting from matching
an image to a training sample using thin plate splines.

3. Hierarchies: For a long time, research on object recognition has aimed at
building hierarchical models [52]. Despite this effort, many popular current
methods such as [41, 47, 77] are single layered. Recently, probabilistic latent
semantic analysis (pLSA) [64] has become popular (e.g.,[109]), where a hidden
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Fig. 6 Processing pipeline for automatic scene analysis. Key steps: Feature extraction, perceptual
grouping to form compositions, selection of relevant compositions, object localization and
recognition, and top-down grouping to form compositions of compositions which then yield an
update of object hypotheses

representation layer of abstract concepts is introduced. Other examples for
hierarchical approaches are the feature hierarchies of [43], the hierarchical parts
and structure model of [23] or the deep compositional hierarchies of [101].

4. Learning Paradigm: Another modeling decision is related to the learning
paradigm, i.e.,pursuing a generative versus a discriminative approach. Generative
models have been very popular in the vision community, e.g., [2,14,22,47,77,98,
112]. They naturally establish correspondences between model components and
image features. Discriminative approaches are for instance [41] and [118]. To
recognize faces in real-time Viola and Jones [118] use boosting to learn simple
features which are based on local intensity differences.

5. Degree of Supervision: Similar to the influential paper by Fergus et al. [47]
several other approaches (e.g.,[2, 41, 99]) have been proposed that only need
training images (showing objects and even background clutter) and the overall
category label of an image. The restriction of user assistance is desirable for
scaling methods up to large numbers of categories with large training sets. A
system that can be trained in an unsupervised manner is for instance that of [56],
whereas Felzenszwalb and Huttenlocher have taken a supervised approach to
object detection in [45]. Furthermore, Jin and Geman [67] present a composi-
tional architecture with manually built structure for license plate reading. In their
conclusion they emphasize the complexity of the future challenge of learning
such a compositional model. In [97] we have addressed exactly this problem in
the even less constraint case of large numbers of natural object classes.
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3.2 A Compositional Approach to Object Categorization

Despite the complexity of the recognition challenge, learning of object representa-
tions from a small number of samples is possible due to the compositional nature
of our (visual) world. As Attneave [8] points out, the visual stimulus is highly
redundant in the sense that there exist significant spatial interdependencies in visual
scenes. Compositionality (cf. Geman’s work [54]) serves as a fundamental principle
in cognition and especially in human vision [20] that exploits these dependencies. It
refers to the prominent ability of perception to represent complex entities by means
of comparably few, simple, and widely usable parts. Additional information that is
missing in the individual parts is added by incorporating relations between them.
The compositional approach presented in [97] automatically learns characteristic
compositions of atomic parts. A visualization of relevant compositions by clustering
is shown in Fig. 7. Perceptual grouping is applied to obtain candidate compositions.
The statistics of relevant compositions that are both reliable and discriminative are
then learned from the training data. To avoid overfitting to spurious compositions,
cross-validation is performed.

3.3 Object Detection in Cluttered Scenes

Object detection in cluttered natural scenes requires matching object models to the
observations in the scene. Since the objective function for matching is a highly non-
convex function over scale space, the task of finding good matches is an extremely
challenging optimization problem. The two leading approaches to this problem are
sliding windows, e.g.,[42, 118], and voting methods, which are based on the Hough
transform [66]. Sliding windows scan over possible locations and scales, evaluate
a binary classifier, and use post-processing such as non-max suppression to detect
objects. The computational burden of this procedure is daunting although various
techniques have been proposed to deal with the complexity issue, e.g.,cascaded
evaluation [118], interest point filtering, or branch-and-bound [74]. In contrast to
this, Hough voting [66] parametrizes the object hypothesis (e.g.,the location of the
object center) and lets each local part vote for a point in hypothesis space.

In [100] we have shown that object scale is an inherently global property, which
makes local scale estimates unreliable and, thus, leads to a scale-location-ambiguity.
An illustration of this approach is presented in Fig. 8. When the Hough transform
is extended to provide hypotheses for location and scale, each local feature casts
votes that form lines through scale space rather than just a single point as in current
voting methods [48, 77, 102]. Since all points on a voting line are statistically
dependent, they should agree on a single object hypothesis rather than being treated
as independent votes. Ideally, all points on an object would yield lines that intersect
in a single point. Due to intra-category variation, and background clutter, the points
of intersection are, however, degraded into scattered clouds. Finding these clusters
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Fig. 7 Visualization of relevant compositions by clustering. For each category, the two prototyp-
ical compositions with highest relevance are illustrated by visualizing the closest compositions to
that prototype. (a) airplanes, (b) bass, (c) crayfish, (d) dragonfly, (e) faces, and (f) hawksbill

becomes difficult since their number is unknown (it is the number of objects in the
scene) and because the assignment of votes to objects is not provided (segmentation
problem). To address these issues we frame the search for globally consistent
object hypotheses as a weighted, pairwise clustering of local votes without scale
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a b c

d

Fig. 8 Voting in scale space with scale-location-ambiguity. The circle indicates the spatial support
of a local feature. Based on the descriptor, the difference of object scale between (a) and (b) is not
detectable. Thus, a local feature casts votes for the object center on all scales, (c). These votes lie
on a line through scale space, since the position of the center relative to a feature varies with object
scale. Without noise, all voting lines from an object intersect in a single point in scale space, (d).
For all other scales this point is blurred as indicated by the dotted outline

estimates. Clustering avoids a local search through hypothesis space [77] and the
pairwise setting circumvents having to specify the number of objects ahead of time.
Moreover, clustering voting lines deals with the large number of false positives
[57] which point votes produce and that hamper the commonly used local search
heuristics such as binning [77].

4 Conclusion

In this contribution, we have given a brief overview of some areas of image
processing and computer vision in which parameter estimation plays a central role.
We have not attempted to give a complete and exhaustive overview. However, we
have outlined some of the approaches and techniques commonly used in the area and
demonstrated them on typical applications. From our overview it becomes apparent
that most parameter estimation problems in image processing and computer vision
are highly non-linear. Inherent are often large amounts of image data and the
requirement of fast computation times. Therefore, the presented applications would
profit from algorithmic and conceptual advances.
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27. Bruhn A, Weickert J, Kohlberger T, Schnörr C (2006) A multigrid platform for real-time
motion computation with discontinuity-preserving variational methods. International Journal
of Computer Vision 70(3):257–277

28. Burt PJ, Adelson EH (1983) The laplacian pyramid as a compact image code. IEEE
TransCOMM 31:532–540

29. Caselles V, Morel JM, Sbert C (1998) An axiomatic approach to image interpolation. Image
Processing, IEEE Transactions on 7(3):376–386, DOI 10.1109/83.661188

30. Chan T, Shen J (2001a) Mathematical models for local nontexture inpaintings. SIAM Journal
on Applied Mathematics 62(3):1019–1043, DOI 10.1137/S0036139900368844

31. Chan T, Shen J (2001b) Non-texture inpainting by curvature-driven diffusions (ccd). J Visual
Comm Image Rep 12:436–449

32. Chan T, Shen J (2002) Mathematical models for local non-texture inpaintings. SIAM J Appl
Math 62:1019–1043

33. Chan TF, Tai XC (2003) Level set and total variation regularization for elliptic inverse
problems with discontinuous coefficients. Journal of Computational Physics 193(1):40–66,
DOI 10.1016/j.jcp.2003.08.003

34. Chan TF, Osher S, Shen J (2001) The digital tv filter and nonlinear denoising. IEEE
Transactions on Image Processing 10(2):231–241

35. Chan TF, Kang SH, Shen J (2002) Euler’s elastica and curvature-based inpainting. SIAM
Appl Math 63(2):564–592

36. Cohen I (93) Nonlinear variational method for optical flow computation. In: Proc. of the
Eighth Scandinavian Conference on Image Analysis, vol 1, pp 523–530
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63. Hinterberger W, Scherzer O, Schnörr C, Weickert J (2001) Analysis of optical flow models
in the framework of calculus of variations. Tech. rep., Numerical Functional Analysis and
Optimization, Revised version of Technical Report No. 8/2001, Computer Science Series,
University of Mannheim, Germany

64. Hofmann T (2001) Unsupervised learning by probabilistic latent semantic analysis. Machine
Learning 42(1):177–196

65. Horn B, Schunk B (1981) Determining optical flow. Artificial Intelligence 17:185–204
66. Hough P (1962) Method and means for recognizing complex patterns. U.S. Patent 3069654
67. Jin Y, Geman S (2006) Context and hierarchy in a probabilistic image model. In: Proceedings

of the IEEE Conference on Computer Vision and Pattern Recognition, pp 2145–2152
68. Kass M, Witkin A, Terzopoulos D (1987) Snakes: Active contour models. In: ICCV87,

pp 259–268
69. Kondermann C, Kondermann D, Jähne B, CS Garbe (2007a) An adaptive confidence measure

for optical flows based on linear subspace projections. In: Hamprecht F, Schnörr C, Jähne B
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